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Unit- 2 (B)

Theory of Quadratic Equations

2.1 Definition :

The equation, in which the unknown vari-
able quantity has maximum power two, is called
quadratic. Example -

(x+52=0
4x* - 5x+2=0
9x* = 64

The equation ax? + bx + ¢ = 0 is a general
form of the the quadratic equation. Where
a,b,c,e Randa#0
2.2 Roots of an quadratic equation

Those values of x, which statisfy the equa-
tion ax® +bx + ¢ = 0, a # 0 are called the roots of
the equation.

If o, B be the roots of
ax? + bx + ¢ = 0. Then this equation can be writ-
ten as a (x — o) (x — B) = 0 because
x—o=0orx—- =0 gives
x =d, and B (where a # 0)

2.3 A quadratic equation has two roots
only

Let o, B, and v be the three separate roots
of the equation

ax>’+bx+c=0 . (D)
Then ao> + bot + ¢ =0 (2)
ap>+bB+c=0 ...(3)
ay*+by+c=0 wr(4)
Subtracting (2) and (3)

a(>~PH)+b(a-PB)=0
[(a+B)+ bl (a-P)=0

Su-Bf=0 =2>a=0

But o and B are separate roots, therefore

a(a+P)+b=0 .n(5)
similarly

a(-y)+b=0 ....(6)

subtracting (5) and (6) we get

a(a—-v7=0

=>0a-7=0#0

So=Y

Therefore if we suppose three roots of a

quadratic equaiton then two of them will be
always equal.

Hence there are always two roots of an
quadratic equation
2.4 Nature of the roots
The nature of quadratic equation
ax? + bx + ¢ = 0 is decided by the expression
b? — 4ac which is called Discriminant. It is de-
noted by A. The discriminant A = b? — 4ac decides
the roots of quadratic equation in the following
way.

(1) if A> 0 = b* —4ac > 0 that is, when b?
— 4ac is positive, both roots will be real and un-
equal.

(ii) If A < 0 that is b2 — 4ac < 0 then both
roots will be imaginary.

(i) If A =0 thatis values b?—4ac=0
then both roots will be real and equal. The values

-b
of A will be —
2a

(iv) If A is perfect square and a, b, ¢ are
rational numbers, then both roots will be rational
because b? — 4ac will be rational numbers.

(v)  If b>—4ac is not perfect square then
b? — 4ac will be irrational number, therefore roots
will be irrational numbers.

2.5 Relations between /roots and Coeffi-
cients of Quadratic Equation)

Let o, B be the roots of quadratic equation
then we know that

o = —b+Vb* —4ac

2 (1)
2
—b— —4
p= —b Vb mdac 2)
2a
adding (1) and (2)
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_—b+ b’ —4ac , ~b=b* —4ac

o+
B 2a 2a

The sum of roots o + 3 = — b/a
Multiplying (1) and (2)

[—b+\/b2—4ac}_[—b— b2—4ac}
o.p =

= 2a 2a

—b* = (b* —4ac) _
4a’ B

Note - If /52 _ 44, 1s imaginary then roots will

be complex and conjugate if one is a + ib then
other will be a—ib
2.6 Formation of quadratic Equation -

To construct an quadratic equation whose
roots o and 3 are given

Let the given equation be ax* + bx + ¢ =0

c/a

b c
We know that o + B = ——and aff=—
a a

alsox2+2x+£=0 (@)
a a

-b c
Putting the value of ’e and . in (1)

X—(o+ B)x+ af=0

That is

x% — (Sum of roots) x+Product of roots = 0

Therefore, to construct the equation we
have have the following steps.

(1)  Find the sum of roots

(2)  Find the product of roots

(3)  Put the values in the equation ...(ii)
Eaxmple 1 - Find the nature of the roots

i x*-6x+9=0

i) x*-5x-6=0

(i) 2x*+3x-4=0

(iv) x2=x+1=0
Solution (i) - The discriminant of the roots

X —6x+9=0will be

A=b*-4ac=36-4x1x9

=36-36=0

The roots will be real and equal.

(i)  The discriminant of the equation

...(i1)

x2—5x—6=0will be

A =b*—4ac

=252-4x1x(-6)

=25+24

=49>0

> 0 and perfect square, the roots will be
real and rational.

(iii)  The discriminant of the equation 2x?
+3x—-4=0will be

A =b?-4ac

=9-4.2(-4)

=9 +32

=41

> 0 and it is not perfect square therefore
roots will real and irrational

(iv) The discriminant of the equation

xX*—x+1=0will be

A =b?-4ac

=1-4

=-3

< 0 the root will be complex number which
are conjugate to each other.
Example- 2:If o and Bbe the roots of the
equation x2 — px + q = 0 then prove that

{2/B+PY/a}-p*(1/a+1/P)
+3a+P)=0 (M.P. 95)
Solution : o, B are the roots of the equation.
X+px+q=0

~o+PB=pandaf=q

o’ B? 1 1
LHS.= [B + a] —p? (a"‘ BJ +3 (0+P)

o+ L a+p

of p of +3 (o +P)
_ (@ +P)(a+P)’ ~30B] _p’(c+P)
off of
+3(a+P)
plp* —3q1 p’
= -+ 3q
q q

p> —3pq—p’ +3pq
q
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=0
Example-3 : If o, be the roots of the equa-
tion ax?+ bx + ¢ = 0 then find the equation
whose roots are 1/o0and 1/ (M.P.)1992
Solution :
The given equation is ax>*+bx+c= 0
The roots of this equation are o and 3
Lo+ P=-bla,of =c/a

1 1
The equation whose roots are o and E

will be

x2_ (X—.FBx+L
of  of

Putting the values of o +  and of we get

—-bla
x2— cla x+1/(c/a)=0

5 b a
XX+ —x+—=0
C C

cx? + bx + a = 0 will be the required
equation.
Example 4 : It the ratio of roots of the equa-
tion ax? + bx + ¢ = 0 be r : 1 then show that
(r> + 1)/r = (b? - 2ac)/ac
Solution : Let o and ro. be the roots of the equa-
tion ax* + bx + ¢ = 0 then
o+ ro. = -b/a

a(l+r)=-b/a (1)
and o . rot = c/a
o’r = c/a .n(2)

Squaring (1), we get
o?(1 +r)?2=b%a?
Dividing by (2) we get
o’(1+r) b*/a’

o’r c/a

1+2r+r> _b?

r ac
1+7° b*
+2=—

r ac

= @*+ 1)/r=(b*/ac)-2

b* —2ac
ac

=

Example 5 : If the difference of the roots of
equation x2 - px + q = 0 be 1 then show that
p? +4q*= (1 + 2q)?
Solution : Let o be the roots of the equation x* —
px+q=0

Then other roots will be (o + 1)

Lo+ (o+1)=pando(a+1)=q

P-D(p+1=4q

p’-1=4q

pP=4q+1

Now L.H.S. = p* + 4¢?

=4q+ 1 +4q?

=29 +2.2q+1

=(2q+1)y

=R.H.S.
Example 6 : If one root of the equation x> +
px + q =0 and x? + gqx + p = 0 be common
then prove thatp-q=0orp+q+1=90
Solution : Let o be the common root of given
equ.. Therefore

xX2+pa+q=0

we get

o’+po+q=0 (D)

Similarly from second equation,

o’+qo+p=0 .(2)

Solving (1) and (2),

o’ o 1
PP =q" " q-p q-p
o 1

P’—-q¢* " q-p

o 1
-9 q-p
(q-p)=p’-q’
(@-p+q°-p°=0

soa=1
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10.

(q-p) (@ +p+q =0
q-p=0ora?+p+q=0
p=qorp+q+1=0
because o. = 1

Excrcise 2.1
Find the nature of the following equation
i x*=-3x+7=0
() 2y’-1ly+9=0

(i) 3y*-2y./6 +2=0
If o, B be the roots of the equation ax> +
bx + ¢

1
O o2+ p? (i1) e +B—2
(i) o’p +of?

(iv) or-p? v) o’-p

o
(vi) F + B/o

If the roots of the equation
4x? + 15x + m = 0 then find the values of
m (M.P. 87)
If the roots of the equation
(a2+b) x>-2(ap+bq)x+p>+q*=0

a
are equal then show that ; =2
a

If one of the root of the equation

ax? + 10x + 5 = 0 be three times of other
root then find the value of a (M.P. 89)
For which values of m the roots of the
equation x> —2x (1 +3m)+7 (3+2m) =0
are equal (AICBSE 85)
If the difference of the roots of the equa-
tionx>’—px+q=0and x>-qx+p=0
are equal then show that p + q +4=0 or p=q
Find the condition when the roots of the
equation ax? + bx + ¢ = 0 are square the
other root (M.P. 88, 91)
If the ratio of the roots of the equation /x?
+ mx + n =0 be p : q then show that

NPlg+iglp+nr1=0

If the ratio of the roots of the equation x* +
px + q = 0 be the same as the root of equa-
tion x> + p, x + q, = 0 then show that p*

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

q,=P.q (M.P. 94)
If o, B be the roots of the equation ax* +

bx + ¢ =0and o + d, B + d be the roots of
the equation Ax*> +Bx+C = 0. Then show

b*> —4dac
that —— = (a/A)? M.P. 93
AT e (a’/A)*  ( )

If the roots of the equation (1 + m?) x* +
2mcx + ¢? — a> = 0 be equal then show that

c=a . 1+m? (M.P. 85)

If the roots of equation ax>+bx+q=0

be in the ratio m : n show that

2
/p
Nmin T Anim = ?

If o and P be the roots of the equation px*
+ qx + r = 0 then find the equation whose

B

roots are — and —
o o

(M.P. 90, 94)

If o, be the roots of the equation 3x* — 4x
+ 1 =0 then show that 9x> - 28x+3 =0
will be an equation whose roots are

2 2
o B

d —
B o

Find the equation whose roots are

3++/5 and3 - 5 (M.P. 87)
If oo, B be the roots of the equation 2x” —
S5x — 7 =0 then find the equation whose
roots are 20, + 3 and 3o+ 2f3

If oo, B be the roots of the equation x* — (1

1
+n2)x+5 (1 + n%? + n*) = 0 then show

that o + > =n? (MP 89)

If o,B be the roots of the equation x* — px

+ q = 0 then find the value of o? (0/ P +
2

p
By+p*(— +a)

o
If one of the roots of the equation ax* + bx
+c=0and cx®>+ bx+ a=0be common

then show thata+b+c=0ora-b+c=0
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21.  If one of the roots of the equations x> + ax
+ bc =0 and x? + bx + ac = 0 be common
then show that the rest of the roots of these

equations satisfy x? + cx + ab = 0.
Answer
1. (i)  Imaginary and Unequal
(i)  Rational and Unequal
(i) Real and equal
2. (i)  (b>-2ac)/a?,
()  (b>-2ac)/c?,

(i) —be/a?, (iv) (—bafp? _age) /2%

(v) b, (vi) (3abc—b?)/ac?
. ,
’ 16 ' 4
6. 2,—10/19,
8. b® + ca? + ac? = 3abc

4. prx*+ 2rp-g) x+1p =0
16. x*-6x+4=0
17. 2x*-25x+82=0

p(p* —2q) (b —3q)
q

19.

2.8 Quadratic Inequations:

The Quadratic in-equation is one of the fol-

lowing expression.
ax?+bx+c< OQorax?+bx+c2>0
where a, b, ¢ are real numbers and a # 0

The values of x, which satisfy the above
given inequation, are called the solution of the
inequation.
Example 7 : Find the solution of the follow-
ing inequation and represent them on the line

i 2-3x-2x220

(i) 15x2+4x-4<0

Solution :

i 2-3x-2x220
2-4x+x-2x220
2(1-2x)+x(1-2x)=20
1-2x)2+x)=20
(1-2x)200r(2+x)20

or 1<2xandx<-2

x 21/2and x<-2
This type of solution is not possible there-
fore the required solution will be
{x:-2<x<1/2}
The above solution can be given on the fol-

lowing line

| [ ¥ YA | | |

I 4 1 |4 | | I

-3 2 -1 01/2 1 2 3
Fig- 2.1

The solution set will the set of all those — 2 and

1 1

5 The end points —2 and 5 are also included.
() I5x2+4x-4<0
1522+ 10x —6x-4<0
Sx(Bx+2)-23x+2)<0
Bx+2)(5x-2)<0
3x+2<0o0r5x-2<0
x<-2/3 and x> 2/5

But such type of solution is not possible.

The required solution will be
{x:-2/3< x <2/5}
The above solution can be given on the

following line.

Fig. 2.2
2 2

The solution will lie between ? andg ,

The end points 3 and 5 are also included in the

solution set.
Exercise 2.2
1. Find the solution of the following inequation
and represent them on the line :
1 xX*+7x+10<0
() 2y*+5y-320

2 Solve th ti [2x <
. olve the equation 440 S

Answer
1. (1) {x:=5< x <2}
i {y:-3<y<172}
2 All real values of x {x: > 0)}
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Subjective Questions :

1.

10.

If one root of the equation x> + px + g = 0 is the twice of the second root, then prove that 2p? = 9g.
M.P. 93, 2006B
Solve the quadratic equation 2x% — 13x + 15 = 0 by vedic method. ML.P. 2010

241 _ b* —2ac

r ac

If roots of the equation ax? + bx + ¢ = 0 are in the ratio r : 1 then Prove that r

MP 2014,M.P. 97, 2012

If one root of the equation ax® + 10x + 5 = 0 is three times of the second root, then find the value
ofa. MP 2014, ML.P. 1998

o b
if o, B are the roots of the equation ax? — bx + b = 0 then prove that \/; +\/E = \/; .

M.P. 2006 B,C

i

MP 2013, M.P. 2006 C
Find the value of a if the roots of the equation x> — (3a — 1)x + 2a% + 2a — 11 = 0 are equal.
M.P. 2011

If the sum of the roots of the equation ax? + bx + ¢ = 0 is equal to sum of the square of their
reciprocals, then show that.

2ca? = ab? + bc? M.P. 2009
2

1 1
If o and P are the roots of the equation 3x2 — 6x + 4 = 0 then find the value of 2 [(x +j + 30.

If the roots of the equation ax~ + cx + ¢ = 0 are in the ratio p : g then prove that

\/;Jf\/ng\/; =0 M.P. 1997
q p a

If one root of the equations ax? + bx + ¢ = 0. and cx2 + bx + a = 0 is common, then prove that
a+ b+ c=0o0ra-b+c=0 M.P. 1997





