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1. Problem Statement

—
<

X

L—l —>‘
X

Geometry of cooling fin.

The problem statement given is to design a fin cross section that could be manufactured from
minimum material and can give maximum heat dissipation. The design parameters will be the
height of the fin ‘Ly” and ‘B’ that determines the edge profile.

The given parameters are:

1. A surface heat flux entering the body from the bottom surface with a function of
q = qoexp(—x?)
Where: qy=225 kW/m?

2. Amount of heat that the film should dissipate from the edges per sq unit of area.
surface film coefficient = .0001 W/ mm?-K.

The ambient temperature = 0°C =273 K

Thermal Conductivity of the material = .045 W/mm-k

5. The equation of the edge profile is

-l

Lx
x = () * [exp(=2 + (/1) B}]
6. Base length of the fin Lx=10mm



1Problem statements/5
v - 0 pts Correct

- 2 pts problem statement has missing, incomplete, or incorrect boundary conditions
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2. Representative Solution
2.1. Temperature field from MATLAB solution for QUAD4
95.9208

Temperature Field for QUAD4 in °C
0.02 - 93.6897
91.4587
0.015 + 4 89.2277
1 86.9967
0.01r HH < 84.7656
[l
// I’ I
s | - 825346
i
=
0.005 - = 80.3036
==
[yl
HH 78.0726
0 EE 75.8416
-0.01 -0.005 0.01
Maximum Temperature = 95.921°C
2.2. Heat flux field from MATLAB solution for QUAD4
Heat Flux Field for QUAD4 in W/m? x10°
2.0104
002 1.7969
1.5834
0.015 b 41.3700
11.1565
0.01 40.9430
- 0.7295
0.005 | 0.5160
0.3026
! 0.0891
-0.005 0 0.005 0.01

0 1
-0.01
Maximum Heat Flux = 201039.588 W/m?
4



2.3. Temperature field from MATLAB solution for QUADS

Temperature Field for QUADS8 in °C

95.8818
20 | 93.6553
91.4288
15 89.2023
186.9758
LEYTTE )
EEEYEY | B %
10 | AR 184.7493
o EDAl | I R
o A | I L
[Eey=y=ly 115 'E 5 7 R
AR 182.5228
Blei=y=ial: IETEE S
7 O ] i O L O
i i T O L U] T T
5t e i 80.2962
(0 {50 | | T s T |
| ! v |
= ? o o |
I | 78.0697
I |
L |
0 . . . ' 75.8432
-10 -5 0 5 10
Maximum Temperature = 95.882°C
2.4. Heat flux field from MATLAB solution for QUADS8
. 2 2 x 106
Heat Flux Field for QUADS8 in W/m
0.2242
22
20 | 0.2001
18 1 0.1760
16
40.1520
14
40.1279
121
10 + 10.1039
81 0.0798
6 -
0.0557
4t
ot 0.0317
A L 0.0076

10 5 0 5 10
Maximum Heat Flux = 0.2242 x 106 W/m?
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2 Representative solution 15 /15
v - 0 pts Both temperature and flux appear accurate
- 0 pts temperature not localized in center of fin (probable unit conversion error)
- 5 pts temperature field incorrect
- 5 pts heat flux incorrect
- 15 pts plots copied from another group
- 2 pts missing temperature and/or heat flux units

- 3 pts Flux projection for QUADS incorrect
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3. Convergence Test

3.1. Convergence Test for QUAD4

y =1.9247*x - 7.0361

Log L2 Norm
©

Log-Log Plot for Element size and L2 Norm for QUAD4

—6&—datat
linear

10 F i
A1 1
_12 1 1 1 1 1
-2.5 -2 -1.5 -1 -0.5 0 0.5
Log Element Size
Rate of Convergence = 1.9247
3.2. Convergence Test for QUADS
5 Log-Log Plot for Element size and L2 Norm for QUAD8
—©— data1
-10 — * linear | H
y = 2.8882*x - 10.579
f:)
1+ i
12 + d
£
S 131 .
N
-
o -14 1 .
s)
-
15 F J
16 - i
1%
_17 - " 7, -
-18 1 1 1 1 1
-2.5 -2 -1.5 -1 -0.5 0 0.5

Log Element Size

Rate of Convergence = 2.8882



3 Convergence test (MAE 598 only) 30/30
v - 0 pts Correct
- 5 pts report does not state what the manufactured solution is
- 10 pts convergence of Q4 elements is incorrect
- 5 pts convergence of Q8 elements is incorrect
- 10 pts missing computed rates of convergence

- 30 pts all group members enrolled in MAE 404
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4. Mesh Refinement Test

4.1. Mesh Refinement Test for QUAD4

Linear Quad4 Element
Elgment Error in Error in Heat
size h Trnax Qmax Temperatur (0/ ) Flux ((y ) Y €
(mm) emperature (7o u 0
2 104.549 | 0.1362853 0.369132715 -0.068503301 For Temperature
1 94.392 | 0.1487334 0.313777 -0.040276229
0.234400 | 0.313777
0.5 95.921 | 0.2010396 0.266722514 -0.02368024
0.25 95.881 | 0.2107971 0.226724391 -0.013922698 For Heat Flux
12 847 216534 19272444 -0.008185792
0.125 95.8 0.21653 0.19 9 0.00818579 0766245 | -0.040276
0.0625 95.867 | 0.2207656 0.163823192 -0.004812802
We can see that the error approaches zero with increase in mesh refinement
4.2. Mesh Refinement Test for QUADS
Quadratic Quad8 Element
Element T Q Error in Error in Heat c
size h (mm) e A Temperature (%) Flux (%) p
2 95.232 | 0.1831 0.800333413 -0.0064 For Temperature
1 95.778 | 0.1971 0.114333345 -0.0032
2.807355 0.114333
0.5 95.882 | 0.2242 0.016333335 -0.0016
0.25 95.868 | 0.224 0.002333334 -0.0008 For Heat Flux
0.125 95.866 | 0.2244 0.000333333 -0.0004
1.000000 -0.003200
0.0625 95.866 | 0.2249 4.76191E-05 -0.0002

We can see that the error approaches zero with increase in mesh refinement




4 Mesh refinement test 20/ 20
v - 0 pts Correct
- 5 pts missing estimate of error for each mesh

- 5 pts does not show convergence in Tmax and/or gmax

Page 13



5. Comparison with ABAQUS
5.1. For QUAD4
5.1.1 Temperature field for QUAD4

4 Element Type

Element Library Family

® s:a[-.éa?é O Explicit Generalized Plane Strain

Geometric Order Piezoelectric
@ Linear O Quadratic Plane Strain
Quad Tri

[[] Convection/Diffusion [[] Dispersion control
Element Controls

There are no applicable element controls for these settings.

DC2D4: A 4-node linear heat transfer quadrilateral.

Note: To select an element shape for meshing,
select "Mesh->Controls” from the main menu bar.

oK Defaults Cancel

~

Element type

Temperature Field for QUAD4 in °C

0.02
0.015
AT
o v e )
0.01 Joo000) T
[sTajufsle] DRmmy
Joooom Boono)
[EfaTars(a] BEon)
|-o000 el
| 50000 mEnoe)
|Sooon EEon
i i aoooo)
SEEEEEESSEEEER
0.005 | o
|55 BEano)
] [ e
(Sl Bl
= i (=)
= ™ il |
) [ f‘| ‘
= |
|
0 | 1 |
-0.01 -0.005 0 0.005 0.01

Temperature Field for QUAD4 from MATLAB (°C)

Maximum Temperature = 95.921°C

95.9208

93.6897

91.4587

89.2277

86.9967

- 84.7656

82.5346

80.3036

78.0726

75.8416



osets O
- oo /e 0
- O e O
O e 0
01%e O
m o02e O
— ooe+0
! Oe+0
: e+0
e+0
=] e+0
= 05e+0
L 38e+0
QDB oD odb Abag s@andardsspuce aditio 018 o Ap &
ep =]
Lncrementc 1. otep |[Iime = 1.000

Temperature Field for QUAD4 from ABAQUS (Note: The units in Abaqus are in Kelvin)
Maximum Temperature = 368.4 K = 368.4-273=95.4
Difference in values = 0.00543%

5.1.2 Heat Flux Field for QUAD4

Heat Flux Field for QUAD4 in W/m? «10°
2.0104
0.02 | 1.7969
1.5834
0.015 - 11.3700
11.1565
0.01r 40.9430
0.7295
0.005 0.5160
0.3026
0 0.0891

-0.01 -0.005 0 0.005 0.01

Heat Flux Field for QUAD4 from MATLAB
Maximum Heat Flux = 0.201039588 W/mm?



HFL, Magnitude
(Avg: 75%)

- +1.525e-01
+1.407e-01
+1.290e-01
+1.172e-01
+1.055e-01
+9.375e-02
+8.200e-02
+7.026e-02
+5.852e-02
+4.678e-02
+3.504e-02
+2.330e-02
+1.156e-02

Abaqus/Standard Student Edition 2018 Tue Apr 23 11:38:

s ne = 1.000

Heat Flux Field for QUAD4 from ABAQUS
Maximum Heat Flux = 0.1525 W/mm?

This value would be closer to the MATLAB output for a finer mesh.

5.2. For QUADS

5.2.1 Temperature Field for QUADS

4 Element Type X
Element Library Family
@[Standard O Bxplicit | Generalized Plane Strain ~
Heat Transfer
Geometric Order Piezoelectric
@ Linear O Quadratic Plane Strain v
Quad  Tri

[] Convection/Diffusion [] Dispersion control
Element Controls

There are no applicable element controls for these settings.

DC2D4: A4-node linear heat transfer quadrilateral.

Note: To select an element shape for meshing,
select "Mesh->Controls” from the main menu bar.

oK Defaults Cancel

Element type

10



Temperature Field for QUADS8 in °C

95.8818
20 - 93.6553
91.4288
15 89.2023
186.9758
Il ¢t b
J 5 480 I | | I B
10 AR 184.7493
f 2% 20 i (0 0 | L I U0 L T,
J 0 ) 0 { L L L
IEEEEN 1 " i S T
FEEEEEEE R 82.5228
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5 5H ssas 80.2962
| % i . | 1l i T |
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| I
:’ “ 78.0697
0 : . 75.8432
-10 -5 0 5 10
Temperature Field for QUADS from MATLAB (°C)
Maximum Temperature = 95.882°C
684e+0
ole) = 0
[ 651640
O e O
©19e O
60Ze O
- S6e O
0e+0
g
e+0
]| i
- 0 o 0
[ ggtdea0aetl
QLB oD olal® Apad l": cdardrspuce cdItIo 018 o Ap
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Temperature Field for QUADS from ABAQUS (Note: The units in Abaqus are in Kelvin)
Maximum Temperature = 368.4 K = 368.4-273= 95.4°C
Difference in values = 0.00502%
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5.2.2 Heat flux Field for QUADS

6
Heat Flux Field for QUADS in W/m?2 x40
0.2242

22 F
20 + 0.2001
18 + 0.1760

16
4 0.1520

14 +
10.1279

12.F
10 + 10.1039
81 10.0798

6 e
0.0557

4 L
ol 0.0317

< 0.0076
-10 -5 0 5 10

Heat Flux Field for QUADS from MATLAB
Maximum Heat flux in MATLAB = 0.2242 W/mm?

HFL, Magnitude

(Avg: 75%)
+2.037e-01
+1.874e-01
+1.710e-01
+1.547e-01
+1.384e-01
+1.220e-01
+1.057e-01
+8.939e-02
+7.306e-02
+5.674e-02
+4.041e-02
+2.408e-02
+7.756e-03

z XVEB: ‘glgiql-iod? Aba‘qfs/?tandvefrd'

ime = 1.000

Student Edition 2018 Tue Apr 23 11:10;

Heat Flux Field for QUADS from ABAQUS
Maximum Heat flux in Abaqus = 0.2037 W/mm?

This value would be closer to the MATLAB output for a finer mesh.
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5 Comparison to commercial FEM code 20/ 20
v - 0 pts Correct
- 5 pts missing comparison of heat flux
- 10 pts abaqus heat flux not prescribed correctly
- 3 pts big discrepancy in heat flux
- 20 pts missing

- 5 pts not showing matlab solution in comparison
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6. Determine the optimal design parameters (Iy and ) so that the least
amount of material is used to keep the temperature of the fin below 100°C
the ambient temperature

Temperature

Lx Ly Beta Area (mm?) (°C)
10 23 2 137.5731 95.882
10 23 3 158.8682 94.783
10 18 3 124.331 113.968
10 20 3 138.146 105.198
10 23 1 99.436 98.284
10 23 0.5 68.3093 99.166
10 23 0.3 53.1869 99.257
10 22.6 0.3 52.2619 100.106
10 23 0.2 45.413 99.67
10 23 0.1 37.8988 101.033

Observation and Results:

When Ly = 23 for Beta = 3; Temperature increases to 113.968°C and area also increases to
158.86mm?

When Ly = 23 for Beta = 1; Temperature decreases to 98.284°C and area decreases to
99.436mm?

Now, Beta being reduced further to 0.3 and Ly reduced to 22.6mm area obtained is
52.26mm? but temperature rises to 100.106°C

Therefore, the most optimum design will be for:

Ly =23, Beta = 0.2 for which Area = 45.413 mm?, Maximum Temperature = 99.67°C

Temperature Field for QUADS8 in °C
99.6701

20 f 95.1249
190.5798
1 86.0347

1 81.4896

10} 176.9445

1 72.3994

67.8543

63.3092

. ; ! . 58.7641
-10 -5 0 5 10

13



6 Optimal design parameters 15/ 15
v - 0 pts Correct
- 2 pts did not explore sensitivity of beta parameter
- 3 pts insufficient description of procedure used

- 15 pts missing
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7. MATLAB Code
7.1. MATLAB code for Temperature Field and Heat Flux Field for QUAD4

function [] = svmathel project2 QUADA4 ()
1x = 0.01;
ly = 0.023;
h = 0.0005;
beta = 2;
etype = 'QUAD4';

g0 = 2250007

mesh = fin mesh(lx, ly, h, beta, etype);

gpts = [[-1 11 -1; -1 -1 1 1]/sqrt(3); 1 1 1 171;

k = 45*eye (2);

hc = 100*eye (2);

Ecb = [mesh.bottom nodes(l:end-1); mesh.bottom nodes(2:end)];
Ect = [mesh.top nodes(l:end-1); mesh.top nodes(2:end)];

Ecl = [mesh.left nodes(l:end-1); mesh.left nodes(2:end)];

Ecr = [mesh.right nodes(l:end-1); mesh.right nodes(2:end)];
Ecc = [Ecl Ect Ecr];

\
ic
for ¢ = mesh.conn

spalloc (length (mesh.x), length(mesh.x), 9*length (mesh.x));

zeros (length (mesh.x), 1);

xe = mesh.x(:,cC);

Ke = zeros (length(c));

for g = gpts
[~, dNdp] = shape4 (q);
J = xe * dNdp;

G = dNdp/J;

Ke = Ke + G * k * G' * det(J)*qg(end);
end
V(c,c) = V(c,c) + Ke;

end
V1l = spalloc(length(mesh.x), length(mesh.x), 9*length(mesh.x));
ferc = Eece
xe = mesh.x(:,c);
Me = zeros(2);
for g = [[1 -11/sqrt(3); 1 1]
[N, dNdp] = shape2(g(l,:));
J = xe*dNdp;
Me = Me + N*N'*hc*norm(J)*gq(2);
end
Vile,c) = Vl(oc,c) + Me;
end
Bx = [mesh.x(l,mesh.bottom nodes(l:end))];
for ¢ = Ecb
xe = Bx(:, c);
le = norm(xe(:,2)-xe(:,1));

for g = [[1 -11/sgrt(3); 1 1]
N = 0.5*[1=g(1l); 1+g(l)]:
X = xe*N;

14



gbar = gO0*exp (- ((x*1000)"2));
f(c) f(c) + (N*gbar) *(le/2)*g(end) ;

end

d = (V+V1)\f;
M = spalloc(length (mesh.x), length(mesh.x), 9*(length(mesh.x))):;
y = zeros (length (mesh.x),2);
for ¢ = mesh.conn
xe — mesh.x(:,e);
de di(c)ru;
ae = zeros (length(c));

for g = gpts
[N,dNdp] = shape4(q);
J = xe*dNdp;
G dNdp/J;
gb = -de*G*k;
ae = ae+N*N'*det (J) *g(end) ;
y(c,:) = y(c,:)+N*gb*det (J) *g(end) ;

end

M(c,c) = M(c,c)tae;
end

heatflux = M\y;

figure ()
p-faces=mesh.conn';
p.vertices=mesh.x';
p.facecolor='interp';
p.facevertexcdata = d;
title('Temperature Field for QUAD4 in °C');
patch(p) s
collorbar;
colormap (jet) ;
he=colorbar;
t=get (he, 'Limits"') ;
set (he, 'Ticks',linspace(t(1l),t(2),10))
axis equal
figure ()
p.facevertexcdata = sqgrt (heatflux(:,2)."2+heatflux(:,1).%2);
title ('Heat Flux Field for QUAD4 in W/m”2');
mesh.plot nodal (vecnorm(heatflux')');
axis equal
colorbar;
colormap (jet) ;
he=colorbar;
t=get (he, 'Limits"') ;
set (he, 'Ticks',linspace(t(1l),t(2),10))
maxT = max (d);
fprintf ("Maximum Temperature is %.3f\n",maxT);
maxflux = max (vecnorm(heatflux'))

%$.3

fprintf ("Maximum Heat flux is %.

qq = [17
xx = [];

f\n",maxflux)

15



for ¢ = mesh.conn

xe = mesh.x(:,c);
de = d(c)';
[N,dNdp] = shape4 ([0;01]);
J = xe * dNdp;
G = dNdp / J;
qg(end+l, :) = -de * G * k;
x (end+1l, :) = xe * N;
end
hold on;
enukivers|(saxd (=5 NI o (DN g el (s i SR e el (e 201,
end
function [N, dNdp] = shape2(p)
N = [0.5*%(1-p), 0.5*(1+tp)]"
dNdp! = [-1/2, 1/2]]
end
function [N, dNdp] = shape4 (p)
NE=0 25 [B(=pl(lHE 2 (U=pl2) )
(L+p (1)) . * (1=p(2)); .
(LRl LRSI p 28 5
(L=p (1)) > (Ltp(2) )] ;
dNdp =025+ = 1=pi(2)) " = (L=pi(1L)D) e
(1=pi2)) , s(Lp (L)) .
(1+p(2)), (et (SN 7NN
-(1+p(2)), (I-p(1))1;
end

1.

0,

o llom Uyl 2

7.2. MATLAB code for Convergence Test for QUAD4

function
=[0.1:0.01:1.5]

Ag=[1];
for j=1:length (hl)
1x=0.01;
1y=0.023;
k=45;
h=h1(j)/1000;
beta=2;
mesh=fin mesh(lx, ly, h, beta, 'QUAD4'
[gpts]=svmathel hw9(3);
V = spalloc(mesh.num nodes, mesh.num nodes,
f = zeros(mesh.num nodes, 1);
for ¢ = mesh.conn
xe = mesh.x(:,cC);
Ke = zeros(4):;
for g = gpts
[N, dNdp] = shape(q);
J = xe * dNdp;

16
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18000000000*x"2*cos (10000*x"2 +
(180000000000000*y~2*cos (10000*x~2 +

end

Vi(e,

end
Ecb
Ect
Ecl
Ecr
Ecc

x=xe (1, :) *N;
y=xe (2, :) *N;

G = dNdp/J;

Ke = Ke + G*k*G'

f(c) =

£(e)

c) = V(c,c) + Ke;

* det (J) *g(end) ;
smanu=(566100000*sin (10000*x"2 +
(1000000*y~2) /529) +
(1000000*y~2) /529))/279841;
+ N * smanu * det (J)*g(end);

(1000000*v~2) /529)) /529 +

= [mesh.bottom nodes (l:end-1); mesh.bottom nodes(2:end)];

= [mesh.top nodes(l:end-1); mesh.top nodes(2:end)];
= [mesh.left nodes(l:end-1); mesh.left nodes(2:end)];
= [mesh.right nodes(l:end-1); mesh.right nodes(2:end)];

= [Ecl Egt Eecel;

gpts_e=quadrature (3) ;

o

(1000000*y~2) /529), (90000000*y*sin (10000*x"2 +

end

for

c = Ecb
xe = mesh.x(:, c);
for g=gpts_e
[N, dNdp] = shape2(q):;

J = xe * dNdp;
x=xe (1, :)*N;
y=xe (2, :)*N;
n=[0,-1];

agmanu=[900000*x*sin (10000*x"2 +

gbar=dot ( (gmanu) ,n) ;
e} =" E(e)
end

c = Ecc

xe = mesh.x(:, c);
Vile, 2)=05

V(c,c)=eye (length(c));

x=xe (1,:);

y=xe (2,:);
Tmanu=cos (10000*x.72 +
f(c) = (Tmanu) ;

end

T=V\f

wt=zeros () ;

wb=zeros () ;

for

for

c=mesh.conn
xe=mesh.x(:,c);
de=T (c)';

g=gpts

[N, dNdp]=shape (q) ;
J=xe*dNdp;
x=xe (1, :) *N;
y=xe (2, :)*N;

17

(1000000*y~2) /529)) /5291

+ N * gbar * norm(J) *g(end) ;

(1000000*y."2)/529);



Tmanu=cos (10000*x*2 + (1000000*y~2)/529) ;
aex=(Tmanu) ;
ah=de*N;
wt=wt+ (aex-ah) *2*det (J) *g(end) ;
wb=wb+ (aex) *"2*det (J) *q (end) ;
al=sqgrt (wt/wb) ;
end
end
Ag (end+l)=(al)
end
plot (log(hl) ,log(Aq) , 'b-0")
title('Log-Log Plot for Element size and L2 Norm for QUAD4');
ylabel ('Log L2 Norm');
xlabel ('Log Element Size');
end
function [N, dNdp] = shape (p)

N = 0.25*[(1-p(1)) .*(1-p(2));
(1+p (1)) .*(1-p(2) )
(1+p (1)) . * (1+p(2)) ;
(1-p (1)) .*(1+p(2))];

dNdp = 0.25[— W = (LRl N)s;
), —(I+p (1))
), (I+p (1))
), (I-p(1)) 17
end
function [N, dNdp]=shape2 (p)
N=0.5*[1-p(1);p(1)+1];
dNdp=[-0:5; 051>

end

function [gpts_e] = quadrature (n)
u = 1l:n-1;
u = u./sqrt(4*u.”2 - 1);

A = zeros(n);

A(2:n+l:n*(n-1)) = u;
A(n+l:n+l:n"2-1) = u;
[v, x] = eig(d);

[x, k] = sort(diag(x)):

gpts_e =te 2wl L) s 22015

end

7.3. MATLAB code for Temperature Field and Heat Flux Field for QUADS

function [] = svmathel project 2 QUADS ()

ly = 23;

beta = 2;

hi =1 0.5

k = 45*10"-3*eye (2);

mesh = fin mesh(lx, ly, h, beta, 'QUADS');
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gpts = svmathel hw9(3);
Egg = [mesh.bottom nodes (l:2:end-2);mesh.bottom nodes (2:2:end-
1) ;jmesh.bottom nodes(3:2:end)];
V = spalloc(length (mesh.x),length(mesh.x), 9*length (mesh.x));
for ¢ = mesh.conn
xe = mesh.x(:,cC);
Ke = zeros(length(c)):;
size (Ke)
for g = gpts
[N,dNdp] = shape g8(q);
J = xe*dNdp;
G = dNdp/J;
Ke = Ke + G*k*G'*det (J)*q(3);
end
Vi(c,c) = V(c;c) + Ke;
end
right = flip(mesh.right nodes);

Egh = [mesh.left nodes(l:end-1),mesh.top nodes(l:end-1),right];
Eghc(l,:) = Egh(l:2:end-2);

Eghc(2,:) = Egh(2:2:end-1);

Eghc(3,:) = Egh(3:2:end);

V1l = spalloc(length (mesh.x), length(mesh.x), 9*length (mesh.x));
for ¢ = Eghc
xe = mesh.x(:,c);
ce = zeros(length(c));
for g = quadrature (3)
[N,dNdp] = svmathel hw5(qg(1l),3);
dx = xe(:,3) - xe(:,1);
J = norm(dx)/2;
ce = ce + N*N'*(100*107-6)*J*q(2) ;
end
Vi(e,ec) = V1(ec,c) + cer
end
f = zeros(mesh.num nodes, 1);
Bx = [mesh.x(l,mesh.bottom nodes(l:end))];
for ¢ = Egg
xe = Bx(:,c);
le = norm(xe(:,3) - xe(:,1));
for g = quadrature (3)
[N,dNdp] = svmathel hw5(g(1l),3);
X = xe*N;
gbar = 225000*10%-6*exp (- (x)"2) ;
f(c) = f£(c) + N*gbar*(le/2)*q(2);
end
end
d = (V+V1)\f;
M = spalloc(length (mesh.x), length(mesh.x), 9* (length(mesh.x)));
y = zeros (length (mesh.x),2);
for ¢ = mesh.conn
xe = mesh.x(:,c);
de = d(c)';
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Me = zeros(length(c)):;
for g = gpts
[N,dNdp] = shape g8(q);
J = xe*dNdp;
G = dNdp/J;
Qb = -de*G*k;
Me = Me+N*N'*det (J) *g(end) ;

v(c,:) = yl(c,:)+N*Qb*det (J) *g(end) ;
end
M(c,c) = M(c,c)tMe;
end
heatflux = M\y;
figure ()

p-faces=mesh.conn’';
p.vertices=mesh.x';
if size(mesh.conn,l) == 8
p.faces = p.faces(:,[1, 5, 2, 6, 3, 7, 4, 81);
end
p.facecolor='interp';
p.facevertexcdata = d;
title('Temperature Field for QUAD8 in °C');
patch(p) 7
axis equal
colorbar;
colormap (jet) ;
he=colorbar;
t=get (he, 'Limits"');
set (he, 'Ticks',linspace(t(1l),t(2),10))

figure ()
title ('Heat Flux Field for QUAD8 in W/m”2');
mesh.plot nodal (vecnorm(heatflux')');

axis equal
colorbar;
colormap (jet) ;
he=colorbar;
t=get (he, 'Limits"'");
set (he, 'Ticks',linspace(t(1l),t(2),10))
maxT = max(d);
fprintf ("Maximum Temperature is %.3f\n",maxT);
maxflux = max (vecnorm(heatflux'))
fprintf ("Maximum flux is %.3f\n",maxflux)
qq = [17
xx = []s
for ¢ = mesh.conn
xe = mesh.x(:,c);
de = d(c)';
[N,dNdp] = shape g8([0;0]);
J = xe * dNdp;
G = dNdp / J;
qq (end+1, :)
xx (end+1, :)

-de * G * k;
xe * N;
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end
hold on;
auivie il (b 0 s (=20 W g e (M a gl 12) 50 10,8 icalior At e U)Ee
end
function [N, dNdp] = shape_q8(p)

N = [-0.25*(1-p(1))*(1-p(2))*(1+p(1)+p(2));
0.25* (1+p (1)) * (1-p(2) ) *(p (1) -p (2)-1);
0.25* (14p (1)) * (1+p (2) ) * (p (1) +p (2) -1) ;
=0.25* (1-p (1)) * (1+p(2) ) * (p (1) -p (2) +1) ;
0.5*(1-p(1)"2)* (1-p(2));
0.5*(1-p(2) "2)* (1+p (1)) ;
0.5*(1-p(1)"2)* (1+p (2));
0.5*(1-p(2) "2) * (1-p(1))1;
dNdp = [0.25* (1-p(2) *(2*p(1)+p(2)), =0.25* (=1+p (1)) *(p (1) +2*p(2)) ;

0.25% (-1+p (2
0.25% (1+p (2)

) * (=2*p (1) +p(2)), 0.25* (1+p(1))* (-p(1)+2*p(2));
*(2*p(1)+p(2)) 0.25* (1+p (1)) * (p(1)+2*p(2));

-0.25* (1+p (2) ) * (-2*p (1) +p(2) ), -0.25* (-1+p (1)) *(-p(1)+2*p(2));
), 0. 5*(1+p(1)) (=1+p (1))

=0.5* (1+p(2)) * (-1+p(2)), -p(2)*(1+p(1));

-p (1) *(1+p(2)), -0.5*(1+p(1))*(-1+p(1));

)
)
)
)
p(1)* (-1+p(2)
)
)
*

0.5*(1+p(2)) * (-1+p(2)), p(2)*(-1+p(1))];

end

function [gpts] quadrature (n)

u./sqrt (4*u.%2 - 1);

us == n=1"h
A = zeros(n);

A(2:n+l:n*(n-1)) = u;
A(n+l:n+l:n"2-1) = u;
[v, x] = eig(d);

[x k]S ="sert (diag (=)
apts = [xU;0 28wl k)220
end

7.4. MATLAB Code for Convergence Test for QUADS

function []= svmathel project2 QUAD8 Convergence ()
= ([0 20Ol IL 5] 2

Ag=I[];

for j=1:length(hl)
1x=0r101:;
1y=0.023;
k=45;
h=h1(j)/1000;
beta=2;
mesh=fin mesh(lx, ly, h, beta, 'QUAD8');
[gpts]=svmathel hw9(3);
V = spalloc(mesh.num nodes, mesh.num nodes, 9*mesh.num nodes) ;
f
for ¢ = mesh.conn

zeros (mesh.num nodes, 1);
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xe = mesh.x(:,c);
Ke = zeros(length(c));
for g = gpts
[N, dNdp] = shape8(q);
J = xe * dNdp;
x=xe (1, :) *N;
y=xe (2, :)*N;
G = dNdp/J;
Ke = Ke + G*k*G' * det (J)*g(end);
smanu=(566100000*sin (10000*x~2 + (1000000*y~2)/529)) /529 +
18000000000*x*2*cos (10000*x~2 + (1000000*y~2)/529) +

(180000000000000*y"~2*cos (10000*x~2 + (1000000*y~2)/529))/279841;
f(c) = f(c) + N * smanu * det(J)*q(end);
end
V(c,c) = V(c,c) + Ke;

end
Ecb = [mesh.bottom nodes (l:2:end-2);mesh.bottom nodes (2:2:end-

1) jmesh.bottom nodes(3:2:end)];

Ect = [mesh.top nodes(l:end-1); mesh.top nodes(2:end)];

Ecl = [mesh.left nodes(l:end-1); mesh.left nodes(2:end)];
Ecr = [mesh.right nodes(l:end-1); mesh.right nodes(2:end)];
Ecc = [Ecl Ect Ecr];

gptse=quadrature (3) ;
for ¢ = Ecb
xe = mesh.x(:, c)
for g=gptse
[N, dNdp] = svmathel hw5(q(1),3);;
J = xe * dNdp;
x=xe (1, :) *N;
y=xe (2, :)*N;
=[O AR
gmanu=[900000*x*sin (10000*x"2 +
(1000000*y~2) /529), (90000000*y*sin (10000*x~2 + (1000000*y~2)/529))/5291];
gbar=dot ( (gmanu) ,n) ;
f(c) = £f(c) + N * gbar * norm(J) *g(end) ;
end
end
for ¢ = Ecc
xe = mesh.x(:, c);
V(e =0
V(c,c)=eye(length(c));
x=xe (1, :);

y=xe (2, :);
Tmanu=cos (10000*x.72 + (1000000*y."2)/529);
f(c) = (Tmanu);

end

T=V\f;

wt=zeros () ;

wb=zeros () ;

for c=mesh.conn
xe=mesh.x(:,cC);
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de=T (c) ';
for g=gpts
[N, dNdp]=shape8 (q) ;
J=xe*dNdp;
x=xe (1, :) *N;
y=xe (2, :)*N;
Tmanu=cos (10000*x*2 + (1000000*y~2)/529) ;
aex=(Tmanu) ;
ah=de*Nj;
wt=wt+ (aex-ah) *2*det (J) *g(end) ;
wb=wb+ (aex) "2*det (J) *g (end) ;
al=sqgrt (wt/wb) ;
end
end
Ag (end+l)=(al)
end
plot (log (hl),log(Aq), 'b-0")
title('Log-Log Plot for Element size and L2 Norm for QUADS8');
ylabel ('Log L2 Norm');
xlabel ('Log Element Size');

end
function[N, dNdp] = shape8 (p)
N = [(=(1-p(1))*(1-p(2))* (1+p(1)+p (2))/4); (-(1+p(1))*(1-p(2))*(1-p(1)+p(2))/4);...
(=(1+p (1)) * (1+p (2)) * (1-p(1) =p(2)) /4) ; (=(1=-p(l))*(1+p (2))* (1+p (1) -p(2))/4):...
(= (@)NIF (TEp (1)) (1=pi(2)8) /20l (({LEp (A1) = (TEp (2))* (1=pi(2)) /2)7---
GEEp CIMDES (eI R (S (2))F/ 2 (= el I (IR (2) RS (1= pi(2)8) /2]
dNdp = [= ((p(1) = L)*=(p(2) = 1))/4 = ((p(2) = L)*(p(d) + pi(2) + 1))/4, = ((B(L) =
L) F(pi(2) = 1)) /4 = (1) =" 1)=(pi(l) + pl(2) £ 1)) /47
((p(2) - )*(p(2) - p(l) + 1))/4 - ((p(l) + 1)*(p (2) =) 4, (i) )= (p(2)F =
) /4 + ((p(l) + 1)*(p(2) - p(l) + 1))/4;...
((p(l) + )*(p(2) + 1))/4 + ((p(2) + 1)*(p(1) + p(2) - 1))/4, ((p(l) + 1)*(p(2) +
1))/4 + ((p(1l) + 1)*(p(l) + p(2) - 1))/4;...
(e (NS =S 1) (pl(2) 8 R 1) A4S (P (2 ) (U (=8 pi( 2 )88 /A (Hp (L= R (pi( ) =
pi2) + A))i/4 = ((p (1) = 1) *(p(2) + 1)/ 4;. ..
RIS =1l S (o (2 ) =) T/ 28 E (S (ol (1= ) R (p(2D =N E/2 S ( (ol () =T S (o (18
W BB oo
=I((pI(2)N = (P (208 N/ 2, = (i) A A (pi(2)8 =S 1))/ 20 = (A E ) (i 2
IRR)F/ 25 e
= ((p@) = d)=(p(2) = A28 = ((p{d) + 1)E(pi(2) & 1))H/2, = ((D(1) = )= (p{1)
AN W25 o
((pi2)E =) (ol (2) 8518 /2 B (ol (19 =80 B pi( 2 =S 00/ 28R (L (o () =) A (o (2 S /2.
end

function [N, dNdp] = shape3(p)
N = [0L5*p. A p=1) 1l=p.%*p; 0.5%p - *(p+l)];
dNdp = [p-0.5 -2*p p+0.5]"';
end
function [gpts_e] = quadrature (n)
u = l:n=-1;
u = u./sqrt(4*u.”2 - 1);

23



A = zeros(n);

A (2:n+Hl:n* (n-1)) = u;
A(n+l:n+l:n"2-1) = u;
[v, x] = eig(d);

[x k]S ="sert (diag (=)

gpts_e [t 0 Anz (N AI) SR D) ¥

end



7 Appendix - code 5/5
v - 0 pts Correct
- 5 pts no appendix
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