Ver 3537 E1.1 Analysis of Circuits (2014)

E1.1 Circuit Analysis
Problem Sheet 1 (Lectures 1 & 2)
Key: [A]= easy ... [E]=hard

1. [A] One of the following circuits is a series circuit and the other is a parallel circuit. Explain which
is which.

2. [B] Find the power absorbed by by each of the subcircuits A and B given that the voltage and
current are 10V and 2 A as shown.

2A

AT]OVB

3. [B] For each of the four circuits below, find the power absorbed by the voltage source (Py ), the
power absorbed by the current source (Pr) and the total power absorbed (Py + Pr).

2V 2V 2V 2V
2A 2A 2A 2A

(a) (b) (©) (d)

4. [B] Determine the voltage Vx in the following circuit.

5. [B] Determine the current Ix in the following circuit.

SA Iy
2A
1A
—
L

6. [B] What single resistor is equivalent to the three resistor sub-circuit shown below?

1k Sk 2k
M+
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7. [B] What single resistor is equivalent to the three resistor sub-circuit shown below?

1k Sk 2k

8. [C] What single resistor is equivalent to the five resistor sub-circuit shown below?

4k
I —
I

1k 5k 2k 3k

9. [A] If a resistor has a conductance of 8 S, what is its resistance?

10. [B] Determine the voltage across each of the resistors in the following circuit and the power dissipated
in each of them. Calculate the power supplied by the voltage source.

1k 2k

14V 4k

11. [B] Determine the current through each of the resistors in the following circuit and the power dissip-
ated in each of them. Calculate the power supplied by the current source.

21mA
Cu
1k 2k 4k

12. [B] Determine Ry so that ¥ = 1 X.
R

XTY

13. [B] Choose Ry and Rs so that Y = 0.1X and R; + Ry = 10 MQ.

14. [D] You have a supply of resistors that have the values {10, 12,15, 18, 22,27, 33,39, 47, 56, 68, 82} x
10™ € for all integer values of n. Thus, for example, a resistor of 390 (2 is available and the next higher
value is 470 2. Show how, by combining two resistors in each case, it is possible to make networks
whose equivalent resistance is (a) 3k€2, (b) 4k and (c) as close as possible to 3.5 k2. Determine is
the worst case percentage error that might arise if, instead of combining resistors, you just pick the
closest one available.
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E1.1 Circuit Analysis
Problem Sheet 1 - Solutions

1. Circuit (a) is a parallel circuit: there are only two nodes and all four components are connected
between them.

Circuit (b) is a series circuit: each node is connected to exactly two components and the same current
must flow through each.

2. For subcircuit B the voltage and current correspond to the passive sign convention (i.e. the current
arrow in the opposite direction to the voltage arrow) and so the power absorbed by B is given by
VxI=20W.

For device A we need to reverse the direction of the current to conform to the passive sign convention.
Therefore the power absorbed by Ais V x —I = —20W.

As must always be true, the total power absorbed by all components is zero.

3. The power absorbed is positive if the voltage and current arrows go in opposite directions and negative
if they go in the same direction. So we get: (a) Py = +4, Pr = —4, (b) Py = +4, P = —4, (c)
Py =—4, Pr =44, (a) Py = —4, P; = +4. In all cases, the total power absorbed is Py + Py = 0.

4. We can find a path (shown highlighted below) from the bottom to the top of the Vx arrow that
passes only through voltage sources and so we just add these up to get the total potential difference:

Vx = (=3) + (+2) + (+9) = +8 V.
3V
D Q|||
v ]
| S

5. If we add up the currents flowing out of the region shown highlighted below, we obtain Ix —5—1+2 =
0. Hence Ix = 4A.

5A Iy
2A
A
—
L

6. The three series resistors are equivalent to a single resistor with a value of 1 4+ 5 + 2 = 8k().

7. The three series resistors are equivalent to a single resistor with a value of m =L =

1.7
0.588 kf2.

8. We can first combine the parallel 2k and 3k resistors to give % = 1.2k. This is then in series with

the 4k resistor which makes 5.2k in all. Now we just have three resistors in parallel to give a total
of 75 = 135 = 0.718k(
1/1+1/5+1/5.2 1.39 : .

. . 1 _
9. The resistance is gzq5=s = 125k
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10.

11.

12.

13.

14.

[Method 1]: The resistors are in series and so form a potential divider. The total series resistance is
7k, so the voltages across the three resistors are 14 x % =2V, 14 x % =4V and 14 x % =8YV. The

power dissipated in a resistor is V%, so for the three resistors, this gives ? =4mW, % =8mW and
8 —16mW.

[Method 2]: The total resistance is is 7k so the current flowing in the circuit is 2* = 2mA. The voltage
across a resistor is IR which, in for these resistors, gives 2 x 1 =2V, 2x2 =4V and 2 x4 =8V.
The power dissipated is VI which gives 2 x 2 = 4mW, 4 x 2 = 8mW and 8 x 2 = 16 mW. The
current through the voltage source is 2mA, so the power it is supplying is VI = 14 x 2 = 28 mW.
This is, inevitably, equal to the sum of the power disspipated by the three resistors: 4+8+16 = 28.

[Method 1]: The resistors are in parallel and so form a current divider: the 21 mA will divide in
proportion to the conductances: 1 mS, 0.5mS and 0.25mS. The total conductance is 1.75mS, so the
three resistor currents are 21 x 4= = 12mA, 21 x 2% = 6mA and 21 x %22 = 3mA. The power
dissipated in a resistor is I2R which gives 122 x 1 = 144mW, 62 x 2 = 72mW and 32 x 4 = 36 mW.

[Method 2]: The equivalent resistance of the three resistors is m = 2kQ. Therefore the

voltage across all components in the parallel circuit is 21 x % = 12V. The current through a resistor
is % which gives % =12 mA,% = 6mA and% = 3mA. The power dissipated in a resistor is V' I

which gives 12 x 12 = 144mW, 12 x 6 = 72mW and 12 x 3 = 36 mW. The power supplied by the
current source is 12 x 21 = 252mW which as expected equals 144 4 72 + 36.

The resistors form a potential divider, so % = ﬁ. So we want ﬁ = i = Ri+4=16 =
Ry = 12k.
The resistors form a potential divider, so % = Rﬁ"‘R?. So we want Rfng = 1—10 and Ry + Ry =

10 MSQ2. Substituting one into the other and cross-multiplying gives 10Ry = 10MQ = Ry = 1 M.
Substituting this into the simpler of the two initial equations gives Ry = 10 — 1 = 9MQ.

(a) 3k = 1.5k + 1.5k = 3.3k||33k, (b) 4k = 3.9k + 100, (c) 3.488%k = 3.9k||33k.

To make an exhaustive search for creating a resistance of R, you need to consider two possibilities:
(i) for two resistors in series, the largest of the two resistors must be in the range [3 R, R] or (ii) for
two resistors in parallel, the smallest resistor must be in the range [R,2R)]. In both cases there are
at most four possibilities, so you need to consider up to eight possibilities in all. So, for example, for
R = 3.5k, we would consider the following possibilities: (i) 1.5k + 1.8k =3.3k, 1.8k + 1.8k = 3.6k,
22k + 1.2k = 34k, 2.7k + 0.82k = 3.52k and (ii) 3.9%||33k = 3.488%k, 4.7k|[15k = 3.579k,
5.6k||10k = 3.59k, 6.8k||6.8k = 3.4k. The choice with least error is the one given above.

Since we are interested in % errors, we need to consider the ratio between resistor values. The largest

ratio between successive resistors is the series is % = 1.25 (this includes the wraparound ratio of
% = 1.22). The worst-case percentage error will arise if our target resistance is the mean of these
1.5

two values, 13.5. The percentage error in choosing either one is then 5% = 11.1%.
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E1.1 Circuit Analysis
Problem Sheet 2 (Lectures 3 & 4)

Key: [A]= easy ... [E]=hard

1. [B] Calculate Vx and Ix in the following circuit using (a) nodal analysis and (b) simplifying the
circuit by combining parallel resistors.

2. [B] Calculate Vx and Ix in the following circuit using (a) nodal analysis and (b) simplifying the
circuit by combining parallel resistors.
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7. [C] Calculate Vx in the following circuit. The value of the dependent current source is 99 time the
current flowing through the 1V voltage source.

991

8. [C] In the following circuit calculate Vx in terms of V and I using (a) nodal analysis and (b)
superposition.

10. [C] Determine an expression for Iy in terms of V' in the following circuit. Determine the value of V'
that will make Iy = 0.

11. [C] Calculate Vx in the following circuit using (a) nodal analysis and (b) superposition.

12. [C] Calculate Vx in the following circuit which includes a dependent voltage source.

=
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13. [C] Find the equivalent resistance of the network shown below.

14. [D] Prove that if V4 = 0, then R = 4kQ in the following circuit. The circuit is used to detect
small changes in R from its nominal value of 4k{2. Find an expression for V4p as a function of R.
If changes in Vap of 10mV can be detected, what is the smallest detectable change in R .

15. [D] Calculate Vx in the following circuit. You can either use nodal analysis directly or else simplify
the circuit a little to reduce the number of nodes.

16.
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E1.1 Circuit Analysis
Problem Sheet 2 - Solutions

Note: In many of the solutions below I have written the voltage at node X as the variable X instead of
Vx in order to save writing so many subscripts.

1. [Nodal analysis] KCL at node Vx gives @ + VTX + ‘{TX = 0 which simplifies to 7Vx — 56 = 0 from
which Vx = 8.
[Parallel resistors] We can merge the 2 Q and 4 Q) resistors to make one of % = % Q as shown below.
Now we have a potential divider, so Vx = 14 X % =8V.

In both cases, we can now calculate Iy = ‘CTX = 2 A. Note that when we merge the two resistors, Ix

is no longer a distinct current on the diagram.

1 VX I X 1 VX

C_) 1.33

Original Simplified

2. [Nodal Analysis] KCL at node V, gives 5 + VTX + ‘% = 0 which simplifies to 20 + 5Vx = 0 from
which Vx = —4.
[Parallel Resistors] We can combine the 1€ and 4 resistors to make one of 4 = 2 Q as shown
below. Now we have Vx = -5 x 0.8 = —4V.

2 Vy Ix 2 Vx

Original Simplified

In both cases, we can now calculate Iy = V:TX =—1A.

In this question, you have to be a bit careful about the sign used to represent currents. Whenever you
use Ohm’s law, you must be sure that you use the passive sign convention (with the current arrow
in the opposite direction to the voltage arrow); this is why the current through the 0.8 Q resistor is
—5 A rather than +5 A.
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3. [Nodal Analysis] KCL at node V,, gives % + VTX + 4 = 0 which simplifies to 5Vx + 10 = 0 from
which VX =-2.

[Superposition] (i) If we set the current source to zero, then the 4 resistor connected to it plays
no part in the circuit and we have a potential divider giving Vx = 6 X % = 1.2. (ii) We now set the
voltage source to zero and then simplify the resultant circuit as shown below. Being careful with

signs, we now get Vx = —4 x 0.8 = —3.2. Adding these two values together gives a final answer of
Vx = -2
4 v, 4 4 vy 4 4 Vy 4 08 vy, 4
( ) 1 ( ) ( ) 1 1 ( ) ( )
6V 4A 6V ‘ 4A 4A
X —+ = -4
Original I=0 V=0 V' = 0 simplified

4. We first label the nodes; we only need two variables because of the floating voltage source. KCL
at X gives X?:OQO + Xﬁ(;flg) + Xl’OY = 0 which gives 11X — 9Y = 1. KCL at the supernode
(V.Y — 13}gives Y520 4 Y X o (I92X , (V2d3) — g which gives —9X + 19Y = 197. Solving
these two simultaneous equations gives X = 14 and Y = 17.

15—
L

S
Tl
— . Y-13

5. We first label the nodes; there are only two whose voltage is unknown. Working in mA and k2, KCL

at X gives X240 4 X=X 4 10 = 0 which gives 3X —Y = 420. KCL at Y gives ¥oX + L+ ¥-80 = ¢

which gives —4X 4 7Y = 120. Solving these simultaneous equations gives X = 180 and Y = 120.

N
3K ok 12k
240V,

6. We first label the nodes; since the two nodes having unknown voltages are joined by a fixed voltage
source, we only need one variable. We write down KCL for the supernode {X, X — 50} (shaded in
the diagram) which gives (-=39=300 1 (X-80) | X800 4 X — ) which simplifies to 20X = 3500 or
X =175V.

90 10
300V) Y50 (Y4 X
10 90
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7. There is only one node with an unknown voltage, namely X. However, there is a dependent current

source, so we need to express its value in terms of the node voltages: 991 = 99 x % where we are

expressing currents in mA. So now we can apply KCL to node X to obtain X;m + %’514—99 X %’51 =0
which simplifies to 225X = 1350 from which X = 6.

1k v,

10V 997

8. [Nodal Analysis] Using KCL at node X gives XQ_OV + % — I = 0 which we can rearrange to give
_ 1 20
X=5xV+5izl
[Superposition] If we set I = 0 then we have a voltage divider in which X = 2V (see middle
diagram). If we set V = 0 then (see right diagram) we can combine the two parallel resistors as

ggﬁ = %Q and it follows that X = %I . By superposition, we can add these two expression

together to give X = %V + %I.

20 Vy 20 Vy

Original I=0 V=0

9. [Nodal Analysis] We can easily see that the 4 A current flowing through the leftmost resistor means
the top left node has a voltage of —8 (although actually we do not need to calculate this because of the
isolating effect of the current source). Using KCL at the supernode {X —4, X} gives —4+2-44+X =0
which we can rearrange to give 2X = 12 or X = 6. It follows that Ix = g =3A.

[Superposition] If we set I = 0 then we have a voltage divider (since the resistors are in series) in

which X =4 x 725 =2 and Ix = 1 A (see middle diagram). If we set V = 0 then (see right diagram)

we can combine the two parallel resistors as % = 1Q and it follows that X = 4 and, by current

division, that Iy = 2 A. By superposition, we can add these two expression together to give X = 6V
and IX =3A.

Original I=0 V=0

Solution Sheet 2 Page 3 of 5



Ver 6186 E1.1 Analysis of Circuits (2015)

10.

11.

12.

13.

[Nodal Analysis] We first label the unknown node as X. Now, KCL at this node gives —6—}—%—}—% =
0 which rearranges to give 3X =V + 36 from which X = %V +12. Now Ix = % so Ix = éV + 4.

[Superposition] If we set I = 0 (see middle diagram) then Ix = ¥. If we set V = 0 then (see
right diagram) we have a current divider in which the 6 A current divides in proportion to the

conductances. So Iy = 6 x % =6 X % = 4. Adding these results together gives Ix = %V + 4.
If V= —-36 then Ix = 0.

6A
CP 3
=

Original I=0

l
=

[Nodal Analysis] KCL at node X gives 2510 4+ X + w = 0 which rearranges to give 8X = 24
from which X = 3.

[Superposition] If we set the left source to zero (see middle diagram) then, the two parallel 2
resistors are equivalent to 12 and so we have a potential divider and X = —3 x i = —0.75. If we
set the other source to zero (see right diagram) we can combine the 2Q and 3 Q2 parallel resistors to
obtain 223 = 1.2(). We again have a potential divider giving X = 10 x 5=2- = 3.75. Adding these

2+3 241.2
together gives X = —0.75+3.75 =3 V.

2 Vy 3 2 Vy 3 2 Vi3
o 2 2
1 3V 10V
X4 4 4
Original U =0 Us=0

KCL at node Y gives % + YEX = 0 which rearranges to —X +6Y = 20. We also have the equation

of the dependent voltage source: X = —6Y. We can conveninetly eliminate 6Y between these two
to give —2X = 20 and so X = —10.

We first pick a ground reference at one end of the network and label all the other nodes. The
v

equivalent resistance is now . We assume that we know V' and then calculate I. KCL at node
A gives %—l—%—&—% = 0 from which 34 — B =V or B = 34— V. KCL at node B gives
% + BJ%A + % = 0 from which 11B —5A = V. Substituting B = 3A — V into this equation gives
33A—5A =12V or A = %V which in turn gives B=34A -V = %V. The current I is the sum of
the currents throught the rightmost two 5 Qresistors: I = % + % = %V. So the equivalent resistance

is ¥ =7Q.

Solution Sheet 2 Page 4 of 5



Ver 6186 E1.1 Analysis of Circuits (2015)

14. If V4 = 0 then no current flows through the 2k resistor so the two vertical resistor chains form
potentlal dividers. In the leftmost chain, V4 = 100 x 4+4 =50V. Since Vap =0, Vg =V, =50 =

100 x % which implies that R = 4k.

4+R
KCL at nodes A gives 4=100 0 —|— —|— = 0 which gives 44 — 2B =100 or B = 2A — 50. KCL at
node B now gives £ 4100 + + =5 = O into which we can substitute the expression for B to get
24 4150 + 2A 50 4 A 50 = O from Wthh A= mﬁ%m. Substituting this into B = 24 — 50 gives
B = ii%?{ and hence A B = 10f+221§R If we can detect a value of A — B =10mV = 0.01 then the
corresponding value of R is the solution to 104O+22§R = 0.01 which gives 25.02R = 99.96 from which

R = 3995.2 Q which is a change of 4.8 or 0.12%.

15. We label the nodes as shown below (using X instead of Vx for ease of writing). Note that when
we have labelled the upper node of the floating voltage source as Y we can label the lower node as
Y 413 and do not need another variable. KCL at node X gives X519 + XEZ + X Y — (0 which gives
13X —3Y —4Z = 114. KCL at node Z gives —+ﬂ+ Z=Y=15 — () which gives 72X 3Y +87 = 45.
Finally, KCL at the supernode {Y,Y 415} gives ¥=X 4 Y+15 Z — 0 from which X —3Y +27 = 30.
Solving these three simultaneous equations gives X =11, Y =—1and Z =8.

— W+15

Original Simplified

An alternative approach is to notice that the three rightmost components are in series and so you
can reorder them without affecting the rest of the circuit to give the simplified circuit shown above.
Now, we only have two unknowns and hence only two simultaneous equations to solve. KCL at node
X gives X;w + X_Vg_w + X_6W = 0 which gives 6 X —3W = 87. KCL at the supernode {W, W+15}
gives ng + W+135_X + W‘2H5 = 0 from which 3X — 6W = 75. These equations are easily solved to
give X =11 and W = —7.

16. Since the floating voltage source is a dependent voltage source, we need to label its two ends with
separate variables (see below). We now write down a KCL equation for the supernode shown shaded:
Yoa8 4 Xy X248 4 X — 0 which simplifies to 10X + 18Y = 624.

We also need to express the voltage source value in terms of nodal voltages: Y —X =81 =8 >< & = %X
which rearranges to give Y = 7X Substituting this in the previous equation gives 10X + 18 X %X =
624 which simplifies to 52X = 624 from which X = 12.
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E1.1 Circuit Analysis

Problem Sheet 3 (Lectures 5, 6, 7 & 8)

Key: [A]= easy ... [E]=hard
1. [B] Calculate the Thévenin and Norton equivalent networks at the terminals A and B for each of

the following.

2. [B] Use nodal analysis to calculate an expression for A in Fig. 2 in terms of I and then rearrange
this to give I in terms of A. Show how these expressions are related to the Thévenin and Norton

equivalent networks at the terminals A and B.

X 1
5V
Uﬁ”‘ ﬁ”‘

Fig. 2 Fig. 3 Fig. 4

3. [B] Determine X in Fig. 3 when (a) U = +5V and (b) U = —5V. Assume that the diode has a
forward voltage drop of 0.7 V.

4. [B] In Fig. 4, calculate I and the power dissipation in the resistor and in the diode. Assume that
the diode has a forward voltage drop of 0.7 V.

5. [B] Find the gains 7 and ¥ in the following circuits:

10k U %
u 1k @X ﬂj
b — 1k 10k
(a)

a (b)

6. [C] Calculate the Thévenin and Norton equivalent networks at the terminals A and B in Fig. 6 in
two ways (a) by combining resistors to simplify the circuit and (b) by using nodal analysis to express

_|3 1 IA
i

A in terms of I.

Fig. 6
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7. [C] Find the current I in Fig. 7 in two ways: (a) by nodal analysis and (b) by combining the leftmost
three components into their Thévenin equivalent.

Fig. 7 Fig. 8

8. [C] For what value of R in Fig. 8 will the power dissipation in R be maximized. Find the power
dissipation in R in this case.
9. [C] Find the Thévenin equivalent of the circuit between nodes A and B in two ways: (a) by performing

a sequence of Norton<«»Thévenin transformations and (b) using superposition to find the open-circuit
voltage and combining resistors to find the Thévenin resistance.

10. [C] State whether the feedback in the following circuits is positive or negative:

“f <5 55 55

(a) (c
11. [C] Find the gain % in the following circuit:

U 20k

10k

10k 60k
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12. [C] Find expressions for X, Y and Z in terms of Uy, Uy and Us.

U, 20k 40k v, 20k u, A0k
10k 10k
U, 10k U, Ve U, 7
X
Uy
— — 10k 50k 10k 40k

(a) (b) (c)

13. [C] Choose values of Ry and Rs in Fig. 13 so that X = 2U; — 3U;.

60k Ui
v, R , U ¥ v
R
U, R
60k —= ij 50k 10k 10k 50k
Fig. 13 Fig. 14

14. [C] Find an expression for Y in Fig. 14 in terms of Uy and Us.

15. [C] In the circuit diagram, the potentiometer resistance between the slider and ground is a x 40k}

where 0 < @ < 1. Find the gain of the circuit, & as a function of a. What is the range of gains that

U
the circuit can generate as a is varied.

40k

40k —

16. [C] By replacing the rightmost three components in Fig. 16 by their Thévenin equivalent, find X
when (a) U = 0V and (b) U = 5V. Assume that the diode has a forward voltage drop of 0.7 V.
Determine the value of U at which the diode switches between operating regions.

J 100k I 4
r————¢-0
U
498
B
= =
Fig. 16 Fig. 18

17. [C] In the block diagram of Fig. 17, F, G, H represent the gains of the blocks. Find the overall gain

Y
<

w +ry

Fig. 17
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18. [D] The circuit of Fig. 18 includes a dependent current source whose value is proportional to the
current J. Find the Thévenin equivalent of the circuit by two methods: (a) use nodal analysis
including the current I and express the voltage Vap as a function of I and (b) assume I = 0 and
find (i) the open circuit voltage, Vap as a function of U and (ii) the short-circuit current (with A
joined to B) as a function of U. Hence find the Thévenin equivalent of the circuit.

19. [D] Choose resistor values in Fig. 19 so that (a) X = 3Us + Uz 4+ Ui and (b) the Thévenin
resistance between X and ground is 50 2. Why would the question be impossible if it had asked for
X = %Ug + %UQ + %le7

U
]
el W5
=

Fig. 19 Fig. 20

20. [D] Choose resistor values in Fig. 20 so that (a) the Thévenin between X and ground is 50 Q2 and
(b) it is possible to set X to 1, 2, 3 or 4 V by setting the switches appropriately.

21. [D] State whether the feedback in the following circuits is positive or negative:

20k 20k
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22. [D] Find an expression for Z in Fig. 22 in terms of U; and Us.

10k 10k

60k

Fig. 23

23. [D] The circuit of Fig. 23 is called a Howland current source. Show that the circuit has negative
feedback. Use nodal analysis to determine the current I and show that it does not depend on R.

24. [D] A non-linear device has a characteristic Y = v/ X for inputs in the range 0 < X < 1. To improve
its linearity, the device is placed in a feedback loop using an op-amp with a gain of A as shown in
Fig. 24. Determine an expression for Y in terms of U and A. Simplify the expression by using the

Taylor series approximation: /v +w & /v (1 + 55— %) valid for v > w. Estimate how large A
must be to ensure that Y|y—g5 = 0.5 X Y|y=1 to within 1% of Y |y=1.

U

+AX\/ Y

Fig. 24

25. [D] The diodes in Fig. 25 have a characteristic I = k exp VLT where Vp =25mV.
(a) For the circuit of in Fig. 25(a), find an expression for U in terms of X assuming that X > 0.
(b) For the circuit of in Fig. 25(b), find and expression for Y in terms of X assuming that X > 0.

Fig. 25(a)

26. [C] We normally assume that the current at the inputs to an opamp are negligible. However this is not
always true and this question investigates the effect of non-zero input bias currents. If Ig = 100nA,

find expressions for % and % in the circuits below. Explain the advantage of circuit (b) and derive

a general principal that should be followed when using opamps having non-negligible input bias

currents, Ip.
jl

10k P 40k 10k o 40k

lQ
-
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E1.1 Circuit Analysis
Problem Sheet 3 - Solutions

1. (a) Thévenin voltage equals the open circuit voltage is 4 V (from potential divider). To obtain the
Thévenin/Norton we set the voltage source to 0 (making it a short circuit) and find the resistance of
the network to be 1||4 = 0.8 Q. From this the Norton current is % = 5A. This may also be found

directly from the short-circuit current of the original circuit.

(b) The open-circuit voltage is —8V (since the 2 A current flows anticlockwise). To obtain the
Thévenin/Norton resistance, we set the current source to zero (zero current implies an open circuit),
=8

so the resultant network has a resistance of 4 Q2. The Norton current is > = —2 A; this may also be

found by observing that the short-circuit current (flowing into node A) is +2 A.

2. KCL at node A gives % + % — I =0 from which 54 — 20 — 4] = 0 which we can rearrange to give
A=4+0.8I = Vpp + Rprpl. We can also rearrange to give I = —5 + &A = —Inor + ﬁA.

3. (a) When U = 5, the diode is on and so X = U — 0.7 = 4.3. To check our assumption about the
diode operating region, we need to calculate the current through the diode; this equals 4.3 mA which
is indeed positive.

(b) When U = —5, the diode is off, so the current through the resistor is zero and X = 0. As a
check, the voltage across the diode is U — X = —5 which confirms our assumption that it is off.

4. As in part (a) of the previous question, I = 4.3mA. The power dissipation in the diode is therefore
VpI = 0.7 x 4.3 = 3.01mW. The power dissipation in the resistor is IR = 18.5mW.

5. Circuit (a) is an inverting amplifier with gain % = —% = —10. Circuit (b) is a non-inverting
amplifier with gain % =1+ 1—10 = +11. Another way to see this is to notice that, since the opamp

inputs draw no current, the potential divider means that the -ve opamp input is at % and, since the

~

negative feedback ensures the opamp terminals are at the same voltage, U = 7.

6. [Method 1 - circuit manipulation] To calculate the Thévenin equivalent, we want to determine the
open-circuit voltage and the Thévenin resistance. To determine the open-circuit voltage, we assume
that I = 0 and calculate V5. Since I = 0, we can combine the 12 and 62 resistors to give 7§}

4

and then combine this with the 6 €2 resistor in parallel to give 1% Q). We now have a potential divider

so the voltage at point X is 63 x %21/313 = %. This is then divided by the 1Q and 6 resistors

to give an open-circuit voltage of 9—; X % = 28 V. The Thévenin/Norton resistance can be found by
short-circuiting the voltage source to give 32 in parallel with 6 €2 which equals 2. This is then in
series with 1Q(to give 3 ) and finally in parallel with 62 to give 2.

[Method 2 - Nodal Analysis]. We can do KCL at node X (see diagram below) to get 5% + X +

Xl_A = 0 which simplifies to 9X — 64 = 126 or 3X — 24 = 42. We now do KCL at A but include

an additional input current I as shown in the diagram. This gives AIX + % — I = 0 from which
7TA — 6X = 61. Substituting for 6X = 4A 4 84 gives 3A = 84 + 61 or A = 28 + 2I. This gives
the Thévenin voltage as 28 and the Thévenin/Norton resistance as 2 2.Hence the Norton current is
14 A.

3

x —1 1

_|
O 6 6

7. (a) KCL @ X gives X514 + & + & =0 from which 7X =56 = X =8 =1 = ¥ =4mA.

(b)Finding the Thévenin equivalent of the left three components: we consider the two resistors as
a potential divider to give Vi, = 14 X % = 11.2V. Setting the source to zero (short circuit) gives

Rrp = 1|4 = 800Q. Hence I = V4o = 412 — 4mA.
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8. From question 7, the left three components have a Thévenin equivalent: Vpr, = 11.2V and Rpp =
800 Q. Tt follows that the maximum power will be dissipated in R when R = Rp;, = 800 (see notes
page 5-8). Since the voltage across R will then be %VT;L the power dissipation will be ﬁ‘/ﬁh =

39.2mW.

9. (a) As shown in the sequence below, we first combine the current source with the 40 Qresistor, then
combine the four series components into a single Thévenin equivalent and finally find the Thévenin
equivalent of the simple network (using parallel resistors for Ry, and a potential divider for V).

A

Yoy 4

(b) Setting the voltage source to zero gives us the first diagram. Combining 40||(60 + 100) = 32 so
X =—0.1x32=-3.2V. it follows (potential divider) that A = —3.2 x 130 = —2V.

Now setting the current source to zero gives the second diagram and we have a potential divider

giving Vap =6 X m =3V.
Superposition now gives us Vyp = Vpp = —-2+3=1V.

To find Rz, we set both sources to zero and find the resultant resistance of 100||(60+40) = 100|100 =
50€.

60

10. (a) Negative, (b) Positive, (c) Negative, (d) Positive. In simple circuits like these, you can just see
which terminal the output feeds back to.

11. The best way to think of this circuit is as a potential divider with gain % = % followed by a

non-inverting opamp circuit with gain % =1+ % = 7. The combined gain is then %:% X 7= %

U 2OkA
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12.

13.

14.

15.

16.

(a) You can either recognise this a a standard inverting summing amplifier with gain

X =- ( Ui+ 55 Ug) = —2U; — 4U; or else apply KCL at the +ve input terminal with the assump-
tion that negatlve feedback will ensure that this terminal is at the same voltage as the —ve terminal
i.e. 0V. This gives: 25¢% + 9582 + 955 = 0 from which X = —2U; — 4Us.

(b) The network connected to the +ve terminal is a weighted averaging circuit (page 3-7 of the notes)
so Vi = U1 + Ug The opamp circuit itself is a non-inverting amplifier with a gain of 1 + 3 50 = 6.
SO,Y—6X( U1+ UQ) —2U1+4U2

(c ) [Superposition method] Following the method of part (b) above, if U3 = 0, we have Z = 5 x
( Ui + 4U2) = U; +4U,. If, on the other hand, U; = Uy = 0, then Vi = 0 and so we have an
inverting amplifier with a gain of —55 = —4. Hence Z = —4Us.

Combining these gives Z = Uy + 4U2 —4Us3.

[Nodal analysis method] The top two resistors are a weighted average circuit so V4 = %Ul + %Ug.

10,440, —
Now, assuming that V_ =V, , we do KCL at V_ to give 5U1+1é]2 U 4 5U1+450U2 Z — 0 from which

U1+4U2—4U3— —OgIVIHgZ U1 +4U2—4U3.

We can use superposition. If Uy = 0,then V; = 0 and we have an inverting amplifier with a gain

U% = —R— The question tells us that this must equal —3 so we must have R; = 20. Now, if U; = 0,

the circuit consists of a potential divider with a gain of followed by a non-inverting amplifier

R2+60 +60
with a gain of 1+ R—l = 4. The combined gain must equal 2 (from the question) so the potential

divider must have a gain of % which means Ry = 60 k(.

The first opamp is non-inverting with a gain U% =1+ % = 1.2. We can use superposition to find
Y: If Uy = 0,then X = 0 and we have a non-inverting amplifier with a gain of ULI =1+ % = 6.

If, on the other hand, U; = 0, then we have an inverting amplifier and Y = f?—g = -5 It
follows that U% = % X i = —5 x 1.2 = —6. Combining both portions of the superposition,

=6U; —6Uy; = 6(U; — U;) Thls is therefore a differential amplifier (whose output is o (U; — Us))
that draws almost no current from either if its inputs. A better circuit is given in question 22.

The potentiometer is a potential divider and so V. = aU. Assuming that V_ =V, we can do KCL
at V_ to get % + 2U=X = 0 from which X = (2a — 1) U. For a = 0, the gain is —1 and when
a =1, the gain is +1. So the circuit can generate any gain between these two extremes.

The Thévenin voltage is —3V (potential divider) and the Thévenin resistance is 1||3 = 0.75Q as
shown in the diagram below. Note that if you drawn the Thévenin voltage source the other way
around (with “+” at the bottom) then the Thévenin voltage will be +3V; this is an equally valid
solution.

(a) If U = 0V, the diode is forward biassed and KCL @ X gives XS.(%:;) + X*(%*Oj) = 0 from which
X = —2.54. The current through the diode is Xa_%g) = 613 mA which is > 0 confirming our guess
about the diode operating region.

(b) If U = 5V, the diode is off and so X = —3 (since no current flows through the 750 2 resistor).
The diode forward voltage is (—U) — X = —2. This is < 0.7 confirming our operating region guess.

The diode switches regions when both operating region equations are true: Ip = 0 and Vp = 0.7.
The current equation implies X = —3 while the voltage equation (and the zero current through the
3k resistor) implies X = —U — 0.7. Combining these gives U = 2.3. Extreme care with signs is
needed in this question.
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17.

18.

19.

20.

21.

22.

There is only one feedback loop in this circuit: from W back to the input adder. We can write
W = FG (X — W) from which W = -£5-X. Then Y = F (X — W)+ HW. From the first equation

1+FG
(X — W) = 2% so we can substitute this in to get Y = W + HW = (4 + H) 1E§GX = FQFF%HX.
(a) [Nodal analysis including I | We have J = %64, so the current source value (expressed in terms
of node voltages) is 49.J = 0.49 (U — A). The KCL equation @ A is 45Y —0.49(U — A) — I = 0 from

which 50 (A — U) = 100I which gives A = 2I + U = RppI 4+ Vrp. So the Thévenin voltage is U and
the Thévenin resistance is 2 k).

(b) In this method, we assume I = 0 and calculate the open-circuit voltage and short-circuit current.

For the open-circuit voltage, we do KCL at A and obtain % —049(U — A) = 0 from which
50(A—U) =0s0 A= Vp, =U. For the short-circuit current, we join A and B and the current is

then ¥ = {85 4 0.49U = 0.5U. Hence Ry, = 2kQ2.

From the notes (page 3-7) X = UG +U3G2o4UsGs - The equations are made much easier to solve

G1+G2+G3
because we know that the Thévenin resistance must be 509. The Thévenin resistance is just
the parallel combination Rj||Rs||Rs = G1+G12+G3 = 20r1nS' Hence X = %U:; + %Ug + %Ul =

50 (U1G1 + UaG2 + UsG3) where the first expression is given in the question and the second comes
from substituting for G; + G2 + G3. Identifying the coefficients in this equation gives G; = ﬁ,
Gy = ﬁ and G3 = ﬁ from which R; = 300, Ry = 150 and R3 = 100. In a weighted average
circuit, the coefficients must sum to 1; thus % + % + % =1 but % + % + % # 1 so the latter set of
coefficients is inadmissible.

From the notes (page 3-7) X = % where U, and Us can equal 0 or 5. As in the previous
question, we are told that G1 + G2 + G3 + G4 = 20mS. Hence X = 50 (U2G2 4+ UsG3s + 5G4). The
only way that we can obtain the required voltages is if switching Us causes X to change by 1V and
switching Us causes X to change by 2V (or vice versa). Thus we need X = %Ug + %Ug +1; it is easy
to see that this satisfies the required output voltages. Now equating coefficients, we get 50G> = %,
50G3 = £ and 250Gy = 1 from which Ry = &= = 250, Ry = & = 125 and Ry = - = 250. Finally,
G1 =002 -Gy — Gz — G4 =0.004 s0 Ry = - = 250.

We need to determine how the differential input to the opamp (V; — V_)depends on X. We are not
interested in how it depends on U so it is convenient to set U = 0. So, with this assumption, we get
potential divider equations:

(a) Vi = 155X = 53X and V_ = 585X = £X. Hence V, —V_ = $X which, since the coefficient
is positive means positive feedback.
(b) V4 = ﬁX = 1X and V_ = %X = 2X. Hence V; — V_ = —1X which, since the

coefficient is negative means negative feedback.

We can split the circuit up into two independent parts because the opamp outputs are voltage sources
whose voltage is not affected by how many other things are connected to them. Note that all three

opamps have negative feedback and so we can assume that V, = V_.

For the first part, we have A = U; and B = Us. KCL @ A therefore gives U15—0X + Ul%oUz = 0 which
gives X = 6U; — 5U,. Similarly, KCL @ B gives Y22¥ 4 Y-t — 0 which gives Y = 6U, — 5U;.
The second part of the circuit is a differential amplifier (see page 6-9 of the notes) for which Z =
S0 (Y — X). Substituting in the expressions for X and Y gives Z = 3 ((6U» — 5U;) — (6Uy — 5U3)) =

3(11U, — 11Uy) = 33 (Uy — Uy).

50k 60k
A
C
10k Z
- Dl “sok
—~ F
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23.

24.

25.

26.

We can verify that the opamp has negative feedback since (if we set the 10V source to zero), we
have V_ = %Y but V; = aY where o = 2i|2|fTR < 5. So, we can assume that V; = V_ = X. KCL @
V_ gives X_go_lo) + u = 0 which glves X —-Y =-X—-10. KCL Q V, gives & Y 1I7=0.
Substituting X —Y = —X — 10 gives % X4 X =X~10 4 J = 0 which simplifies to I = 5 Notice that this
does not depend on R, so we have constructed a current source.

From the block diagram, we can deduce Y = v/ X = /AU — AY from which Y? + AY — AU = 0.
Solving this quadratic equation gives Y(U) = 0.5 (fA + VA% + 4AU). Notice that only one of the
two roots will result in Y being positive. Provided that A > 4U, we can use the Taylor series
approximation to give Y(U) ~ 0.5 ( A+ A (1 5 — %)) =U - %2. From this, V(1) =1— 4%
and Y (0.5) = 0.5 — 222 = 0.5Y(1) + 235, We would like the error, 225 to be 1% of Y (1), i.e
0.25 25 <0.01 (1 — 7) Solvmg this gives A > 26.

(a) The — terminal of the opamp is a virtual earth so the current through the resistor 1s . All the
current flows through the diode whose voltage is —U. Therefore we have 2 7 =kexpy S from which
U = _VT ln %

(b) The second opamp is a non-inverting amplifier with a gain of 3 so W = 3U = —3VrIn %. For
the third opamp, the current thorough the diode is ﬁ = kexp % = kexp (3 In %) =k (%)3.

From this we find that Y = kQQRQ X3. This we have made a circuit that cubes its input voltage (times
a scale factor).

( ) Despite the current I, it is still the case that V; = 0 and so, because of the negative feedback,
P =0 also. KCL@Pgwes +IB+ Y — ( from which —4U+40I5—Y =0or Y = —4U+401p.
Substituting Ig = 0.0001 mA glves Y = 74U 4+ 0.004 so there is an output error of 4mV.

(b) This time, the current Ip flows through the 8 k{2 resistor so V, = —8Ip. As before, we assume
that Q = V. also. Then KCL @ Q gives &Y Y — 0 from which —4U +40I5 —Y +5Q = 0.
Substituting @ = —8Ip gives —4U + 40l — Y — 40I5 = 0 which simplifies to Y = —4U. Thus in
this circuit, the bias currents do not cause any error.

The moral is that when designing opamp circuits, you should try to make the Thévenin resistance
seen by the two input terminals the same. If you achieve this, and if the bias currents are the same
at both inputs (usually approximately true) there will be no resultant errors.
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E1.1 Circuit Analysis
Problem Sheet 4 (lectures 9 & 10)
Key: [A]= easy ... [E]=hard

Note: A “dimensioned sketch” should show the values on the x and y axes corresonding to significant
places on the corresponding graph.

1. [B] For each of the following waveforms, determine the corresponding phasor in both the form a + jb
and rZ6.

(a) 8coswt.

(b) 3coswt + 4 sin wt.
(¢) 2cos (wt+ Z).

(d
(e

(f) —4sin (wt — ).

(g) 8cos (wt+ Z) 4 5sin (wt — Z).

—2coswt.

)
)
) 8sinwt.
)
)
)

2. [B] For each of the following phasors, determine the corresponding waveform in both the form
acoswt + bsinwt and acos (wt +6). (a) 1, (b) =2, (c) 3j, (d) —4j, (e) j — 1, (f) 3 —4j, (g) 2e7%
(h) 4e775.

3. [B] For each of the following cases say which of the two waveforms or phasors leads the other:

(a) sinwt and cos wt.

(b) sin (wt + ) and cos wt.

(¢) sin (wt —7) and cos wt.

(d) (1+7) and (2 + j).

)
)
)

f) (=14 4) and (=1 — ).

(
(e) (1+3) and (1 — 7).
() (-

1 and 1£350°.

(g

4. [B] Draw a dimensioned sketch of the waveform of ¢ in the circuit of Fig. 4(a) when v has the
waveform shown in Fig. 4(b).

i 12
) g’j v (V)
. Su
‘J 00 4 6
— t (ms)
Fig. 4(a) Fig. 4(b)

5. [B] For each of the circuits shown in Fig. 5(a)-(d) determine the average value of y(¢) when x(t) =
4 + 2 coswt for some non-zero frequency w.

Yy xl:| Yy
1k
3V 3V m 1k

Fig. 5(a) Fig. 5( b) Fig. 5(c) Fig. 5(d)

6. [B] Find the value of a single inductor equivalent to the circuit shown in Fig. 6.
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7.

10.

11.

12.

13.

e
m_am 1 L

10
G [ i
24m >8m 4m 0_‘ ¢ , C

Fig. 6 Fig. 7

(e

[B] Find the value of a single capacitor equivalent to the circuit shown in Fig. 7 given that each of
the capacitors has a value of 1 uF.

[B] Find the average value of v in the circuit of Fig. 8 if u(t) = 2 + 3 coswt.

Fig. 8 Fig. 9

[B] Find the average value of v in the circuit of Fig. 9 if u(t) = 8 — 2 coswt.
[B] Find the complex impedance of the circuit shown in Fig. 10 for (a) w = 0, (b) w = 1000, (c)
w = 2000 and (d) w = co.

100m .
|:|10 g -
10k Y 3 Y =4

Fig. 10 Fig. 11(a) Fig. 11(b) Fig. 11(c)

[B] The components in Fig. 11 are labelled with their impedances. Calculate both the complex
impedance and the complex admittance for each of the three networks.

[B] The components in Fig. 12 are labelled with their impedances. Determine the values of a parallel
inductor and resistor that will have the same overall impedance at (a) 1 kHz and (b) 10 kHz. Hint:
first calculate the admittance of the original network.

v 12
i l(mA)
CD 2m
0
100 50m 0 4 6

M. = t (ms)
Fig. 12 Fig. 13(a) Fig. 13(b)

[C] Draw a dimensioned sketch of the waveform of v(¢) in the circuit of Fig. 13(a) when ¢ has the
waveform shown in Fig. 13(b).
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14. [C] The three current iy, is, i3 in Fig. 14 are equal to 5 cos (wt + %)7 2 cos (wt + %) and /8 cos wt
but not necessarily in that order. Determine which current is which and find both the phasor I and

time-waveform ().
i ir x 20
v 2m 14
1k 0

1OM‘F Ipus  3ps

Fig. 14 Fig. 17(a) Fig. 17(b)

15. [D] Draw a dimensioned sketch of the waveform of 4 in the circuit of Fig. 15 when v has the waveform
shown in Fig. 4(b) given that at time ¢t =0, (a) ¢(0) = 0 and (b) ¢(0) = 2 A.

16. [D] Draw a dimensioned sketch of the waveform of v in the circuit of Fig. 16(a) when ¢ has the

waveform shown in Fig. 16(b) given that at time ¢ = 0, (a) v(0) = 0 and (b) v(0) = —5V.

i % 12
v i i (mA) x y z
i 2m 4y —5u
f ® 0 pEnnte
0 4 6 40p

- — t (ms) —

Fig. 15 Fig. 16(a) Fig. 16(b) Fig. 18

17. [D] In the circuit of Fig. 17(a), the voltage v has the periodic waveform shown in Fig. 17(b) with a
period of 4 us and an amplitude of 20 V.

a) State the duty cycle of v.
) Determine the average value of x.
(¢) Determine the average value of ip.
(d) Determine the average value of ip,.
) Assuming that x is constant (at its average value), draw a dimensioned sketch of the waveform
of ir,(t) and determine its maximum and minimum values.

(f) Assuming that x is constant (at its average value), determine the average, positive peak and
negative peak of the powers absorbed by each of R, L and C.

18. [D] In the circuit of Fig. 18, the output logic levels from the inverter are 0 V and 5V and the inverter
has a maximum output current of £2mA. The inverter senses a low voltage when its input is < 1.5 V.
If  changes from logic 0 to logic 1, determine the delay until z changes. Ignore the inverter input
currents and any delays inside the inverters themselves.
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E1.1 Circuit Analysis
Problem Sheet 4 - Solutions

1. (a) 8, (b) 3 —j4 = 5/ —0.93 (=53°), (c) 1.4+ j1.4 = 2£0.79 (45°), (d) —j8 = 84 — 1.57 (90°),
(e) —2 = 2./3.14 (180°), (£) 4, (g) 2.12 + j2.12 = 3£0.79 (45°).

2. (a) coswt, (b) —2coswt = 2 cos (wt—|—7r) (¢) —3sinwt = 3cos (wt + ), (d) 4sinwt = 4 cos (wt — §),
(e) —coswt — sinwt = 1.4cos (wt + 3T), (f) 3coswt + 4dsinwt = 5cos (wt — 0.93), (g) —2sinwt =
2cos (wt + %), (h) 346005wt+251nwt =4cos (wt — ).

3. (a) coswt by 7, (b) sin (wt + m) by 7, (c) sin (wt — 7) by §: note that sin (wt 4 7) and sin (wt — ) are
actually the same waveform, (d) (14 j) by 0.322rad, (e) (14 j) by , (f) (=1 —j) by 5, (g) 1 by 10°.
Because angles are only defined to within a multiple of 360°, you always need to be careful when
comparing them. To find out which is leading, you need to take the difference in phase angles and
then add or subtract multiples of 360° to put the answer into the range £180°. Note that a sine
wave is defined for all values of ¢ (not just for ¢ > 0) and so there is no such thing as the “first peak”
of a sine wave.

4. 1= C% . ‘C% is 3000 V/s for the first 4 ms and —6000 V/s for the next 2ms. So i = +15 or —30mA.
(see Fig. 4)

i (MA)

0 2 4 6
t (ms)

Fig. 4

5. The average value of z(t) is X = 4 (note that we use capital letters for quantities that do not
vary with time). For averages (or equivalently for DC or w = 0) capacitors act as open circuit and
inductors as short circuits; this gives the simplified circuits shown below. So this gives (a) Y = 3,
M) Y=X=4,(c) Y =X=4,(dY=1X=2

X Y X Y X Y
1k 1k Ik X Y
4V 3V 4V 3V 4V Ik 1k
3V 4V
Fig. 5(a) Fig. 5(b) Fig. 5(c) Fig. 5(d)

6. 4+4=28. 8|[8=4. 4+4=8. 24/|8 = 6mH.

7. Cy and C1yg are short-circuted and play no part in the circuit. We can merge series and parallel
capacitors as follows: Cy5 = 0.5, C7 g = 2, Cy3 = 2. Now merge Cyswith Cs to give Cu56 =

1.5 and merge this with C7g = 2 to give Ca56,78 = g Now merge this with Cy3 = 2 to give

Ca,3,45.6,7,8 = 2. Finally merge this with C1 =1 to give C' = 22 uF.

8. To determine average values, we can treat C' as open circuit and L as short circuit. The original
circuit simplifies to that shown in Fig. 8. So we have a simple potential divider and v = %a =1V
where the overbar denotes “average value”.

B A

Fig. 8 Fig. 9
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9.

10.

11.

12.

13.

14.

15.

16.

17.

Solution Sheet 4

E1.1 Analysis of Circuits (2015)

To determine average values, we can treat C' as open circuit and L as short circuit. The original
circuit simplifies to that shown in Fig. 9 and so v = u = 8V where the overbar denotes “average
value”.

Z = Rs + Rp|ljwL. (a) Z = Rg = 10, (b) Z = 10 + 10000||100j = 11 + 100 = 100.6./83.7°,
(¢) Z = 10 + 100002005 = 14 + 2005 = 200.4/86°, (d) Z = 10010.

We denote the impedance by Z and the admittance by Y = +. (a) Z = 1.44 + 1.92j and Y =
0.25—-10.337, (b) Z =4—3j and Y = 0.16 + 0.12j, (¢) Z = 4 and Y = 0.25. Notice that the
imaginary part of the impedance (the reactance) is positive for inductive circuits and negative for
capacitive circuits, but that the imaginary part of the admittance (the susceptance) has the opposite
sign. In part (c), the impedances of the inductor and the capacitor have cancelled out leaving
an overall impedance that is purely real; because the impedances are frequency dependent, this
cancellation will only happen at one particular frequency which is called the network’s “resonant
frequency”. I strongly advise you to learn how to do these complex arithmetic manipulations using
the built-in capabilities of the Casio fx-991.

(a) w = 6283 so the impedance is Z = 100 + 314;5. Taking the reciprocal gives Y = L = 0.92 —
2.895mS. Since parallel admittances add, the parallel component values must be Rp = %0 — 10870
and Lp = 229 — 55 1 mH. For case (b), we now have w = 62832 and, following the same argument,

0.92
2.89w
we get Rp = 98.8kQ and Lp = 50.05 mH. As the frequency goes up, the series resistor becomes a

less significant part of the total impedance and its effect becomes less. This means that Lp becomes
approximately equal to the original inductance and Rp becomes larger.

—_Jd  d
v=Lg .

% is 3A/s for the first 4ms and —6 A/s for the next 2ms. So v = +6 or —12mV. (see
Fig. 13)

If we define the voltage phase to be ¢ will be Ziy = ¢ +0, ¢ — 5 < Zia < ¢ +0, Liz =+ 5 as
the CIVIL mnemonic reminds us. Thus i3 will have the most positive phase shift. It follows that
i1 = 2cos (wt+Z), iy = V/8coswt and i3 = 5cos (wt + 2F) and that ¢ = Z. As phasors these
are [y = 1.4+ j1.4 = 2/45°, I, = 2.8, I3 = —3.5 + j3.5 = 5/135°. Adding these together gives
I=0.71+j4.95=5/1.43(82°). So i(t) = 0.71 coswt — 4.95sinwt = 5 cos (wt 4 1.43) A.

i(t) = i(0) + + :=0 v(7)dr where v(7) = 30007 for 0 < 7 < 4ms and v(r) = 36 — 60007 for

4ms < 7 < 6ms (obtain this formula by finding the straight line equalling 12 at 7 = 4ms and 0 at
7 =6ms). So, for the first segment, i = % x 1500t? which reaches 12 A at ¢ = 0.004. For the second
segment, ¢ = % X (36t — 3000t2) + ¢. To find ¢, we force i = 12 at ¢t = 0.004. This gives ¢ = —36 A.
When ¢ = 0.006 we then get i = 18 A. For part (b), we just add 2 A to the curve. (see Fig. 15)

v = % [ idt where i = 3t or i = 36 x 1073 — 6. So, for the first segment, v = % x 1.5t% which reaches
4.8V at t = 0.004. For the second segment, v = % X (36 x 1073t — 3t2) 4+ a. To find a, we force
v = 4.8 at t = 0.004. This gives a = —14.4V. When ¢t = 0.006 we then get v(t) = 7.2V. For part
(b), we just subtract 5V from the curve. (see Fig. 16)

30, 10 10

320 z 5
o

(
v (mV)

-+ 10 >0 -10

% 2 4 6 ) 2 4 6 25 2 4 6

t(ms) t(ms)

Fig. 15 Fig. 13

tms)

Fig. 16
(a) The duty cycle is 0.25 = 25%, (b) Z = v = § x 20 = 5V, (¢) ir = % = 5mA, (d) Since
ic = 0, i = igp = 5mA, (e) The voltage across the inductor is v — x = L‘%L. So when v = 20,
%L = % = 7.5kA/s. So the total change in iy over the 1us interval is 7.5mA. Tt follows that
i varies from its average value of 5mAby £3.75 mAand has minimum and maximum values of 1.25
and 8.75mA (see Fig. 17(a)). (f) Average powers are Pr = 25mW, P;, = Po = 0. Max powers
are Prp = 26mW, Pr, = vpip = 15 x 8.75 = 131.25mW, Po = veoic = 5 X 3.75 = 18.75mW.
Min powers are Pp = 25mW, P, = vpirp = —5 X 8.75 = —43.75mW (see Fig. 17(b)), Po =
voic = b x —3.75 = —18.75mW (see Fig. 17(c)). Note that during the time that it is positive
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(0.5 < t <25 ms), the average value of i¢ is i¢ = 1.375mA and so the total rise in ve will be
Ave = % = % = 275mV (i.e. £138mVaround its mean) which is small compared to its
mean value of 5V; this justifies the assumption that it is constant.

10 20,
100
50

iL (mA)

PL (mW)

PC (mW)
o

5

0 -20
0 2 4 6 8 0 2 6 8 0 2
t(us)

Fig. 17(a) Fig. 17(b) Fig. 17(c)

6 8

4 4
t(us) t(us)

18. When z changes from low to high, y will change from high to low. The maximum current is 2mA

so % = —£L = —50MV/s. So the time to fall from 5V to 1.5V is 22 x 107¢ = 70ns.
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E1.1 Circuit Analysis
Problem Sheet 5 (Lectures 11, 12 & 13)

Key: [A]= easy ... [E]=hard
Note: A “sketch” should show the values on the z and y axes corresonding to significant places on
the corresponding graph.
1. [C] For each of the circuits in Fig. 1(i)-(vi),
(a) Find the transfer function % (jw).
(b) Find expressions for the low and high frequency asymptotes of H (jw).

(c) Sketch the straight line approximation to the magnitude response, |H (jw)|, indicating the
frequency (in rad/s) and the gain of the approximation (in dB) at each of the corner frequencies.

200n
x 7 ﬁY @I 4::5
10k I 100m
Fig. 1(i) Fig. 1(ii) Flg 13
4k y e 1k 8k
Im 100n L0k 100n
1k 100n
Fig. 1(iv) Fig. 1(v ) Fig. 1(v

2. [C] Sketch a straight line approximation for the phase response, ZH (jw), of the circuit in Fig. 1(v),
indicating the frequency (in rad/s) and phase (in rad) at each of the corner frequencies.

3. [B] A “C-weighting filter” in audio engineering has the form H (jw) = % where a = 129

and b = 76655rad/s. Calculate k exactly so that |H (jw)| = 1 at w = 20007 rad/s.

4. [C] Design circuits with each of the magnitude responses given in Fig. 4(i)-(iii) using, in each case,
a single capacitor and appropriate resistors.

0dB/ —6dB —6dB
~18dB
~20dB ‘
—26dB 1~ ‘ —
50 300 s 100 1000 rad/s 250 1000 rad/s

Fig. 4(i) Fig. 4(ii) Fig. 4

5. [B] Express each of the following transfer functions in a standard form in which the numerator and de-
nominator are factorized into linear and quadratic factors of the form (jw+p) and ((jw)2 + qjw + 7“2)

where p, ¢ and 7 are real with an additional numerator factor of the form A(jw)” if required. Quad-
ratic terms should be factorized if possible.

—9w2 23

(2) Torrer
—2(1+4w?)

(b) (1—-w?)+2jw
10 jw +2]w+10

(C) (jw)? +2jw+1

@) 5orsGo s
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6. [B] Without doing any algebra, determine the low and high frequency asymptotes of the following
transfer functions:

202253
(2) =5

2(jw)3+3
(b) TG
(©) jw(2(jw)®+3) (5(jw)®+45w+3)
2((jw)*+1)((jw)*+5)

12
) ForsgoT

7. [D] A circuit has a transfer function whose low and high frequency asymptotes are A (jw)® and

B( jw)ﬁ respectively. What constraints can you place on « and  if you know that the magnitude of
the transfer function is less than G at all frequencies where G is a fixed real-valued constant.

8. [C] For each of the following transfer functions, sketch the straight line approximation to the mag-
nitude response and determine the gain of this approximation at w = 1000 rad/s: (a) T 5 /(1105](“1/?;?/ 2000)
(b) 2(14-3«/5000) (C) 3jw(1+3w/500)
(14+3w/100) 7 (143w/100)(143w/2000)(1+3«/5000) *

CS
Fr
frquency, p = (R% rad/s. Using capacitors of value C' = 10nF, design a filter with ( = v/0.5 and a

corner frequency of & = 1 kHz. Determine the value of the transfer function at 5~ = 100 Hz, 1 kHz
and 10 kHz.

9. [C] The frequency response of the circuit in Fig. 9 is given by where the corner

7R R, 3k 10
0
x 1/C c z 810
4{ é 200 A B c
R -30
40 1 2 5 1b 20 50 100 200
e Frequency (krad/s)
Fig. 9 Fig. 11(b)
10. [D] A high-pass “Butterworth” filter of order 2N consists of N cascaded copies of Fig. 9 all having
the same corner frequency, but with the k** stage having (x = cos ((%52) ) where k = 1,...,N.

(“cascaded” means you connect the output of one stage to the input of the next). Design a 4th order
high-pass Butterworth filter with a corner frequency of 1 kHz. Write an expression for its transfer
function and sketch its magnitude response using just the high and low asymptotes. Butterworth
filters are widely used because they have a very smooth magnitude response without any peaks; the
w \4N
transfer function satisfies |H (jw)|* = %
%

11. [C] The circuit of Fig. 11(a) is a high-pass filter whose magnitude response is marked “A” in Fig. 11(b)
. Using the filter transformations described in lectures, design filters with the magnitude responses
marked “B” and “C” on the graph. Relative to “A”, these are respectively shifted up in frequency by
a factor of 5 and reflected in the axis w = 10, 000.

12. [C] (a) Find the resonant frequency, w,, at which the impedance of the network in Fig. 12(i) is real.
(b) Determine the @ of the circuit at w,. (c) Find Rp and Lp in the circuit of Fig. 12(ii) so that
the two networks have the same impedance at w;..

Rs 10 ° ! !
— C # C
i L —=  2Lp| |Rp @ = Siom| [
T " Siom lu lp
o Fig. 12(i) Fig.'12(ii) Fig. 13
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13. [C] In the circuit of Fig. 13, w = 10000 and the phasor V = 10. Find (a) the peak power supplied
by V and (b) the peak power absorbed by C.

14. [C] Determine the transfer function for each of the circuits Fig. 14(i)-(iv).

R 2R R 2R

e I

e
+

Fig. 14(iii)
15. [D] For the circuit in Fig. 15,

(a) Find the transfer function Z (jw) and explain why this is equal to & (jw)
(

b) Hence, by applylng KCL at node W and using part (a) to substitute for W, show that the
transfer function ¥ (jw) =

RlR201Cz(Jw)2+(R1+R2)C1]w+1 ’
(¢) From the transfer function expression we can express the corner frequency and damping factor
as p? and ¢ = pi(Rl“‘QRZ)Cl

= m . By eliminating p between these equations, show that

(1 + %) (1 +4/1— C§é2> = 2. Explain why this means that we must choose C; < ¢2C5.

(d) Assuming that you only have available capacitors of values 10 nF, 22 nF and 47 nF, design a
filter with p = 1000 x 27 and ¢ = 0.5. Choose C; and Cs first. then % and lastly R;.

16. [D] For the circuit of Fig. 16,

a) Find the transfer function ¥ (jw).

(
(b) Find the frequency, wp, at which |§ (jw)‘ is maximum and its value at this maximum.
(c¢) Find the 3dB bandwidth of the circuit and the value of Q =

[Note: If you find yourself doing loads of algebra, you are using the wrong method.]

20 100m 400n

80

Fig. 15 Fig. 16
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E1.1 Circuit Analysis
Problem Sheet 5 - Solutions

1. Each of the circuits may be viewed as a potential divider, so we can write down the transfer function
without doing any nodal analysis. In two cases, one element of the potential divider consists of a par-
allel R||C combination. This parallel combination has the impedance ; Tr +1ij =7 +j§ zc- Graphs of

the magnitude responses are shown in Fig. 1(i)-(vi) together with their straight-line approximations.

i) ¥ = R+f}jwc = li‘;ffgc = 11?6/05000 where RC = 2ms. LF asymptote is 0.002jw; HF asymptote

is 1. Denominator corner frequency is % = 500rad/s. At the corner, the gain is 1 = 0dB.

. 1/5w . .
(i) ¥ = Rﬁ/jic = T5eRe = 1+ji/500 where RC' = 2ms. LF asymptote is 1; HF asymptote is
500 (jw)fl. Denominator corner frequency is % = 500rad/s. At the corner, the gain is 1 = 0dB.
(iii) % = Ri“}iL = 11}’:/;% where % = 100pus. LF asymptote is 10~%jw; HF asymptote is 1.

Denominator corner frequency is % = 10*rad/s. At the corner, the gain is 1 = 0dB.

. . L
(iv) For convenience, we define R = 1k. Then ¥ = 5%':];& =02 11;.]:) %
asymptote is 0.2; HF asymptote is 1. Numerator corner frequency is % = 10krad/s with a gain at
the corner of 0.2 = —14dB. Denominator corner frequency is % = 50krad/s with a gain at the
corner of 1 = 0dB. As can be seen in Fig. 1(iv), the magnitude response turns up at 10krad/s and
log|H| _ +1 or
log w ’
equivalently, +6 dB/octave or +20dB/decade ; all these are the same as saying that |H| o< w; thus
from w = 10krad/s to 50 krad/s, the frequency increases by a factor of 5 and the gain also increases

by a factor of 5.

where % = lus. LF

then flattens out again at 50krad/s . In between these two frequencies the slope

: _ Y _ R _ _148jwRC  _ 148jwRC
(v) For convenience, we define R = 1k. Then ¢ = T i I0HI6WRC — 0.1 T 60R0
where RC = 100 us. LF asymptote is 0.1; HF asymptote is 0.5. Numerator corner frequency is
ﬁ = 1250rad/s with a gain at the corner of 0.1 = —20dB. Denominator corner frequency is

Tsrc = 0-25krad/s with a gain at the corner of 0.5 = —6dB. As in the previous part, both the
frequency and the gain change by a factor of 5 between the corner frequencies.

R
i+jwRC JwRC

(vi) For convenience, we define R = 10k. Then % = 57— Tt fme | 2jwRC(+jwRC)+(1+jwRC)+jwRC
JwRC

T oRO 1 2GoRE) where RC' = 1ms. LF asymptote is 0.001jw; HF asymptote is 500 (jw)fl. We
can factorize the denominator to give 1 + 4jwRC + 2 (ijC)2 = (1 + %) (1 + %) where a and

b are —1 times the roots of the quadratic equation 2R?C?z? + 4RCz + 1 or %. This gives
denominator corner frequencies a = 293 and b = 1707rad/s. The gain in between these two fre-

quencies can be obtained by substituting w = a into the LF asymptote expression to give a value of
aRC =1—-+0.5=0.293 = —10.7dB.

0 0
5 5
g -10 g %—10
i-15 z 2-15
-20 20
10° 10° 10° 10° 10° 10" 10°
w (rad/s)  (rad/s)  (rad/s)
Fig. 1(i) Fig. 1(ii) Fig. 1(iii)
g 10
g- g- g
I- I- I-15
20| o5
-25 -30k -20
10° 10° 10’ 10° 10* 10*
w (rad/s)  (rad/s)  (rad/s)
Fig. 1(iv) Fig. 1(v) Fig. 1(vi)
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R _ 1+8jwRC  _ 1+8jwRC
2Rt il | 10T16jwRC 0.1976j0rc Where

RC = 100 us. LF asymptote is 0.1; HF asymptote is 0.5; both of these are real and so have

zero phase shift. The magnitude plot has a numerator corner frequency of % = 1250rad/s

and denominator corner frequency of ﬁ = 6.25krad/s . Each of these generates a pair of
corner frequencies on the phase plot at 0.1x and 10x the frequency. Thus we have corners at
w=125(4+), 625(—), 12.5k (—), 62.5k (+) rad/s where the sign in parentheses indicates the gradi-

ent change £7 rad/decade. Between 125 and 625rad/s the gradient is 7 rad/decade so the phase

will change by 7 x logq % = 7 X 0.7 =+0.55rad. This is therefore the phase shift for the flat part

of the phase response. (see Fig. 2).

2. For convenience, we define R = 1k. Then % =

g-zo
=
40|
10° 10° 10* 10°
w (rad/s)  (rad/s)
Fig. 2 Fig. 3
. . 2, 2 2,32
3. At w = 2000 = 6283.2 we know |H(jw)| = 1. Hence k = |JW+TJ‘3‘]§”+M2 _ (Wite 2§“’ ) _

. E TwE 193 9
3‘949o§})(317>§;)<.f()1;)o><10 = 5.918 x 109

4. (i) This is the same low-pass filter as Fig. 1(ii) but with a corner frequency of 50rad/s. So we want
RC = & =20ms. One possible choice is shown in Fig. 4(i).
(ii) This is the same high-pass filter as Fig. 1(i) but with a corner frequency of 1000 rad/s and a high
frequency gain of 0.5 = —6 dB. So we want RC = Tloo = 1 ms. One possible choice is shown in Fig.
4(ii); the two resistors give the correct high frequency gain.

(iii) We want a circuit whose gain decreases from % at low frequencies to é at high frequencies. We

can do this by using a capacitor to short out part of the vertical limb of the potential divider at
high frequencies as shown in Fig. 4(iii). This design has a gain of % when the capacitor is a short

circuit; with the capacitor open circuit (low frequencies), we add in an additional 6 R which gives a

. . . R+-—SE__ . i

1 1¥6jwRC 7+6jwRC
aln Of =. The impedance Of 6R C 1S 2 = - which, as a check, we see has the
g D) p | ‘ SR+ 1+66;§RC 14+48jwRC ’ ’

correct LF and HF asymptotes. The numerator corner frequency is at w = % which needs to be
at 1000rad/s. From this, RC = 1.17ms so one possible set of value is C' = 100nF and R = 12k.

X 40k Y X 100n sk v
5k
500n
Fig. 4(i) Fig. 4(ii)
—2w?—2jw% 2(jw)2(jw+1)
5 (8) Torar = (G +1)(Gw)*+1)
(b) —2He’) _ 2Getb(e—)) _ 21
(1—w?)+2jw (Jw+1)(jw—+1) (jw+1)
(c) 10U +2jwt10 _ 10( () +0.2jw+1)

(jw)?+2jw+1l  —  (Jwtl)(wt+l)
(d) 1 — Jw — Jw
Jwt6(jw) TH+5 T (jw)?+5jwt6 (Jw+2)(Jw+3)
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6. To find the low frequency asymptote, you take the lowest power of jw in each of the numerator and
denominator factors and multiply them together. Likewise, for the high frequency asymptote, you
take the highest power of jw in each of the factors. There is no need (or indeed advantage) to do
any factorization or to multiply out existing factors.

—2w? . —2jw? S oN—
(a) HIp = 2# = 2(jw)?, Hgp = —2= = 2(jw) !

(b) Hpp =3 =3, Hyp = 392 = 0.5(jw) !

wX3X3 . wx2(7w)8 x5(7w)3
(c) Hifp = ]2><><1><><5 = 0.9jw, Hgp = % 5
(d) Hip = ggu5=r = 2w, Hup = 33 = 12(jw) ™"

7. We must have a > 0 because, if o were negative, (jw)® would increase without limit as w — 0
and the transfer function would exceed G at some point. Similarly, we must have § < 0 because
otherwise (jw)?would increase without limit as w — co. A consequence of this is that the order of
the numerator can never exceed that of the denominator in a transfer function whose magnitude is
bounded.

8. Graphs of the transfer functions are shown in Fig. 8(a)-(c).

(a) We have a LF asymptote of 5 = 14 dB. We have corner frequencies at w = 100 (=), 500 (4), 2000 (—)
where the sign in parentheses indicates the polarity of gradient change. To estimate the gain at
w = 1000, we assume that a factor ‘1 + %| is equal to 1 if w < a or else # if w > a. This gives

N~ | B(efs00) | g
| H(10004)] ~ (W/wj)”gl)’ —1=0dB.
(b) We have a LF asymptote of 2 = 6dB. We have corner frequencies at w = 100 (—), 5000 (+).
Using the same technique as in part (a), |H(10005)| ~ 3/(1100) | 2% =0.2=—14dB.

(¢) We have corner frequencies at w = 100 (—), 500 (+), 2000 (—), 5000 (—). We have a LF asymptote

of 3jw = 6 dB which at the first corner (w = 100) is 3005 = 50dB. Using the same technique as in
part (a), |H(10005)| ~ %‘ = [2%%9] = 600 = 55.6dB. To obtain this expression from the
transfer function, any term whose corner frequency is > w has been replaced by (1).

[H| (dB)
[H| (dB)

10 10° 10° 10* 10 10° 10° 10
w (rad/s)  (rad/s)  (rad/s)

Fig. 8(a) Fig. 8(b) Fig. 8(c)

9. The corner frequency is p = sz = 27 x 1000. Rearranging this gives R = 5557 = 22508 Q.
The upper resistor therefore has a value (2R = 0.5R = 11254 Q. The complete circuit is shown in
Fig. 9. At w = 100Hz, 1 kHz and 10 kHz the transfer function is —0.0099 + 0.0014;5 = 0.01£172°,
0.7075 = 0.707£90° and 0.9899 + 0.14145 = 1./8° respectively.

11.25k 14.7k 6.1k
V4 = Y = zZ
X X || |l | I 1
4{ | || R
10n  10n 10n  10n 10n  10n
22.5k 17.2k 41.6k
100 200 500 1k 2k 5k 10k
pp— pp— pp— Frequency (Hz)
Fig. 9 Fig. 10(a) Fig. 10(b)
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10. For a 4th order filter, we need N = 2 and from the formula given in the question, we use (; =

11.

12.

cos g%) = 0.924 and (o = cos (3“) = 0.383. If we stick to C = 10 nF as in Q9, we obtain Ry =

8
17.2kQ and Ry = m = 41.6kQ with (?R; = 14.7kQ and (3 Ry = 6.1kQ). This gives
(%)

()20 () 0) () 20 (5)+)

20007C.C

the circuit shown in Fig. 10(a). The transfer function is H (jw) =

; this is plotted in Fig. 10(b).

To shift the frequency response up by a factor of 5, we need to divide the value of each C or L
component by 5. This gives the circuit of Fig. 11(a). We could also, if we wanted, multiply all the
capacitor values by k£ and divide all the resistor values by k for any scale factor k without changing
the transfer function. For this particular circuit, it would be a bad idea to use a value of £ > 1
because, at 3kQ the feedback resistor is already a little on the low side for many op-amps (which
have a limited current output capability).

To reflect the magnitude response in the line w,, = 10000, we need to convert resistors into capacitors
and vice-versa. From the notes, the formulae are: R’ = wm%, Cc' = m. For the circuit of
Fig. 11(b), I have chosen k = 3.33 in order to get reasonable component values but other choices are
also possible. A full analysis of this low-pass filter circuit is the subject of question 15.

Ry, 3k G, 10n

Fig. 11(b)

inati « oo (B+jwl) »
(a) The parallel combination of C||(R + L) has an impedance Z = jéﬂ%ﬂ,wL = 1+jw§gj_°;jﬁ))%c.
We want to find the value of w that makes this real. The easiest way to do this is to insist that the
ratio of imaginary to real part is the same for the numerator and denominator (this implies that they

have the same argument). Thus “’IT%L = weRC from which cross multiplying (after dividing both

1-w?2LC
numerators by w,) gives L —w2L?C = R2C from which w, = y/ ng%éc = 9950rad/s. Note that this

is close, but not exactly equal to, wy = 10000 where the capacitor and inductor impedances have
the same magnitude. The value of Z at resonance can now be found as the ratio between the real

(or equivalently the 1mag1nary) parts of the numerator and denominator of the previous expression.

_ R+tjwL _ JwL
Thus Z = 1+jwRC+(jw)’LC — 1— wQLC jwRC 1000.

(b) By definition @ equals w, times the average stored energy divided by the average power loss. If
the input voltage phasor is V, then the peak energy stored in the capacitor is %C’ |V|2 and its average

stored energy is half this, namely 4C \V\ . The current through the resistor is Ir = +;/w +. The

_ 1L V2 1 [V[? _ 1L clv|?

peak energy stored in the inductor is 1L 1Ig|* = rertrr = 2h e = RCIL-RIC —

10 \V\ which is the same as the peak capacitor energy; likewise, the average energy stored in the

inductor is 1C [V[?. The average power loss in the resistor is 1R [Ig|* = = &¢ [V|°. Calculating Q

CIVIPHCIVIE

from its definition gives @ = w;, pe \Vlz R = 9.95. Since the capacitor and inductor store

the same amount of energy on average, the () can be determined more simply as Q = w, I}L%BRMZ =

# =9.95.

(c) Note that the capacitor is unchanged in the two networks, so we can ignore it when matching
their impedances. When choosing components to make two networks have the same impedance,
your have a choice: you can either match their impedances or their admittances. You get the same
answer in either case, but the algebra can sometimes be much simpler in one case than the other.
In this question, it is easiest to use admittances because the components whose values are unknown
are in parallel and so their admittances add: the total admittance of Rp and Lp in parallel is

R%: -5 JLP and Rp and Lp remain unentangled in this expression. The admittance of Rg + Lg is
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13.

1 _ Rs—jwrLs _ 1 _ _J : . . . . .
Rstiols = Rite’l: = Re ~ olp Equating the real and imaginary parts of this equation gives,

_ Bi+wiLy _ _ Bi+wiLy _ R _

(a) At w = 10000, Z;, = 1005 and Zc = —100j. Therefore the currents in L and C are equal and
opposite. So the peak power supplied by V is the peak power absorbed by the resistor which equals
ME — 100 mw.

(b) The energy stored in the capacitor at time ¢ is We = £Cv(t)%. So the power absorbed by the
capacitor is dg;c = C’v%. Since you are told that the phasor V = 10, you know that the waveform
v(t) = 10cos(wt) and, differentiating gives ‘fi—lt’ = —10wsin(wt). Multiplying everything out gives
C’v% = —100wC cos (wt) sin (wt) = —50wC'sin (2wt). This has a peak value of 50wC = 500 mW. As
is common in resonant circuits, this is 5 times greater than the answer to part (a).
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14.

15.

. .. . . . .Y _ Zp _ 1 2R _ 2
(i) This is an inverting amplifier: ¥ = -5 = —% x TI5,0RC = ~TI5,R0"

.. . . . . LY _ Zr _ 2 _ 3+2jwRC
(ii) This is a non-inverting amplifier: ¥ =1+ Z& =1+ TT50R0 = 115joRC"

(iii) This is the same as the previous circuit, but with an additional C'R circuit at the input. % =

4jwRC 3+2jwRC : . _1( .\ 1,y 3
TR0 X Trajorc- Lhis has corner frequencies at wRC = 3 (=), 3 (=), 5 (+)

(iv) The circuit has negative feedback so we can assume Vy = V_ = 0. KCL @ V_ gives: % +
972X 4+ 952 = 0 from which —Z = X +Y. Now KCL @ Z gives: (Z — 0)jwC + 25 + £ = 0 from

R
which Y — Z (2 + jwRC) = 0. Substituting —Z = X +Y gives Y + (X +Y) (2+ jwRC) = 0 from
which ¥ = —ZHLHC,
Jw

 Hi@s)
[H| (dB)

0.1/RC 1/RC 0.1/RC 1/RC 10/RC
© (rad/s) @ (rad/s)
Fig. 14(i) Fig. 14(ii)

[H| (dB)
[H| (dB)

0.1/RC 10/RC 1/RC 10/RC

1/RC
 (radls)  (rad/s)

Fig. 14(iii) Fig. 14(iv)

In this circuit, the output, Y, is fed back to both V, and V_ so it is not immediately obvious that
the overall feedback is negative. However, we see that V_ = Y whereas |V | will be attenuated by
the network and will be < Y, so all is well. We can therefore assume that Z =V, =V_ =Y.

1
Y jwCi

w = R2+ﬁ -

(a) Z is just a potential divider, so Z =

this we get W =Y (1 + jwR2Ch).

(b) KCL @ W gives: WHZX + WR—_ZZ + (W —Y) jwCs = 0 from which (substituting Z =Y),
W (R1 + Ra + jwR1R2Cy) — Y (Ry + jwR1 R2Cy) — XRe = 0.

Substituting the expression for W above gives

Y (1 +ij201) (Rl + RQ +jWR1R202) -Y (Rl +ij1RQCQ) = XR2
from which Y <R2 + jwRs (Ry + Ry) Ci + (jw)? Rleclcg) — XR,.

1 _
Tomc: Y = Z as noted above. From

1

R1R2C1C2(jw)2+(R1+R2)C1jw+1 '

P’(RitR2)*CY _ (RitRp)’CY AR\Ry _ Ci
4 ~ 4R1R2C1C> (R1+R2)2 (205

Using quite a common algebraic trick, we can write the numerator as the difference of two squares:

2
4R Ry _ (Rit+R2)*—(Ri—R2)?* _ 1 — (Bi=R: 2 1— (2B _ 4 2 1— 2 4
(Ri+R2)? (R1+R2)? o R1+Ro - Ri+R2 - 1+% :

Hence ¥ (jw) =

(¢) Squaring the expression for ¢ gives (? = which gives

2
Rearranging ~4- = 1 — < 2 — 1> gives 1+2R2 =14,4/1- Cgcd from which

2 R.
e g En

(1+ ) (1+1- &%) =2

The usefulness of this relationship is that it allows you to determine the resistor ratio, %, if you
know the capacitor ratio g—f For the square root to be a real number, we must have 1 — 4961,2 >0

which implies C; < ¢205.

(d) We must have g—f > C% = 4. Given our restricted choice of capacitor value, we must therefore

choose Cy; = 47 nF and C; = 10 nF. So, substituting 42% = 0.851 into the expression from the
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previous part, we find (1 + %) x 1.386 = 2 from which % = 0.443. From the expression for

p?, we can write 0.443R? = RiRy = m = 53.9 x 105, Hence R, = 530942206 = 11kQ and
Ry = 0.443R, = 4.9kQ.

0.RC TRC 0.URC 1RC
 (radls)  (radls)

Fig. 15(mag) Fig. 15(phase)

16. (a) This circuit is a potential divider, so (setting R = 20) we can write down the transfer function:

Y _ 4R _ 4jwRC 2¢( 1) _ /1 o -
X T BRtjwltiie | 1#5jwRC+G@)PLC | 112¢(12)1 (1) where a =/ 7o = 5000 and ¢ = 2.5aRC =

0.1.
(b) To find the maximum of |%| it is easiest to find instead the maximum of |%|” = ¥2%= where

the * denotes the complex conjugate. Note that (i) a number multiplied by its complex conjugate
is just the sum of the squares of its real and imaginary parts and that (ii) the magnitude of a
complex fraction is the magnitude of the numerator divided by the magnitude of the denominator;
very rarely is it necessary to multiply the top and bottom of a fraction by the complex conjugate of
the denominator.

: : . . . . 2 j 2
The difficult way to find the maximum is to differentiate the expression | % |~ = ’ I +5nggfgw)2 Ic ‘
(4wRC)?
(1-w2LC)2+(5wRC)
4R
S5R+jwL+——=

> and set the derivative to zero. Much easier is to take the first expression above:

2
o 16R2 .. .. . 1 _
gl o This is clearly maximized by making (wL Tc) 0

%I

ch
which means wg = ﬁ. At this frequency ¥ = 0.8 = —1.9dB.

(c) The 3dB bandw1dth is when | e | has fallen by a factor of 2. This will happen when (wL — E)Q =

25R? or wL — - = +5R. So we need to solve the quadratic equation LCw? £ 5RCw — 1 = 0. The
_ \/7 . \/7
solution is w iSRCi 25R2C2HALC of which the positive solutions are w = EZECHV2ORICIHALC

This gives wsqp = {4525 5525} The bandwidth is the difference between these Wthh is 10;20 =
1000 rad/s. Notice that wy is the geometric mean of the two 3dB frequencies but is not the arithmetic
mean which is 5025 rad/s. The @Q (quality factor) of the resonance is Q = i = 5. This also equals

the ratio of wyto the bandwidth and the height of the peak above the intersection of the asymptotes.

The circles in Fig. 16 indicate wy and the two 3dB frequencies.

[H| (dB)
S
arg(H) (rad)
o

3 7 3 r

10
w (rad/s)  (rad/s)

Fig. 16(mag) Fig. 16(phase)

Solution Sheet 5 Page 7 of 7



Ver 8954 E1.1 Analysis of Circuits (2016)

E1.1 Circuit Analysis
Problem Sheet 6 (Lectures 14, 15 & 16)
Key: [A]= easy ... [E]=hard

Note: A tilde-superscript on a phasor denotes division by v/2, i.e. V= %V. This means that ‘\7‘
equals the RMS value of a phasor V.

1. [A] Say which of the following waveforms include negative exponentials and which include positive
exponentials: (a) 2 —4e=3t (b) 24 4e%, (c) 2+ 4e7 3, (d) —2 — 4e%, (e) 2+ 4e™ 72,
2. [B] Suppose v(t) = 5 + 2¢~100¢,
(a) Determine the time constant, 7, of the negative exponential.
(b) Determine the time at which v(¢) =5.5V.
(¢) Give an expression for the time taken for v(t) to fall from A to B where 5 < B < A < T.

3. [B] If V = —2005 in Fig. 3, find the phasor value of I and the complex power absorbed by each of
the components including the voltage source.

4. [B] If v(t) = {0 b<0 in Fig. 4 (below),
5 t>0
(a) find an expression for x(t) for ¢t > 0.
(b) Sketch a graph of z(t) for —RC <t < 3RC.
(¢) Determine the time at which z(t) = 4.5.
5. [C] For each of the circuits shown in Fig. 5(i)-(vi) determine (a) the time constant (b) the DC gain

% |w=0 and (c) the high frequency gain % |w=oo. In each case, determine these in two ways: directly
from the circuit and via the transfer function.

4 200n 10k X 1k y

U L‘ Y L:}IY
r 5/ 10k 100m
200n

-2 — =
Fig. 3 Fig. 5(i) Flg 5(ii) Fig. 5(iii)
Y
€ 100n
Fig. 4 Flg 5(iv) Fig. 5(v Fig. 5(vi)

6. [C] For each of the periodic waveforms shown in Fig. 6(i)-(iii) determine (a) the mean value and (b)
the rms value.

N S
Noow

o
-

0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

Fig. 6(i) Fig. 6(ii) Fig. 6(ii)
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0 t<0,
5 t>0

in Fig. 7, determine an expression for x(¢) for ¢ > 0 and sketch its graph.

7. [Cl Ifv(t) = {

Fig. 8 Fig. 10

Fig. 7
2 <0, . . : :
8. [C]Ifu(t) = {6 £>0 in Fig. 8, determine an expression for z(t) for ¢ > 0 and sketch its graph.
4 t<0, _. .
9. [ClIfw(t) = L iso ™ Fig. 9, find an expression for x(t) for ¢ > 0 and sketch a graph of x(¢) for

the time interval —RC <t < 3RC.
10. [C] Fig. 10 shows a simplified circuit diagram for an oscilloscope probe which includes an adjustable
capacitor of value kC.
(a) Determine the transfer function, %( jw) and determine its value at w = 0 and w = oc.
(b) Determine the time constant of the circuit.

0 t<O0

Determi ion for y(t) if z(t) = :
(c) Determine an expression for y(t) if x(¢) {10 t>0

(d) The variable capacitance, kC, is adjusted to the value that makes the amplitude of the transient
equal to zero. Determine the value of k that achieves this.

(e) Simplify the expression for %( jw) when k has the value calculated in the previous part.

11. [C] In the diagram of Fig. 11 power is being transmitted from a source to a load via two transformers
having turns ratios of 1 : n and n : 1 respectively.
(a) If Vi, =240V and the average power dissipated in Ry, is 10kW, calculate the value of Ry.

(b) If Rg = 0.5%, calculate the power dissipated in Rg when (i) n =1 and (ii) n = 5.

. . 100

Amp

Fig. 11 Fig. 12

12. [C] The circuit in Fig. 12 represents a microphone connected to an amplifier via a transformer and
a long cable.

(a) Determine the Thévenin output impedance of the microphone+transformer combination when
n = 4.

(b) The cable is subject to 50 Hz interference capacitively coupled from the mains, Vn = 230 V, via
a capacitor of value 100 pF. If the RMS microphone signal amplitude is Vg = 1V, calculate the
ratio of the signal and the noise at the amplifier in dB if (i) n = 1 and (ii) n = 4.
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13. [C] In the circuit of Fig. 13, the transformer may be assumed to be ideal.

(a) Calculate the average power dissipated in each of Ry and Ry if V, = 1,n1=2,n,=3, R =10
and Ry = 20.

(b) Calculate, in terms of ny, no, Ry and Ra, the effective resistance seen by the voltage source.

1:}1|+}’l2 [1
Vs Is L ( -
Q3 [ :
Ry

Fig. 13 Fig. 14

&)
|

14. [C] In the circuit of Fig. 14, Vg = 230 at 50 Hz, L =8mH and R =1.61Q.

(a) If C = 0 (i.e. the capacitor is omitted), calculate the apparent power, average power and
reactive power absorbed by the load (shaded region) and also its power factor.

(b) Determine the value of C' needed to increase the power factor to 0.9. Using this value, recalculate
the quantities from part (a).

15. [D] Calculate the waveform y(¢) in Fig. 15(i) when,

0 t<0
t) = - h in Fig. 15(ii).
(a) v(t) {5sin20007rt ¢ > o 2 shown in Fig. 15(i)
0 t<0
(b) v(t) =< 5s8in2000mt 0 <t < 1ms as shown in Fig. 15(iii)
0 t> 1lms
100n 5
}ﬂ _5
I 0 1 2 1 0 1 2
— t (ms) t(ms)
Fig. 15(i) Fig. 15(i) Fig. 15(iii)
open t<0

16. [D] If the switch in Fig. 16 is { closed 0 <t < 2ms , determine expressions for i(t) for each of these

open t>2ms
periods and sketch graphs of i(¢) and v(t) for —1ms < ¢ < 4ms.

100m

v \% X 3 —\—
10, 2k g?
100 8k 71
200n o

-1 0 1 2 3

— t (ms)
Fig. 16 Fig. 17(i) Fig. 17(ii)
0 t<0
17. [E] In Fig. 17(i), v(t) =< 3 0 <t < 1ms as shown in Fig. 17(ii). If the diode has a forward voltage

2 t>1ms
drop of 0.7V, find expressions for z(t) for ¢ > 0.

Problem Sheet 6 Page 3 of 3



Ver 8952 E1.1 Analysis of Circuits (2016)

E1.1 Circuit Analysis
Problem Sheet 6 - Solutions
1. (a) Negative, (b) Positive, (c) Negative, (d) Positive, (e) Positive.

2. (a) The time constant is 155 = 10ms. (b) We need to solve 5.5 = 5 4 2¢ 7100 = ¢7100¢ = .25 =
—100t = In0.25 = —1.386 = t = 13.86 ms. Alternatively, we can use the standard formula, derived

in lectures, t = 71n ( =5 ) =10 x In4 = 13.86 ms. (iii) The general formula, derived in lectures, is

5.5—5

Tap=7ln (g—:g).

, . 2 )
3. The current is I = 4;52;.38]% = 21030]7 = —24 — 325 = 404 — 127°. So ‘ﬂ = 4% = 800. The

2 2
complex power absorbed by each of the passive components is ’I ‘ Z; this gives ’I ‘ R = 3.2kW,

2 2
’1‘ Z; = 4000j = 4kVAR and M Ze = —1600j = —1.6kVAR. The current through the source
(following the passive sign convention) is —I = 24 + 325 and the complex power absorbed by it is

\%4 (—T) = —1415 (17 — 22.65) = (—3.2 — 2.45) kVA. As expected, the total complex power sums to
Zero.

0 t<0
4. (a) The DC gain of the circuit is 1, so the steady state output is zgg(t) = . Because x
is the voltage across a capacitor, it must be continuous, so z(0+) = z(0—) = 0. So the complete
expression is #(t) = z55(t) + (2(0+) — £55(04)) e+ =5 — 5e+ where 7 = RC. (b) z(t) is plotted
in Fig. 4.

c) Using the standard formula, t = 71n ( .2=2% ) = 71n (10) = 2.3RC.
1.5-5

-1 0 1 2 3
t/RC

Fig. 4

5. (i) From the circuit, the time constant is RC' = 2ms. The DC gain may be obtained by treating C' as

an open circuit and is 0; the HF gain may be obtained by treating C' as a short-circuit and is therefore

1. The transfer function (using potential divider formula) is % (jw) = % which happily gives

. Y -0 X — — 1
the same values: X (0) =0, X (OO) =1L 7= denominator corner frequency

% (c0) is that it gives the gain for a step input discontinuity, i.e. % (00) =

(i) From the circuit: 7 = RC' = 2ms, DC gain (C open-circuit) = 1, HF gain (C short-circuit) = 0.
T}ie transfer function (using potential divider formula) is % (jw) = m which gives the same
values.

= RC. The importance of

output discontinuity
input discontinuity °

(iii) From the circuit: 7 = % = 0.1ms, DC gain (L short-circuit) = 0, HF gain (L open-circuit) = 1.

The transfer function (using potential divider formula) is ¥ (jw) = % which gives the same

values. Note that if the denominator is (p + jwgq), the time constant is % and the corner frequency

is g.

(iv) To obtain the time constant, we need to determine the Thévenin resistance seen by the inductor.
To do this, we set the input voltage, X, to zero (thereby shorting node X to ground) and find
the resistance between the inductor terminals (with the inductor removed). The two resistors are
in series, so we get Ry, = 1+ 4 = 5k. From this, 7 = % = 200ns, DC gain (L short-circuit)
= 0.2 (potential divider), HF gain (L open-circuit) = 1. The transfer function (using potential
divider formula) is ¥ (jw) = 5};?]‘,’;% where R = 1k. This gives the same values and is, perhaps, a
marginally easier way to determine them.
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(v) To determine the Thévenin resistance seen by the capacitor, we set X = 0 and measure the
resistance at the capacitor terminals. Since X is connected to ground, the two 1k resistors are in
series and so we have 8 k in parallel with 2k which gives 1.6 k. From this, 7 = RC' = 0.16 ms, DC gain
(C open-circuit) = 0.1 (potential divider), HF gain (C short-circuit) = 0.5. The transfer function

(using potential divider formula) is ¥ (jw) = ST Er— = 131%;’550 where R = 1k and we used
TF8;wRC

the formula for Zgp|c = Hji%.

(vi) To determine the Thévenin resistance at the capacitor terminals is not trivial because of the
dependent voltage source that is the opamp. If we set X = 0 and replace the capacitor with a voltage
source V as in Fig. 5(i), we can use nodal analysis to determine I and then calculate RTh = . Since

the op-amp is a unit-gain buffer, ¥ = V. KCL at node W gives: 5 W V =0 : W =
1
2V =1= wW == % = % = Ry, = 30k. So, finally, we get 7 = RThC' = 3ms. For the DC

gain, we make C' an open-circuit as in Fig. 5(ii). Negative feedback means V, =Y and, since there
is no current through the resistor connected to V,, we must also have W =Y. KCL at node W
then gives W =Y = X, so the DC gain is 1. For the HF gain, the capacitor acts a a short circuit
so V4 = 0 which in turn means that ¥ = 0 so the gain is 0.

Rather easier is the transfer function approach. We know V, =Y and V, is determined from W

by an RC' potential divider giving: % = VW* = m. KCL at W gives WEX + WEY + WEY =
0= 3W —-2Y = X. We now substitute for W using the previous equation % = W to get

3Y (14 jwRC) —2Y = X= ¥ =
X (c0) = 0.

W From this we can easily get: 7 = 3RC, ( ) =1 and

10k >

10k 10k -1 0 1 2 3

t*R/IL

Fig. 5(i) Fig. 5(ii) Fig. 7

i) v(t) equals 6 for & of the time and —2 for 2 of the time. So its average valueis ¥ = £ x6+2x(—2) =
. Similarly, the average value of v? is v2 =1 x 36—1—% X 4 = 14%. So Vs = V14.67 = 3.83. This is
hlgher than the average value v.

(ii) During the first period (0 < ¢ < 2), the formula for v can be derived as v = 2¢t. To find
the average value, we integrate over one period, and divide by the length of the period. So v =

w\w e

% i) t2=0 2tdt = % [tg]i = 2. This is also pretty obvious from looking at the waveform. In the same
way, v2 = & [ (20)%dt = L [43]2 = 51 giving Vyns = v/5.33 = 2.31.

(iil) This is the same as the previous waveform but shifted up by +2. You can perform integrations
similar to the previous part or, easier, just modify the previous answers. T (which previously equalled
2) will be increased by 2 to become 7 = 4. Adding a constant onto a random variable does not affect
its variance, so v2 — (7)* will be unchanged at 5% — 2% =11, It follows that v? = @)* + 11 =174
Taking the square root gives V,.,s = v/17.33 = 4.16.

7. Method 1 (inductor current continuity): For ¢t < 0, z = 0 and the current through the inductor
is i = *5% = 0. It follows that at time ¢ = 0+, the current through the resistor (which equals
the current through the inductor) will still be zero and z(0+) = v(0+) = 5. From this value is
will decay to a steady state value xgg = 0 since the inductor is a short circuit for DC. Thus,

2(t) = x55(t) + (2(0+) — 255(0+)) e =0+ 5e+ where 7 = L. This is plotted in Fig. 7.

Method 2 (transfer function): The transfer function of the circuit is (from potential divider equation)
X — _Jol_ From this we get the DC gain, Gpe = 0, the HF gain, Gy = 1, and the time constant

V = RAjwL’
is £. The DC gain allows us to calculate the steady state zss(t) = Gpcv(t) = 0. The output

discontinuity at ¢ = 0 is given by Ax = GgrAv =1x5=5. Soz(0+) = 255(0—)+Ax =0+5=5.
Finally we put everything together to get: z(t) = zgs(t)+(2(0+) — z55(0+)) e =0+(5—0) e+ .
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8.

10.

11.

12.

Method 1 (capacitor voltage continuity): The time constant of the circuit is obtained by setting
v = 0 and finding the Thévenin resistance across the capacitor terminals. Since v is connected to
ground, the two resistors are in parallel and RThzéR giving 7 = %RC’. The DC gain of the circuit

1 t<0
is 0.5, so xgs(t) = 0.5v(t) = 5 >0 For t < 0, the capacitor voltage is v —x =2 — 1 = 1. This
must remain continuous and so v(0+) — z(04+) = 1 = 2(0+) = v(0+) — 1 = 5. Putting everything
together, we get z(t) = zgss(t) + (2(0+) —z55(0+))e™ = 3+ (5—3)e* = 3+ 2+ . This is
plotted in Fig. 8.

Method 2 (transfer function): The transfer function of the circuit is (from potential divider equation)

% = R‘*‘li‘lch = %i%gg From this we get the DC gain, Gpc = 0.5, the HF gain, Ggpr = 1, and

the time constant is 0.5RC". The DC gain allows us to calculate the steady state as above. The output
discontinuity at t = 0 is given by Az = GgpAv =1x4=4. So (0+) = zgs(0—)+ Az =1+4 =5.
Finally we put everything together to get: #(t) = zgs(t)+(#(0+) — z55(0+)) e = =3+(5—3) e+ =

3—|—2e%
8 8
X
6 6
X

Za £4
2 *ss 2 Xss
; I~ % ; X,
1 0 1 2 3 -1 0 1 2 3
tIRC tIRC
Fig. 8 Fig. 9
For opamp circuits, it is easiest to use the transfer function to determine the relevant circuit para-
R
i ; ; ; : : X _ THwRC _ 24+jwRC
meters. This is a non-inverting amplifier with a gain of {F = 1+ g8 = 7 _ﬁi zo- Thus we
have a DC gain, Gpc = 2, a high frequency gain Ggr = 1 and a time constant 7 = RC.
At ¢t = 0, the input discontinuity is AV = v(0+) — v(0—) = —3 and so the ouput discontinu-
ity is AX = z(0+) — z(0—) = GgrAV = 1x —3 = —3. The steady state output is given by
8 t<0
zss(t) = Gpev(t) = 5 . So this gives 2(0+) = -3 + z(0—) = -3+ 8 =5.

Putting everything together, we get z(t) = zgg(t) + (2(0+) — 255(0+)) e =2+ (5—2)e+
24 3ewC .
(a) The impedance of R||C is Hj%. We can regard the circuit as a potential divider and so the

which simplifies to H(jw) = %. The DC gain is

TfjwRC

gain is ¥ = H(jw) =

TTokoRe T THwRC
H(0) = 0.1 and the high frequency gain is H(c0) = kiﬂ

(b) The time constant is the reciprocal of the denominator corner frequency and is 7 = 0.9(k+1)RC.

(c) The steady state output for an input of z = 10 is ysg(t) = H(0) x 10 = 1. The input step is
Az = 10 and so the output step is Ay = H(co)Azx = 0% Since y(t) =0 for t < O7 it follows that

k+1"
y(0+) = 1% So the output for ¢ > 0 is y(t) = 1+ (H% — 1) e~ =1+ Yle

(d) The value of k that makes the transient amplitude zero is & = %. Note that the transient
amplitude will be positive or negative according to whether k is greater or less than this value.

() If k = § then H(jw) = 0.1 and is independent of w.

©l

(a) Average power is g—i, so Ry = % =5.769. (b) Current through Ry, is I, = ¥ = 41.7A. The
. This gives (i) 868 W and (ii) 34.8 W.

3<t

. T .. .. I?R
current through Rg is % so the power dissipation is 5=

(a) Impedances are transformed by the square of the turns ratio because the voltage decreases by n
and the current increases by n so that the ratio of voltage over current decreases by n?. So when
n = 4, the impedance at the output of the secondary is 2400 = 150.
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13.

14.

15.

(b) At 50Hz, the capacitor impedance is Z¢ = W = —3j31.8 M) . With the transformed
72750%x100 p
source impedance from part (a), we get the equivalent circuit shown in Fig. 12. Using superposition,

V. o 1/ Rn—? -1 Zc _ n'ZoVe+Rn"2VN . . .
Vi = VJYxiRn_QJrZC + VsT.L X mt s = Rn 2120 . The ratl(? of the 51gnal and n0}se
voltages is equal to the ratio of the two terms in the numerator, so the ratio of the signal and noise
. . nZo||Vs] 31.8Mx1 : : : i
voltage magnitudes is T2V = Siooxasg X N = 57.66 x n. Converting this to decibels gives

201logy 57.66 + 201og,yn = 35.2 + 20log;y n. This gives (i) 35.2dB for n = 1 and (ii) 47.3dB for
n = 4. So, slightly surprisingly, using a transfomer to reduce the voltage coming from the microphone
actually makes the signal-to-noise ratio better.

(a) V; = n1Vs = 2 so the average power dissipated in R; is ‘};—i = 400 mW. Similarly, V5 = nyVs = 3,
so the average power dissipated in Ry is ;—2: =450 mW.

(b) From the ideal transformer equations, 1 x Ig+mnq X (—I1) +ng x (—1I2) = 0 (the minus signs arise

because in Fig. 13 I; and I are defined as coming out of the transformer). Rearranging this and
. s . 2y, 2y,

using Ohm’s law gives Ig = nil;+nsly = %JF% = nzlailernfTs' So Reff = ‘IL: - m

This is the same as the parallel combination of n1_2R1 and ng 2Ry , i.e. the parallel combination of

the individual winding resistances transferred from the secondaries to the primary.

(a) The inductor impedance is jwL = j x 1007 x 0.008 = 2.51€. So the current is I = %ﬁw =
41.5—-65.15. So S =VI* = P+jQ = 9.54+14.98j kVA. So the apparent power is |S| = 17.8 kVAand
the average and reactive powers are P and @) given earlier. The power factor is cos ¢ = % = 0.54.

(b) Adding the capacitor will not consume any average power and so will not affect P at all. We
need to reduce @ to P tan (arccos0.9) = 4.62kVAR since tan¢ = % and we want cos¢ = 0.9. It

follows that Q¢ = 4.62 — 14.98 = —10.36 kVAR = ]'ZVCSF = —2302wC. This gives C = 623 uF. Now
S =P+jQ =954+ 4.62jkVA. So the apparent power is |S| = 10.6kVA and the average and

reactive powers are P and @ given earlier. The power factor is cos ¢ = % =0.9.

Notice first that since there are no input discontinuities, there will be no output discontinuities
either. The circuit transfer function is % = 11‘*;530. The gain at w = 20007 is G = 0.503 +
0.57 = 0.709£44.8°. The phasor corresponding to v(t) = 5sinwt is V' = —5j and so the steady
state output will be X = GV = 2.5 — 2.51j = 3.54/ — 45.2° which corresponds to a waveform

2gs(t) = 2.5coswt + 2.51 sinwt. The time constant is RC' = 0.16 ms.

(a) At time t = 0+ we have zg5(0+) = 2.5V. Since there is no output discontinuity, z(0+) =
2(0—) = 0. Putting this together gives z(t) = zgs(t) + (2(0+) — 2g5(04)) 7 = 2.5coswt +
2.51sinwt + (0 — 2.5) e . This is plotted in Fig. 15(i).

(b) Substituting ¢ = 1 into the previous expression gives z(1—) = z(1+) = 2.495 (very close to the
steady state value since it has had Gi time constants to converge). For t > 1, the steady state is

—(t—1)

2ss(t) = 0. Therefore we get x(t) = 2.495¢— = . This is plotted in Fig. 15(ii).
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16.

For the steady state when ¢ < 0, we can treat the inductor as a short circuit and so i = % = 100mA.
v

When the switch is closed, there is a constant 10V across the inductor and so % =< =100V/s.

¢t~ L~
Therefore the current through the inductor will increase linearly at this rate for 2ms (from an initial
value of 100mA) and will reach a value of 300mA. Since there is no resistor in series with the
inductor, the current increases linearly rather than exponentially; you can, if you wish, regard this

as a limiting case of a negative exponential that has an infinite time constant.

When the switch is opened at t = 2 ms, the current will decay from its peak value of 300 mA back

down to its steady state value of 100 mA with a time constant of % = 1lms. Thus for ¢t > 2ms, we
have i(t) = 100 + (300 — 100) e T (in units of mA and ms). All this is plotted in Fig. 16(3).

When the switch is open, v(t) = Ri(t). However, when the switch is closed, v(t) = 0. We therefore

get the voltage waveform plotted in Fig. 16(v).
30
\
20

t (ms)

VSS

1

2
t (ms)

3 4

17.
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Fig. 16(i)

Fig. 16(v)

In this question, we have two different circuits according to whether the diode is off or on. These are
shown in Fig. 17(off),(on). When the diode is off, we have a DC steady state xgs(t) = 0 and a time
constant 7oy = RC' = 1.6 ms. On the other hand, when the diode is on, we can get the DC steady
state by doing KCL for the shaded supernode: %;_” +5=0= 155 = % (v —0.7). We obtain
the time constant by setting all voltage sources to zero and finding the Thévenin resistance and the

capacitor terminals: this is Ry, = 2k||8k = 1.6 k; this gives a time constant 7o, = 0.32 ms.

For t < 0, v =2 = 0 and so, since v — x < 0.7, the diode will be off. When v changes to 3, the diode
will turn on and will charge the capacitor up to a steady state voltage of % (3—-0.7) = 1.84. When
v now changes to 2V, the diode will turn off and x will fall towards the “off” steady state of 0V.
However, it will never reach this value, because when x reaches v — 0.7 = 1.3V the diode will turn
on again resulting in a new steady state of 2 (2 —0.7) = 1.04 V. So this means we actually have four
distinct time segments: t < 0,0 <t < 1,1 <t <T,, t > T, wher T, is the, as yet unknown, time
at which the diode turns on for the last time.

Segment 1 (Diode Off, t < 0, z = v = 0).
Segment 2 (Diode On, 0 < t < 1, v = 3, 55 = =(3—0.7) = 1.84, 70, = 0.32ms): z(t) =

5
z5s(t) + (#(04) — 255(0+))e™ = 1.84 + (0—1.84)e= = 1.84 — 1.84e7on . At ¢ = 1 this gives

z(1) = 1.76.
Segment 3 (Diode Off, 1 <t < T,, v =2, g9 =0, Tors = 1.6ms): Capacitor voltage continuity
means that z(14+) = 1.76. So z(t) = zgs(t) + (z(14) —zss(14))e™ = 0 + (L.76 —0) e+ =

—(t=1)
1.76e 7055 . We need to know when the voltage = reaches 1.3V (¢t = T,,) because that is when the

—(Tp—1)

diode will turn on again. Solving 1.76e 70ff =13 =T, = 1.481ms.

Segment 4 (Diode On, t > 1.48ms, v = 2, x55 = 3 (2—0.7) = 1.04, 70, = 0.32ms): z(t) =
4 . —(t-Ty)

255(t) + (2(To+) — 255(Tu+)) e = 1.04 + (1.3 — 1.04) e = = 1.04 + 0.26e

TOn”
All four segments are plotted in Fig. 17(iii).
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E1.1 Circuit Analysis
Problem Sheet 7 (Lectures 17 & 18)

Key: [A]= easy ... [E]=hard

Note: In this problem sheet u and Zy are the propagation velocity and characteristic impedance
of a transmission line and the forward and backward waves at the point = are f.(t) = f(t — ) and

gz(t) = g(t + T) with, in the case of sinusoidal waves, the corresponding phasors being F, and G,.

[A] Find the propagation velocity, u, and characteristic impedance, Zy, of a transmission line
whose capacitance and inductance are 50 pf/m and 500 nH/m respectively. Express the propaga-
tion velocity also as a fraction of the speed of light. [B] The line in Fig. has Zy = 100Q2. For
each of the cases below, calculate the reflection coefficients at both ends of the line and describe
the waves that would arise from a short positive pulse at Vg.Rg = 10 and Ry, = 100.Rg = 10
and Ry, = 1000.Rs = 100 and Ry, = 1000.

x=0 x=L x=0 x=L
LR,  Z=100 é Z,=100
o S vs 8 R, )10 50

Fig. Fig.

[C] The line in Fig. is driven by a 10 V DC voltage source. Determine the voltage and current in
the line and hence the forward and backward waves f(t — ) and g(t+ % ). Determine also the power
carried by the two waves and verify that their differnce equals the total power delivered to the load.

0 x=0 x=L
6/ Z():SO
_ )10

100
8 [ T B U
0 50 ns —

Fig. Fig.

[C] A transmission line has a propagation velocity of 15 cm/ns and a characteristic impedance of
100€2. The forward and backward waves are shown in Fig. and have amplitudes of 9V and 3V
respectively. Draw dimensioned sketches of the voltage and current waveforms at (a) x = 0 and
(b) £ = 300 cm. In each case, give the value of the peak voltage and peak current.

[C] The transmission line shown in Fig. has a propagation velocity of 15 cm/ns and a characteristic
impedance of 50 Q). The length of the line is L = 300 cm.

(a) Determine the reflection coeflicients at both ends of the line when the switch is held closed.

(b) Calculate the steady state DC forward and backward waves when the switch has been closed
for a long time.

(c) If the switch is closed at time ¢ = 0, determine the forward and backward waves at = 0. Hence
determine the voltage waveforms at © = 0 and x = L.

[C] A length of transmission line with Zy = 100 and « = 20 cm/ns is terminated in a short circuit at
x = L. Find the shortest lengths of line, L, for which the impedance at 20 MHz at x = 0 will equal
(a) 50 pF and (b) 1 uH.
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[C] In Fig. , L =5 m, u =20 cm/ns, Zy = 100 , Ry, = 50 and the frequency of operation is 50 MHz.

(a) If the forward wave phasor at x = 0 is Fy = 67, determine the forward wave phasors, F,, at
x=1, 2, 3,4 and 5 metres.

(b) Calculate the reflection coefficient at = = L.

(c) Determine the backward wave phasors, G, at © =0, 1, 2, 3, 4 and 5.

(d) Determine the line voltage phasors, V.., at z =0, 1, 2, 3, 4 and 5.
)
)

(e) Determine the Voltage Standing Wave Ratio: VSWR = %ﬂ&";

(f) Determine the line impedance, ‘I/—[‘)’, at x = 0.

x=0 x=L Vs Rs =0 x=L

— Zy=100
Zy=100 R, A TV() g RLH

Fig. Fig.

[C] Repeat question for Ry = 100.

[C]InFig., L=1m, u =15 cm/ns, Zy =100 , Rg = 10 , R;, = 150 and the frequency of operation
is 20 MHz.

(a) Calculate the reflection coefficient, py, at x = L. Hence calculate the phasor ratio %‘]’ at z = 0.
(b) Calculate the line impedance ‘I/—(‘; at x = 0.

(¢) By treating the circuit at the source end as a potential divider, calculate V; if Vg = 10.
(d) Calculate Fy and hence calculate Fr,, G, and the load voltage, V..
)

(e) Calculate the complex power supplied by the source.
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E1.1 Circuit Analysis

Problem Sheet 7 - Solutions

The propagation velocity (from page 17-4 of the notes) is u = / ﬁ =2 x 108 m/s which is % of

the speed of light. The characteristic impedance is Zy = \/é:; = 100€2. These are typical
characteristics for the twisted pair cable used in computer networks. The reflection coefficients is
given by p = g;gg where R is the Thévenin impedance at the relevant end of the line. This gives
(a) ps = —0.818, pr, = 0 so a pulse at Vg will travel down the line as a forward wave and stop when
it reaches the load (no reflections), (b) pg = —0.818, pr, = 0.818 so a positive pulse at Vg will travel
down the line as a forward wave, be reflected at x = L and travel back towards the source as a
backward wave. When it reaches z = 0 it will be reflected and inverted and will result in a negative
pulse traveling as a forward wave. This whole process will be repeated for ever and you will get an
infinite sequence of pulses each one smaller than than the previous one, (¢) ps =0, pr, = 0.818 so a
positive pulse at Vg will travel down the line as a forward wave, be reflected at x = L and then
travel back towards = 0 where it will stop. Since the voltage source is DC, f() and g() will be
constants and the waves will be independent of z and t. From Ohm’s law, we know that the
voltage and current in the line are 10V and 0.2 A so we must have f + ¢ = 10 and
f—9=0.2x100 = 20. Solving these two equations gives f = 15 and g = —5. As we would expect,
the ratio % = —0.333 is equal to the reflection coefficient at the load. The power carried by the two
waves is % =2.25 W and %—z = 0.25 W and the difference between these does indeed equal the
power absorbed by the load: % =2W. Atz =0, vo(t) = f(t) +g(t) and io(t) = Z5* (f(t) — g(t))
which gives the waveforms shown in Fig. (a). The peak voltage and current are 9 V and 90 mA
respectively. At x = 300 cm, f (t — %) is delayed by 20 ns while g (t + %) is advanced by the same
amount. The new voltage and current waveforms are as shown in Fig. (b). The forward and
backward waves now overlap and the peak voltage and current are 12 V and 60 mA respectively.

VO( t) J_\9_m Vo(t) 12 < 12 .0
io(t) 90m io(t) M 60m
"—\—,*‘9_@;

0 50 ns 0 50 ns 0 50 100 150 200

Time (s)

Fig. (a) Fig. (b) Fig.

(9, g and v, (9 (V

(8) pr = M08 — 033, py = 3238 = 1.
(b) In the steady state we must have V= 10 V and I = 0.1 A which means that f + ¢ = 10 and
f—9=0.1Zy = 5. We can solve these two equations to give f = 7.5 and g = 2.5.

(¢) From the notes (page 17-11) the forward wave is the sum of an infinite number of copies of the
input signal; each extra copy is delayed by an additional round-trip propagation delay (% =40 ns)
and multiplied by an additional factor pypg = —0.33. This is shown in Fig. ; the input signal jumps
to 10 V when the switch is closed and stays there forever. Onto this is added a copy of the input
signal delayed by 40 ns and multiplied by —0.33 which means that f(¢) jumps to 6.67 at ¢ = 40 ns.
With pulse waveforms, it is sometimes easier to keep track of the changes in the signals rather than
their absolute values. In this case, the input signal only changes once: by +10 V at ¢t = 0. It follows
that f(t) will have a change of 410 at ¢ = 0 followed by a change of 10p,p90 = —3.33 at t = 40
followed by a change of 10 (pr0)2 = 1.11 at t = 80 followed by a change of 10 (pr0)3 = —0.37 at
t =120 and so on.

So, f(0) = 10, f(40) = 6.67, f(80) = 7.78, f(120) = 7.41, f(160) = 7.53, f(200) = 7.49, f(240) =
7.5), ---. As we can see, f(t) — 7.5 as predicted in part (a).

g(t) = prf(t — %) is just the same as f(t) but delayed by the round-trip propagation delay and
multiplied by p; = 0.33.

The voltage waveform at z = 0 is equal to f(¢) 4+ ¢g(¢t) and has a constant value of 10 V for ¢t > 0 as
is obvious from the circuit.

The voltage waveform at © = L is vy (t) = fr(t) + gr(t) = f(t — 20) + g(t + 20), that is, the sum of
f(t) delayed by 20 ns and g(t) advanced by 20 ns. This reaches a peak value of 10 (1 + pr) = 13.3 V.
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Note that the propagation velocity in SI units is 20 x 10”7 m/s. At 20 MHz the wavenumber is
k=2= % = 0.628 rad/m or, equivalently, the wavelength is A\ = % = 27” = 10 m. The
impedance of the line at z = 0, which we will call Z, is, by definition, equal to the phasor Z =

‘I/T? = #GOG) Because the line is short circuited at x = L, the reflection coefficient at x = L
0 0—%0

is pp = —1. Go and F, are related by Go = Fopre~2*L; the p; factor comes from the reflection
at = L and the e~ 2/%L factor is the phase shift arising from the time delay for the wave to travel
from x = 0 to £ = L and back again. Substituting for G in the previous expression for Z gives

L F —2jkL 1 _ —2jkL e~ JkL (kL _ o—jkL
7= gyotiopre T 0 plme s L 00 (¢ , ):jZOtankL
FO _ FopL€72JkL 1+ e—2jkL e—JkL (ejk}L + e*]k?L)

which leads to L = % + %tan_l Z—ZT where the % term arises because tan() repeats every m. We
J4o

want to choose L so that (a) Zp = jw—c = —159j or (b) Zr = jwL = 126 and in each case choose

n to make L as small as possible while still remaining positive. This gives (a) L = 3.39 m and (b)
L =143 m.

(a) The wavelength is A = % = ggi}g; = 4 m which means that we get a phase shift of —F for every
27

metre we move along the line. Equivalently k = £ = =t = 1.571 rad/m. Thus at =0, 1, 2, 3, 4, 5,

F, = Fpe 7% = 64, 6, —6j, —6, 65, 6. Notice that the phase repeats every 4 m since this is one

wavelength.

(b) The reflection coefficient at x = L is py, = Ri+§° = —0.333.

(c) It follows that Gp, = pp Fr, = —0.333 x 6 = —2. As with F, in part (a), G, will get a phase shift
of —% for every metre we move backwards along the line towards = = 0, i.e. G, = Gre ikl—2),

If you substitute for G, you can write this as G, = ppFre =) = p; Fpe—ikle—ik(L—2) —

prFoe 7% CL=2) Thusat x =0, 1, 2, 3, 4, 5, Gy = 2§, =2, =24, 2, 2j, —2.

(d) Vo =F, +Gz,s0at x =0,1,2,3,4, 5, V, = 8j, 4, —8j, —4, 8j, 4. We can see that when F,

and G, are in phase (at = 0, 2, 4) their magnitudes add to give |V;| = 6 + 2 = 8 whereas when

they are out of phase (at = 1, 3, 5) the subtract to give |V,| =6 —2 =4.

(e) From part (d), the VSWR is § = 2. Because |G,| = |pr||Fy|, the VSWR is % which, if you

express pr, in terms of Ry equals max (%7 %) = max (0.5,2) = 2.
(f) The line impedance at = 0 is ‘I/T? = ZO% = ZO% = Zy x 2 =200.

(a) The forward wave is unaffected so F, = Fpe %% = 65, 6, —65, —6, 65, 6 as before.

b) The line termination is matched and the reflection coefficient is now 0.

c¢) It follows that G, = 0Va.

)V, =F,+G,=F,+0=F,, soV, =67y, 6, —6j, —6, 63, 6.

e) |V,| is always equal to 6 and so the VSWR equals 1, its minimum possible value. Measuring the
VSWR gives a way of telling when a line is matched without having to measure either Zy or Ry.

(f) The line impedance at z = 0 is ‘I/—g = Zo% =7 I};EJFO Zy = 100.

(a) We have A = 7.5 m and k = 27” = 0.838. The reflection coeflicient is p;, = gL Zo — ().2. Hence
. L+Zo
G0 — pre 2k = —0.0209 — 0.1989;.
Go
(b) Zp=Ya = z,FotGo — 7 " T _ 100 % (0.8874 — 0.36775) = 88.74 — 36.77] = 96.06L — 22.5°.

— G
IO F[) G[) 1_}77(())

(
(
(
(

¢) Hence Vp = Vo255 = 10 x (0.911 — 0.033j) = 9.11 — 0.33;.
d) Since Vo = Fy + Go = Fo (1 n %g) we can write Fy = —Yo = 9.00 + 1.49;. From this we get
To

(

(

F = Fye 9L =713 — 5.695. We can now calculate G, = pp F, = 1.43 — 1.14j and then work out
Vi, = Frp, + G = 8.56 — 6.83;. Notice that once you know F and G at one point on the line, you
can easily calculate their values at any other point whereas V varies in a rather more complicated
manner; because of this, we convert from V' to F', then move F' to a different place and convert back
to V again.

(e) The complex power supplied by the source is

- 12
‘Vs‘ v 50
(Rs+ Z7)*  (Rs+ Zr)"  98.7+ 36.8;

= 0.445 — 0.166] VA
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You might expect this to be purely real because the circuit appears to contain only resistors;
however, there are implicit capacitors and inductors in the transmission line.
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