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Chapter1
Gravitation

The interaction between the masses of two bodies is known as the
gravitation.

Newton’s law of . . . .
e Any two particles in the universe attract each other with a force

gravitation
which is directly proportional to the product of their masses and
inversely proportional to the square of the distance between them
and it acts along the line joining the masses, i.e., if two particles of
masses m; and m, be separated by a distance r, the force of attraction
F is given by,

F=cl2
2

e (@ isthe universal gravitational constant. It is basically a conversion
factor to adjust the number and units so that they come out to the
correct value. G = 6.7 x 107! Nm?¥kg?

The dimension of G is given by [M~'L3T2|

Illustration 1 : Find the gravitational force in micronewton of attraction on the point mass m placed at
O by a thin rod of mass M and length L as shown in figure.
[Take m = 10 kg, G = 6.6 x 101! Nm%kg?, M = 1000 kg, L =1 m, d = 10 cm

— d —»
— L ——»

o A B
—>d X1
Soln.: ¢ A - |
oln.:
0 B
|« X »| M
First we need to find the force due to an element of length dx. The mass of the element is dm = (fj dx
Mm dx
dF =G——
50, L «?

GMmd}L@_GMm{l_ 1 }: GMm_ _
L 4 & L |d L+d] dL+d

M
Notice that when d >> L, we find F = Gd—zm, the result for two point masses.

6 uN

The net gravitational force is F =

Gravitational attraction | ® Newton’s law of gravitation is a universal law. It can explain the

between heavenly bodies motion of heavenly bodies like the planets, the moon and the sun. The
gravitational attraction between the sun and its planets provides the
necessary centripetal force for the planets to describe the circular
motion round the sun. Gravitational force of attraction between the
earth and the sun is given by,

F = 3.53 x 10?2 newton.

e Gravitational attraction between earth and the moon

= 1.976 x 10%° newton.

¢ First law. The orbit of an object moving around another in space is

9
Kepler’s law of elliptical with the stationary objects located at one of the focal points

planetary motion

of the ellipse.
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P (Planet)

In other words the earth travels around the sun in an ellipse, and the
sun is at a focal point of that ellipse.

Second law. The position vector from the sun to the planet sweeps
out equal area in equal time, i.e., areal velocity (the area covered by the
position vector of planet per unit time) of a planet around the sun
always remains constant.

AA
— = Constant
At

Third law. The square of the time period of a planet around the sun
is proportional to the cube of the semi-major axis of the ellipse or
mean distance of the planet from the sun. i.e.

INlustration 2 : A saturn year is 29.5 times the earth year. How far is saturn from the sun (M) if the earth

is 1.5 x 10® km away from the sun?

Soln.: It is given that T, =29.5 T, ; R, = 1.5 x 10! m

Now according to Kepler’s third law

T.\?'3 2957
R, =R, [—] =1.5x IOII[TE

T,

e e

2 3
s

2/3
] =1.43x 10 m = 1.43 x10° km

Gravity and acceleration
due to gravity

Gravity is the force of attraction exerted by the earth towards its
centre on a body lying on or near the surface of earth. Gravity is
basically a special case of gravitation and is also known as earth’s
gravitation.

When a body is falling under the action of gravity the body would
possess an acceleration which is called acceleration due to gravity,
usually denoted by the letter ‘¢’

For a body of mass ‘m’

Force due to gravity, F = mg ..(D
From Newton’s law of gravitation,
F = M (2)
RE
M, = Mass of the earth
R, = Radius of the earth
From (1) and (2), mg = G Me;n
RE
_ GM,
8 = R

Variation of acceleration
due to gravity

Variation with altitude: Let us consider an object of mass m at a

height 4 above the surface of the earth. If ‘g’ be the acceleration due

to gravity at this place, then,

(2
R

e

. . . 2h
Thus, the decrease in the acceleration due to gravity =g — g’ = 2 g
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INlustration 3 : Two equal masses m and m are hung from a balance whose scale pans differ in vertical
height by A. Calculate the error in weighing, if any in terms of density of earth p.

g 2h}
. : : : r=_ &5  __ o122
Soln.: As with height g varies as & [L+h/RP g { R g
and in accordance with figure, &, > h,, i m
Ty
so W; will be lesser than W, and W, - W, = mg, — mg, = 2mg [ﬁ _ﬁ} h m

R R

L Elj
v hz

or Wz—W1=2m%£ [as gZ(I}%—M and (h1_h2):h}

R*R 2
4
or W,-W, = 2";};(} X (% 7|:R3p) = ganmh {as M = gnR%}

¢ Variation with depth: For an object of mass m at a depth 4 below
the surface of the earth,

= l—ig
£ R

. . . . h
Decrease in acceleration due to gravity at this place =g — g’ = 2 g

e Variation of ‘g’ due to shape of the earth: The earth is not a
perfect sphere. The diameter in the equator plane is about
21 km more than the diameter along the poles. Due to this, the
acceleration due to gravity is more at the poles and less at the equator.

¢ Variation of ‘g’ due to rotation of the earth: The earth rotates
about its own axis from west to east. All the bodies on the surface of
the earth, except those lying on the poles, execute circular motion
about the axis of the earth. If A be the latitude at any place, then the
value of acceleration due to gravity at the place is given by,

g =g — o’R, cos?\

where o is the angular velocity of motion of the earth around its polar

axis.
At the equator, A=0

g =g - R,
At the poles, A = 90°

g8 =8

Illustration 4 : A body is suspended on a spring balance in ship sailing along the equator with a speed
v. Show that scale reading will be very close to W(1 £ 2wv/g) where o is the angular speed of the earth
and W is the scale reading when the ship is at rest. Explain also the significance of plus or minus sign.

Soln.: We know that at equator due to rotation of earth g ' = (g — Rw?), so if m is the mass of body
2
W0=m(g—Rw2)=m{g_%} [as V=Ro] .. @

Now when the ship is moving along the equator with a speed v, the speed of ship relative to the centre
of earth will be V + v. The plus sign holds if the ship is moving in the direction of motion of earth, i.e.,
west to east and minus if the ship is moving in opposite direction. So the weight recorded by the spring
balance in the moving ship will be

W:m{g_(V;V)Z} ..... (ii)
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w v ][, v2]
Dividing equation (ii) by (), 7 =|1- 1-

W, gR g_R
W + 2 2
W V+v? V2 { _2Vv}
or —=|1- t—t..|=|17F
W, gR  gR gR

or W:W{l$2ﬂ} [as V = Rol
g

Here negative sign holds for the ship moving in the direction of motion of earth, i.e., from west to east,
i.e., the body in the moving ship will weigh less if the ship is moving from west to east, in the direction
of motion of earth and more if the ship is moving from east to west, opposite to the motion of earth.

¢ Variation of g due to some other features: The surface of the
earth is uneven. The presence of mountains, plateaus and valleys
would cause a variation in g.
Further, the earth’s density is not uniform, the inner core is heavier
than the mantle. The density of the crust of earth varies from region
to region over earth’s surface. Thus g varies from region to region.

Gravitational field e The space surrounding a material body in which another body
experiences force by virtue of its mass is called gravitational field.

e Theintensity of gravitational field at any point is the force on the unit
mass placed at that point i.e.

Magnitude of E = g

Gravitational potential e The gravitational potential at a point in the gravitational field of a
body is defined as the work done in bringing a unit mass from infinity
to that point.

e The gravitational force on a unit mass placed at a distance r from the

GM

72

e  Work done by this force in moving the unit mass through a distance

object of mass M =

M
dr = G —dr.

r

e Thus, the gravitational potential at a point r from the body is given
by,
rGM
V = d
I w 2 o

_GM

7

V =

e Gravitational potential energy. The gravitational potential energy
of a body at a point is defined as the work done in bringing the body
from infinity to that point.

GMm

7

U=-
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IMlustration 5 : Two concentric shells of masses M; and M,
are situated as shown in figure. Find the force on a particle
of mass m when the particle is located at (a) r=a (b)r =5
(¢) r < c. The distance r is measured from the centre of the
shell.
[M, = 500 kg, M, = 1500 kg, a = /6.6 m, b = /3.3,
G = 6.6 x 107 Nm?/kg?|

/'S

Take 10 N as unit.

GM
Soln.: We know that attraction at an external point due to spherical shell of mass M is z while at an

internal point is zero. So

(a) For r = a, the point is external for both the shell ; so E, = M;Mz)
a
Fy=mE, = St Ml _ o nits
a
(b) For r = b, the point is external to the shell of mass M, and internal to the shell of mass M; ; so
GM.
Egp= b22 +0

Fy=mEp = G]Z;m = 3m units

(¢c) For r = ¢, the point is internal to both the shells, so Eo,=0+0=0 .. Fo=mE;=0
Motion of the satellites- | ® The celestial bodies which revolve around the planets in close and
orbital velocity stable orbits are called as satellites.

e Satellites revolve round the earth in definite orbits and are kept
in these orbits by the gravitational attraction of the earth. If a
satellite of mass m circles round the earth at a height of 4 above
the surface of the earth, then its velocity v in the orbit is given by
the following equation,

mv? G M m GM,
= or, v=
R+h (R, + h)? (R, +h)
e If g is the acceleration due to gravity on the earth, then,

GM R,
g=— =>GM,=gR? Ty L
R, (R, +h)
v=R, g
\jRe+h

e The time period of revolution of the satellite about the earth is given

by,
T=ﬂ _ 2n(R,+ h)
v g
VR, +h

2n /(Re+h)3
T=—,—""—
R, g

e For a satellite revolving very near to earth’s surface, R, > > h, then
v = JgR, = 8 km/sec

and 7T= 2= /& = 84 minutes
g
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Illustration 6 : A small satellite revolves round a planet of mean density 10 gm/cm?3, the radius of the
orbit being slightly greater than the radius of the planet. Calculate the time of revolution of the satellite.

Take G = 6.6 x 108 C.G.S. unit.

Soln.: ¢ Mean density of planet, p = 10 gm/cm?
¢ Radius of satellite =~ Radius of planet
To calculate the time of revolution of the satellite.
Let M is the mass of the planet and r is the radius of the orbit of the satellite which is nearly equal to the

radius of the planet.

The orbital velocity of the satellite round the planet, v =

4
Mass of the planet, M = gnﬁ p

GM (1)

7

Putting the value of M in equation (1), we get,

4 . G \/4
v=,[—mr’p.— =r,|—npG
\/3 pr 3 P

2nr

2 3 / 3x3.14
= LN LU X—fg = 3780 seconds = 1 hr 3 min
v ’4 pG 10x6.6 x10
gTEpG

Time of revolution, 7= —

Geostationary satellite
and parking orbit:

Energy of an orbiting
satellite:

Escape velocity

JEE Advanced | PHYSICS ET]

If the time period of the satellite be exactly equal to the period of
revolution of the earth, then it will appear to be stationary at the
same place on the earth. This is known as parking orbit. And such
a satellite is called a geo-static or geo-stationary or geo-synchronous
satellite and is used as a communication satellite.

. . . 1
Kinetic energy of the satellite = — m?

1 [ /GM]2 GMm
= —m _— =
2 r 2r

GM
Gravitational potential energy of the satellite = — -
,
GM GM
.. Total energy of the satellite = rm - m
E = _GMm
2r

The escape velocity on earth is defined as the minimum velocity with
which a body has to be projected vertically upward from the surface
of the earth, so that it just goes beyond the gravitational attraction
of the earth and never returns on it.
It can be proved using the concept of gravitational potential energy
that the escape velocity on earth’s surface is given by,
2GM,

v, = 2 =./2gR,
We know that the orbital velocity of a satellite close to the earth
surface is given by, v, = /gR.

v = V20,
v, = 11.2 km/sec
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Illustration 6 : An artificial satellite is moving in a circular orbit around the earth with a speed equal to
half the magnitude of escape velocity from the earth.

(a) Determine the height of the satellite above the earth’s surface.

(b) If the satellite is stopped suddenly in its orbit and allowed to fall freely on to the earth, find the speed
with which it hits the surface of the earth.

Take, radius of the earth = 6400 km and g = 9.8 m/s2.

Soln.: If R be the radius of the earth and % be the height of the satellite above the earth’s surface, the
orbital velocity v, and the escape velocity v, of the satellite are given by,

gR?
Vo= ,=— and v,= 20R
0 R+h &

1
(a): It is given that, v, = SV

: gR? 1 gR? 1
.e. = —+/22R = —oR
Yo Ryn T2V " Ren T2¢
h =R = 6400 km
(b): Potential energy of the satellite at a distance R + & (= 2R) from the centre of the earth = — Gé\im

Where M and m are the masses of the earth and the satellite respectively.
Potential energy of the satellite at a distance R from the centre of the earth i.e., on the surface of the

earth = - GMm
R
Change in potential energy of the satellite = — GMm + Gsz = - Gé\fem
This decrease in potential energy will be converted into kinetic energy and thus,
1 2 GMm ,  GM Gm
— = = — = R =
3 mv R or, v 2 g { g R2 }

v=JgR = 9.8x6400x10> =7.92 x 103 m/s = 7.92 km/s

Thus the satellite would hit the surface of the earth with a speed of 7.92 km/s.
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Gravitational force is attractive force between two masses M; and M, separated by a distance r. It is
given by F = — G (M;M4/r?), where G is universal gravitational constant, G = 6.67 x 10! Nm?kg2.
The negative sign shows that force is attractive.

Dimensional formula of G is [M-1L3T-2].

The gravitation is the central force. It acts along the line joining the particles. It is a conservative force.
The work done by it is independent of the path followed. This force is attractive in nature.

It is the weakest force in nature. It is 1038 times smaller than nuclear force and 10%¢ times smaller
than electric force.

Gravitation is independent of the presence of other bodies around it.
The gravitational pull of the earth is called gravity.

The gravitation forces between two bodies are action-reaction pairs. The law of gravitation is universal
as it is applicable to all bodies, irrespective of their size, shape or position. This force does not depend
upon the state of the bodies, nature of the intervening medium, temperature and other physical
condition of the bodies.

In motion of the planets and satellites, force of gravitation provides the necessary centripetal force due
to which earth revolves around the sun and moon around the earth.

The value of acceleration due to gravity increases as we go from equator to the pole.

The value of the acceleration due to gravity on the moon is about one sixth of that on the earth and
on the sun is about 27 times that on the earth.

Among the planets, the g is minimum on the mercury.

Acceleration due to gravity on the surface of the earth is given by, g = GM/R?, where M is the mass
of the earth and R is the radius of the earth.

Acceleration due to gravity at a height 4 above the surface of the earth is given by
g, =GM/R + h)*> = g (1 - 2h/R).
The approximation is true when 4 < < R.
Value of g at depth d from earth’s surface
d ,_ GM
/= -« =—(R—-d
@ ¢=¢1-%] (b) =3 (R=d),
Again, the approximation is true for d << R.
The value of g at a height A from the surface and » < < R is &' =¢ (1—%) .

The value of g at latitude A is

(a) g’ =g - w?R, cos®A

(b) At the equator A=0. .. g'=g-w’R
(c) At the poles A =n/2. .. g’ =g.

The decrease in g with latitude is caused by the rotation of the earth about its own axis. A part of g
is used to provide the centripetal acceleration for rotation about the axis.

The rotation of the earth about the sun has no effect on the value of g.
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Decrease in g in going from poles to the equator is about 0. 35%.
The weight of the body varies in the same manner as the g does. (W = mg).
The gravitational force of attraction acting on a body of unit mass at any point in the gravitational

field is defined as the intensity of gravitational field (E,) at that point. E, = % = G];/[ .
r

The gravitational potential energy of a mass m at a point above the surface of the earth at a height

h is given by % . The negative sign implies that as R increases, the gravitational potential energy
decreases and becomes zero at infinity.

The body is moved from the surface of earth to a point at a height & above the surface of earth then
change in potential energy will be mgh.
Gravitational potential at a point above the surface of the earth at a height & is -GM/(R + h).
Its unit is joule/kilogram.
Gravitational mass, M, is defined by Newton’s law of gravitation.
Fo w Weight of body (Ml)g _Fg8

M, ="8=" . : =
& g g Acceleration due to gravity (M 2 ) . & 15y,

Let w, = angular speed of the satellite, v, = orbital speed of the satellite, then v, = (R + h)w,, where
R = radius of the earth and A& = height of the satellite above the surface of the earth.

Let g = acceleration due to gravity on the surface of the earth, T = time period of the satellite,
M = mass of the earth. Then different quantities connected with satellite at height 4 are as follows:

G 12 . 12
(a) wo—m =R{(R+h)3} .

2
(b) T= OTT(: and frequency of revolution, v= ;J—; .

1/2 1/2
_| M T _ g
(©) vO_{R+h} _R{R+h}
Very near the surface of the earth, we get the values by putting 2 = 0. That is:
2 12 12
. GM .. GM 1/2
1) wo:[F} :[%} (ii) V0:|:T:| =g R]/

1/2
(ifi) T = 2n [g = 5078 sec = 1 hour 24.6 minute.

22 \1/3
Altitude or height of satellite above the earth's surface, /= (T4R2g) -R.
T

Angular momentum, L = mv(R+h) =[m’GM (R+ h)]"*.

Above the surface of the earth, the acceleration due to gravity varies inversely as the square of the
. R*?

distance from the centre of the earth. g'= g—2 .
(R+h)

The gravitational potential energy of a satellite of mass m is U = , where r is the radius of

—-GMm
r

the orbit. It is negative.

mvg =

| —

Kinetic energy of the satellite is K =

Total energy of the satellite £=U + K = —% . —ve sign indicates that it is the binding energy of the

satellite.
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e Total energy of a satellite at a height equal to the radius of the earth is given by

GMm GMm 1
2R+R) ~""ag = 3™k

where g = GM/R? is the acceleration due to gravity on the surface of the earth.
When the total energy of the satellite becomes zero or greater than zero, the satellite escapes from the
gravitational pull of the earth.

e Ifthe radius of planet decreases by n%, keeping the mass unchanged, the acceleration due to gravity
Ag 2AR

on its surface increases by 2n% i.e. o R

e Ifthe mass of the planet increases by m% keeping the radius constant, the acceleration due to gravity

on its surface increases by m% [% = %} where R = constant.

e If the density of planet decreases by p% keeping the radius constant, the acceleration due to gravity
decreases by p%.

e Ifthe radius of the planet decreases by q% keeping the density constant, the acceleration due to gravity
decreases by q%.

e For the planets orbiting around the sun, the angular speed, the linear speed and kinetic energy change
with time but the angular momentum remains constant.

e The minimum velocity with which a body must be projected in the atmosphere so as to enable it to
just overcome the gravitational attraction of the earth is called escape velocity. i.e. v, =2gR , where

R = radius of earth.
e The relation between orbital velocity of satellite and escape velocity is v, =+2v, . i.e. if the orbital

velocity of a satellite revolving close to the earth happens to increase to +2 times, the satellite would
escape.
e There is no atmosphere on the moon because the escape velocity on the moon is low.

e Ifthe orbital radius of the earth around the sun be one fourth of the present value, then the duration
of the year will be one eighth of the present value.

¢ Weightlessness is a situation in which the effective weight of the body becomes zero. Circumstances
when this condition arises.
(i) When the body is taken at the centre of the earth.
(i) When a body is lying in a freely falling lift, (a = g).
(iii) When the body is inside a space craft or satellite which is orbiting around the earth.

o Kepler's first law (law of orbit) - Every planet revolves around the sun in an elliptical orbit. The
sun is situated at one focus of the ellipse.

¢ Kepler's second law (law of area) - The radius vector drawn from the sun to a planet sweeps out
equal areas in equal intervals of time. i.e. the areal velocity of planet around the sun is constant.

o Kepler's third law (law of period) - The square of the time period of revolution of a planet around
the sun is directly proportional to the cube of semi-major axis of its elliptical orbit, i.e T 2% < a3,
where ¢ = semi-major axis of the elliptical orbit of the planet around the sun.

o Shape of orbit of a satellite - The shape of orbit of a satellite depends upon its velocity of projection
v from earth.
(a) If v < v,, the satellite falls back to earth following a spiral path.
(b) If v = v,, the satellite revolves in circular path/orbit around earth.
(¢) If v > v,, but less than escape velocity v,, i.e. v, < v < v,, the satellite shall revolve around earth in
elliptical orbit.
(d) If v = v,, the satellite will escape away following a parabolic path.
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(e) If v > v,, the satellite will escape away following a hyperbolic path.

o Geo-stationary satellite/Parking orbit
(a) Time period = 24 hour
It is synchronous with earth.
(b) The angular velocity of satellite must be in the same direction as that of the earth. It thus revolves
around earth from west to east. Its relative angular velocity with respect to earth is zero.
(¢c) The orbit of satellite should be circular.
(d) The orbit should be in equatorial plane of earth. It contains centre of earth as well as equator.
(e) It should be at 36000 km from the surface of earth. It is thus (36000 + 6400) km or 42400 km from
the centre of earth.
Radius of parking orbit = 42400 km.
(f) A satellite revolving in stable orbit does not require any energy from an external source. The work
done by the satellite in completing its orbit is zero.
(g) Acceleration due to gravity is used up in providing centripetal acceleration to the satellite. Hence
effective g inside the satellite is zero.
(h) Its orbital velocity = 3.1 km/sec
Its angular velocity = % radian/hour.
e For a satellite orbiting near earth's surface
(a) Time period = 84 minute approximately
(b) Orbital velocity = 8 km/sec
21 radian radian

= — = 0.00125
(¢) Angular speed » $4 min soc

¢ Inertial mass and gravitational mass

. force
(a) Inertial mass = —————
acceleration

weight of body

(b) Gravitational mass = acceleration due to gravity

(¢) They are equal to each other in magnitude.
(d) Gravitational mass of a body is affected by the presence of other bodies near it. Inertial mass of
a body remains unaffected by the presence of other bodies near it.
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\ Miscellaneous Examples |

1. Two spherical bodies of mass M and 5M and radii R and 2R respectively are released in free space
with initial separation between their centres equal to 12R. If they attract each other due to gravitational
force only, then find the distance covered by the smaller body just before collision.

Soln.: Mass of smaller body = M, Mass of larger body = 5M, Radius of smaller body = R
Radius of larger body = 2R, Initial separation between their centers = 12R
To find the distance covered by the smaller body just before collision.

It is given that only gravitational force is acting between two

bodies, therefore the force between them will increase as the

distance decreases. » , ®

Let the spheres collide after time ¢, when the smaller sphere
covered distance x; and bigger sphere covered distance x,. The
gravitational force acting between two spheres depends on the distance which is a variable quantity.

The gravitational force, F(x) = M
(12R —x)
Gx5M
Acceleration of smaller body, a(x) = X—z
(12R —x)
GM
Acceleration of bigger body, ayx) = ——
BEETROM W= 2R —ay
. . 1 9 1 9 X, a; (x)
From equation of motion, x; = > a,(x) t? and xy = > asx) 2 = — = ——= = x; = bxy
Xy a, (x)

It is given that x; + x5 = 12R — (R + 2R) = 9R = xﬁ% =9R = x; = 4STR = 7.5R

Required distance = 7.5R.

2. How far from earth must a body be along a line towards the sun so that the sun’s gravitational pull
on it balances that of the earth? The sun is 9.3 x 107 miles away and its mass is 3.24 x 10> M,, where
M, is the mass of the earth.

Soln.: Distance between sun and earth, d = 9.3 x 107 miles
Mass of the sun, M, = 3.24 x 10° M,
Where M, is the mass of the earth.
To find a point at which gravitational force by earth is balanced by gravitational force by sun.
Let the body be placed at a distance of x miles from the earth. So, if mass of the sun be M, and if it
be at a distance of d miles from the earth, then the sun is at a distance (d — x) miles from the body.
Thus,

GmM,  GmM, M [d—sz d-x  |M,
or = or S = or =

(d —x)* x? M, X X M,
or 1—1 = 1/3.24x10° or 4 _ 1 +~/3.24 %103

x x
d 9.3x107

T 14324%x10° 1443.24%10°

= 1.63 x 10° miles .. Required distance = 1.63 x 10° miles.

3. In alead sphere of radius r, a spherical cavity of diameter r is made. The surface of the cavity touches
the outside of the lead sphere and passes through the centre of the sphere. The mass of the solid sphere
was M. With what force, according to the universal law of gravitation, will the sphere attract a small
sphere of mass m placed at a distance d from the centre of the lead sphere on the straight line joining
the centres of the spheres and the side of the hollow?

Soln.: Radius of lead sphere = r, Radius of cavity = r/2, Mass of solid sphere = M
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Distance between small sphere of mass m and M = d

To find gravitational force at m

Ifthe lead sphere be a solid one then the gravitational force of attraction
on the mass m would be,

F=GM—’2n

Now, we consider this force as the resultant of the forces (1) due to the
hollow sphere and (2) due to the sphere of the size of the hollow.
Let these forces be F; and F, respectively. Thus, F = F; + F,

3
4 (r
Now, the volume of the cavity = Eﬂ[zj

3
4
. mass of the lead covering the cavity = M’ = gn[gj p where p is the density of the lead.

M = l><inr3p=M
8 3 8

G%xm

Now, the centre of the cavity is at a distance of [d —%) from the mass m. So, F, =

GM GM GM 7d* —8dr + 2r?
.. Required force F; =F — F, = m_ m___ il rrar

d2 2 8d2 2
o-3) [-3)
2 2

4. A satellite of mass m is moving in a circular orbit of radius r. Calculate its angular momentum with
respect to the centre of the orbit in terms of the mass of the earth.

Soln.: Mass of satellite = m, Radius of orbit = r
To calculate the angular momentum of the satellite.
The angular momentum of the satellite with respect to the centre of orbit is

given by, J = Fxmv

where 7 is the radius vector of the satellite with respect to the centre of the
orbit and v is its velocity.

The angle between 7 and v is 90° in the case of circular orbit.
J = mvr sin 90° = myr (D

GM m

Now the gravitational force of attraction between the earth and the satellite = >

This force provides the necessary centripetal force to the satellite for its circular motion.

GM ,m mv?
= or m*r=GM,m
-

B
or m»r2=G M, m?r or mvr = (G M, m?r)"? ..(2)
From (1) & (2) we get, J = (G M, m?r)"?

5. Two particles of mass m; and m, initially at rest are infinite distance apart. Show that at any instant
the relative velocity of approach of the particles due to gravitational attraction only is /2G(m, + my)/r,
where r is their separation at the instant.

Soln.: We know the relative motion of two particles subjected only to their mutual interaction is equivalent
to the motion of a particle of mass equal to the reduced mass under a force equal to their interaction.
Thus, if m’ be the reduced mass of the particles of masses m; and m, then,

1 1 1 , mym,

— =t or, m'=
m my my m1+m2
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Now, when the particles are at a distance x, then gravitational force between them is given by,

F =g
T2

X
The work done when they are displaced by dx, we have,
dW=F .dx = .7 724y

X
Thus, total work done to bring the particles from infinite separation to one when they are separated
by a distance r is obtained by

W= de = Gmlmgjf%dx SR Ui s ..(1)

7

If the velocity of approach of the particles be v, then the gain in kinetic energy of the particles are

KE. = lm'v2 =1MV2 ...(2)
2 2my+m,
1 mm 2G +
From (1) and (2), e G e L V= ,/M
2my+m, r r

Three identical bodies, each of mass m are located at the vertices of an equilateral triangle with side
[. At what speed should they move if they all revolve under the influence of one another’s gravity in
a circular orbit, circumscribing the triangle while still preserving the equilateral triangle?

Soln.: Let ABC be the equilateral triangle. A .
E < = - =
. . 1”7 1 R N
The radius of the orbit = OC =r = b Iz _ 1 y >
cos 30° \/5 /2 \/5 / N
Since the particles A, B and C describe the common circle, they have a common | o Y !
1
angular velocity. | )
li
The centripetal force required for each particle for describing a circular path N ol ’
is provided by the gravitational force of attraction on it by the other two B~o_ |7 ¢
particles.
2
m
Now, the gravitational force on the mass at A due to mass at B = 2 along AB

2

1
l"; c0s30°  ("ZBAD = - ZBAC = 30°)

The component of force along AO (towards the centre) =

_szx/g

2?2

\/5 Gm?

Similarly, the component of the force exerted by the mass at C on the mass at A along AD = 5P

The components of the forces along AE and AF being equal and opposite, will be cancelled out.
2 2

Therefore, net force on A = 2.7. ; 2

directed towards the centre O of the circle.

Gm?
12

%

2
Now, if v be the velocity of each particle, ny _ A
r

9 _ \/gszr_\/gszl
mi? mﬂ\/g

or, v

7.
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A rocket is fired vertically from the ground with a resultant vertical acceleration of 10 m/s2. The fuel
is finished in one minute and it continues to move up. What is the maximum height reached?
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Soln.: Acceleration = 10 m/s?
Time = 1 minute = 60 sec
To find maximum height reached.
We have f= 10 m/s?, ¢ = 1 min = 60 s
Thus, the rocket rises a height of 4; metre in 1 minute, given by,

1
hy= 5 X 10 x (60)? = 18000 m

Again, if after 1 min the velocity of the rocket becomes v m/s, then v = 10 x 60 = 600 m/s

After this the rocket has no acceleration of its own and it is under the retardation due to gravity. The
rocket would rise up till its velocity becomes zero. So, if it rises 4, metre further, then,

0 =(600)%2 -2 x 9.8 x hy o, hy =18367.35 m

Thus, total height of the rocket = 2, + Ay = 18000 + 18367.35 = 36367.35 m

8. A juggler is maintaining four balls in motion, making each in turn rise to a height of 90 cm from his
hand. With what velocity does he project them? And where will the other three balls be at the instant
when one is just leaving his hand?

Soln.: Let u be the velocity of projection of each ball. The maximum height reached by the ball is given by
2

= ;— Soou = \J2gH or, u= ~2x980x90 = 420 cm/s
g
2u _ 2x420 6

Total time of flight of each ball, t = — = — sec
g 980 7

. . c . 3
Now, the balls are thrown at equal interval of time which is given by ¢’ = 64£ =1 sec.

when one ball is in his hand, the previous ball had been thrown just % sec earlier. This will be at

a height of 4, given by,

2 _
1 3 1 3 2 v=0
h1=ut—5gt2=420x H_EX%OX[HJ = 67.5 cm O A
. 3 .

The ball previous to that was thrown - sec earlier. A /}\

90 cm
Hence its height is given by T 3\ \f

2
1 3 5 cm v
h2=420x%—5x980x[7j = 90 cm o 1t
Similarly, the height of the third ball is obtained as, - v
4

2
hy = 420><i—l><980><[ij = 67.5 cm.
14 2 14

Thus the three balls are at the height of 67.5 cm, 90 cm and 67.5 cm respectively when one is just
leaving his hand. This situation is shown in figure with their direction of velocities also.

9. A cosmic body A moves to the sun of mass m, with a velocity v, from a very large distance, such that
the perpendicular distance of the direction of v, from the sun is / (called impact parameter). Find the
minimum distance of the body from the sun on its subsequent motion.

Soln.: Velocity of the cosmic body = v,, Mass the sun = m;
Perpendicular distance of the direction of v, from the sun =1
To find the minimum distance of the body from the sun on its subsequent motion.
The cosmic body A is under the only central force of the gravitational field of sun. Therefore both the
energy and angular momentum conservation laws hold.
v = velocity of body A at minimum distance r;, from the sun. Using law of conservation of energy,

2Gm;

"min

1 1 Gm ,m
—mav2 + 0= —m v ——A4=S = =y +
2 2 "min
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vol

Using law of conservation of angular momentum, myvl = myvryy, =>v= —— ...(2)
"min
272
: vil 2Gm 2Gm,
Using (1) & (2), g = + s = pin + Tmin | —— | —12=0
re. Vs Vo
min min
1| 2Gm Gmy
5 7.
Tmin= 5| "5 % = Tmin Vi
2 vy 0

10. Two earth’s satellites move in a common plane along circular orbit. The orbital radius of one satellite

is r while that of other satellite is A r less. What time interval separates the periodic approaches of
the satellites to each other over the minimum distance?

Soln.: Radius of Ist satellite = r, Radius of IInd satellite = r — Ar

Difference in time of revolution.
If m, be the mass of Ist satellite revolving in a circular orbit of radius r and v; be its orbital speed,
then for the circular motion of this satellite
my:  GmM, GM,

= or vy =

2
r r r

2 2
If T, is the time period of Ist satellite then, T; = LA L
v JGM,

Similarly, for the second satellite whose orbital radius is Ar less as compared to that of Ist satellite,

2n(r — Ary?
GM

e

time period is: Ty =

.. periodic time interval = T; — T, = % [r¥2 — (r — Ar)3?]

e

__2n 30 I—H 2 _ 2_nr3/2{1_[1_2.£ﬂ __2n ,,3/2,£ _ _3m A2 A
JoM, r GM, 2 r Jom,  2r oM,

11.

The density inside a solid sphere of radius R is expressed as p = py(R/r) where p, is the density at
the surface and r shows the distance from the centre. Calculate the gravitational field due to this sphere
at a distance 2R from its center.

Soln.: Radius = R, Density of surface = p,, Inside density, p = p, (R/r)

To calculate gravitational field at a distance 2r from the centre.
We have to calculate the gravitational field at a point outside the sphere. For this purpose the sphere
can be supposed to be divided into various thin concentric shells and each shell can be replaced by a
point mass at its centre having mass equal to the mass of the shell. Thus, the whole sphere can be
replaced by a point mass situated at its centre having mass equal to the mass of the given sphere. If
M be the mass of the given sphere, then the gravitational field at the given point is

_ GM _GM

" QR 4R’
The mass M can be calculated as under—
Consider a concentric spherical shell of radius r and thickness dr. Its volume is: dV= (4nr?) dr and

R
its mass is: dM = pdV = {po 7} (4nr?)dr = 4npoRrdr

..(1)

Hence, the mass of the whole sphere is M = J: AnpoRrdr = 2np0R3

2nGp,R* 1

Thus from (1) and (2), the required gravitational field is £ = 1R =EnGp0R
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12.

A satellite of mass M, is moving around the earth in a circular orbit of radius R,. It starts losing energy
slowly at a constant rate a due to resistive force of air. If mass and radius of the earth are M, and R,
respectively, then calculate the time taken by satellite to fall on earth’s surface.

Soln.: If v, is the orbital velocity of satellite in its orbit of radius R,, then for circular motion of the satellite

2
M M
My, _ M. LG orv? = G;We (D

RY - sz N
If v, be the orbital velocity of satellite when its orbit touches the earth’s surface, then

M2  MMG GM,

R = R or (/)2 = X ..(2)
Now K.E. of the satellite in an orbit of radius R, is given by
1 GM M
K=(1/2) My2 = 5 RS € ..(3)
Similarly, K.E. of the séitellite in an orbit of radius R, is given by
K =12 M, () = %MR—MG )
Now, potential energy of the satellite when it is at a distance R, from earth
GM M
=U= - ¢ ...(5)
RS
Similarly, potential energy of satellite on the surface of earth
—U = _Gf‘f;Me ...(6)
Hence, total energy ‘of satellite when it is in orbit of radius R,,
E o—ksU. MM, GMM, GMM, @
2R, R, 2R,
Similarly, total energy of satellite on the surface of earth
M M M M M M
Ey=Ky+Uy=G s e_G s e:_G s e
2R, R, 2R,
Thus when satellite falls on the earth, the loss in the energy is given by
AE. OMM, [ GMM,|_GMM,[1 1
~ 2R, 2R, 2 | R R,
GM M,| 1 1
If ¢ is the time taken by satellite to fall to the earth, then at = AE = 2‘ € {R_ _R_}

20, R R

e N

‘e GMSM{L_L}

13.

Soln.: Let us assume that

At what distance from the centre of the moon is the point at which the strength of the resultant of
the Earth’s and Moon’s gravitational fields is equal to zero? The earth’s mass is assumed to be n times
that of the moon, and the distance between the centres of these planets is ' times greater than the
radius of the earth. M,

M = Mass of the moon and R, = Radius of the earth
Hence, Mass of earth, M, = nM

And distance between centres of earth and moon d = n'R,
Suppose the resultant of the earth’s and moon’s gravitational fields is zero at some point P at a distance
x from earth’s centre.

Earth Moon

GM, GnM

x2 x?

(1)

Hence gravitational field due to earth at point P =
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GM
and gravitational field due to moon at point P =

(d —x)?
Hence, net field at P
GnM GM 1
ﬂz - > =0 or anMz GMz or ﬁ =
x (d - x) X (d - x) x (d—x)

d 'R
or x:\/ﬁ(d—x) or x(\/ﬁﬂ):\/ﬁd o x= \/\%ﬁ"'l:\/\/ﬁﬁn"'le

'R 'R
Hence, the distance from the centre of the moon =d —x = n'R, — \/ﬁﬂ e 1 Te
W+t Jn+l

14.

A smooth tunnel is made along diameter of the earth. A body of mass 10 kg is dropped from one
end of the tunnel. Find its kinetic energy and potential energy when it passes through the centre
of the earth. Given the gravitational acceleration of the earth at its surface is 10 ms2 and radius

of the earth is 6.4 x 10® m.

Soln.: Potential energy of the body at the surface

GMm gR’m L, _GM
R et S8

R R

= —gRm = -10 x 6.4 x 10% x 10
= —6.4 x 108 J = Total energy at the surface
When the body is dropped into the tunnel, the force on it at a distance of x from the centre is given by,

473 pm

F=-G
3x2

= —inGpmx =&
3 R
Thus, the body executes a simple harmonic motion with angular frequency ® given by, © = \/%

. 1 1 1
.. Kinetic energy at the centre O of the earth = 5 ma?R? = Phi x% xR? = Pk gR

= %x10x10x6.4><106 =32x 108 J

Thus, potential energy at O = 3.2 x 10% — (-6.4 x 10%) = 9.6 x 108 J

15. A uniform solid sphere of mass M and radius R is cut into two by a diametrical plane. Show that the

resultant attraction between the two halves is 3GM?%/16 R2.

Soln.: Consider a strip of thickness dx at a distance x from the centre O of the sphere.

The area of the strip = n (R? — x2).
Mass of the strip = n (R? — x?) dxp where p is the density of the solid.

At a point P, r cm from O, the force per unit mass is
4 3
oM g e

r 3)’2

= %nGrp =F (say)

4 4
The component of this force along OX is F cos 6 = gnGrp.ﬁ = gnpr
,
The sine components will cancel out by taking corresponding elements above and below OX. Same is
the case with all point masses on the strip.

The attraction on the strip along OX = %n Gpx xt(R?—x¥)dx .p = %112Gp2 (R%x — x3) dx

. . 4 5 2R o 3 4, ,|R* R*
.. Total attraction between the hemispheres = gn Gp Jo (R°x—x)dx = gn Gp Eve
3 M?

L 2 2p4
= —n"Gp°R*  =—G—
3 P 16 R?
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16. A planet of mass m moves along an ellipse around the Sun so that its maximum and minimum distances
from the Sun are equal to r; and r, respectively. Calculate the angular momentum of this planet relative

to the centre of the sun. i
Soln.: According to law of conservation of angular momentum
Q O—0O B
: GMm (1 2 GMm (1 2
and from the conservation of energy - . + 5= - S 4 S |mva
1 0]
where M, is the mass of the sun. v,
1 1 v2 v2 v2r2 v2 n—r v2 r2 v2 rz—r2
GM | ——— -2 1 a7 or GM. /A" O |0 =)0 "
s " " 2 2 21"22 2 s " 2 rzz 2 }’22
o 2GM i =) 2GM, or o = { 2GM 1, }
= 22, 1= 4| 7
nnm =n)  n0i+n) n(n+n)
L =mvir;=m {—2GM“’V2}
n+n

17. A planet A moves along an elliptical orbit around the Sun. At the moment when it was at the distance
ro from the sun its velocity was equal to vy and angle between the radius vector 7, and the velocity
vector ¥, was equal to a. Calculate the maximum and minimum distance that will separate this planet
from the Sun during its orbital motion.

Soln.: The situation is shown in figure. According to law of conservation of angular momentum
| Ll = |RyXmyy|= Mvelog SIN O = | [ | = MVily

Vol Sin o

Hence,v; = (D)
N

1
Now, from the conservation of total energy between the points A and B,
(T.E.), = (T.E.)g

1 5 GMgm 1, GMm , 2GM, ,  2GM,
—myvy, — - = —myv = or Vo~ — = = V" -
2 I 2 1 I n
2GM
or V02r12 — G 3 7"12 = V12r12 — 2GMsr1 ...(2)
To
Substituting the value of vir; from (1) in equation (2), we get
2GM, , 2GM .

[voz - : ]1”12 = v2re? x sina — 2GM,ry or [voz _26M, ]rlz +QGM ) — vy’ sin?a = 0

I I

Solving the equation for r;

“2GM, +J[4G?M 2 + 4v,2r, sin? aifv)2 — (2GM /ry)}]
2{v,2 - (2GM Jry)}

r1=

l:F I_Voro Slna&_ V02
GM, :F\/[Gsz — (v sinzoc){(2GMS/r0)—v02}] GM, r, GM,

) {QGM Jry) - vy} ) P
r, GM,
ro[l .4 —nsinza(z—n)}] Where n— 230
"o e-n GM,
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18. Calculate the radius of the circular orbit of a stationary Earth satellite, which remains motionless with
respect to its surface. What are its velocity and acceleration in the inertial frame fixed at a given moment
to the centre of the earth?

Soln.: Because the satellite is stationary relative to the earth. This implies that the time period for both
earth and satellite is same.

Hence time period for satellite = T' = 24 hours.
Suppose v be the velocity of a satellite of mass m revolving around the earth at a height 4 above its

2 GmM

M
surface. Hence —V — 92 or v= oM,
R, +h (R,+h) R, +h

21(R, + h R, + h)*? 2
Now time period 7T = 2R+ h) =2n% or (R,+h) :[ij GM,

N 13
or r=®R, +h) = K—j GME}
2n

2 1/3
T
Thus radius of circular orbit of stationary satellite r = (R, + h) = {[2—75) GM e:|

2x3.14

. GM 6.67x10711 x5, 10%
Now, velocity = < =\/ a X396 107 _ 3100 m/sec
R,+h 42107
v? G

M,  6.67x107"'x5.96x10%

and acceleration = — = 5= = 0.22 m/sec?
r (R, +h) 4.2)? x10'4

) /3
24%3600
_ KX—) ><6.67><10‘”><5.96><1024} = 4.2 x 10* km

19. A planet of mass M and radius R is spherical in shape. The mass is uniformly
distributed over the volume of the sphere. The planet is encircled by a
concentric ring shaped body of mass M/2. The plane of the ring is in equatorial
plane of the planet and it can be considered to be a thin ring of radius (3/2) R.
Calculate the magnitude of gravitational field strength at a point P at a
distance x from the common centre along a line perpendicular to the plane of
the ring. (Assume x > R).

Soln.: Let us first calculate the field at P due to the ring shaped body.
Let the mass of the ring be M/2 (say m) and its radius 3R/2 (say r).
Consider a small element of length dI on the ring.

Mass of this element is dm = (m/2nr) dl

The field strength (dI) at P due to this element dI = Gm—dl%

2 (rF +x7)
in the direction shown in figure (a).
If a similar element is considered diametrically opposite to the previous
element, field due to both will be numerically equal in the directions shown in
figure (b).
Obviously the components along Y-axis cancel each other, and components along

the X-axis get added up. Hence, the direction of resultant field is towards O.

[For all elements, such pair can be made]

dl cosO mxdl .. _ X
de=dIcos6=G—m = {.cose——}
2nr (r2 +x2) 271:1’(1’2+x2)3/2 \/i’2 +x?
2nr
- Netfieldat Pis[= G———~ [ dl=G—"2>
2nr(r2 + x2)3/2 J; (rz + x2)3/2

JEE Advanced | PHYSICS EQ] Gravitation | 21



Here, m = M/2 and r = 3R/2
GMx 4GMx

{91{2 2T/z - (9R2 +4x2)3/2
2l —+x

Iring =

We know that field due to a sphere of mass M and radius R, for an outside point is I, = GM/x?

4GM. GM
Hence the resultant field at Pis I = 3 x2 5 +— towards the common centre.
OR” +4x7) X

20. Distance between the centres of two stars is 10a. The masses of these stars are M and 16M and their

radii @ and 2a respectively. A body of mass m is fired straight from the surface of the large star towards
the smaller star. What would be its minimum initial speed to reach the surface of the smaller star?
Obtain an expression in terms of G, M and a.

Soln.: The two stars are separated by distance of 10a. The projected body experiences a large attractive

force due to the larger star and a smaller force in opposite direction due to the other star. There is a
point on the line joining the centre of the two stars where the force due to both the stars become equal.
Beyond this point, the attractive force of the smaller star becomes greater and hence the body collides
with the surface of the smaller star. Let P be the point at a distance x from the centre of the larger star
where the gravitational field intensity due to two stars becomes equal and opposite. If our body is
imparted sufficient enough kinetic energy to reach point P, it will reach the smaller star.

16M GM
G = ————
2 (10a —x)
or 16(10a —x)>—x2=0 or (40a —5x) (40a —3x) =0 u
x =8a or x =40 a/3 .
0,

Latter is > 10a and hence discarded.

Now, let us apply the principle of energy conservation.

The body is provided enough energy so that it reaches P and loses

all its kinetic energy.

Potential energy of the body on the surface of the larger star is contribution of both the stars. Hence

3 Gm(16M) 3 GmM _65Gm
2a 8a 8a

GMm G(1l6M)m  5GMm

2a 8a 2a

1
From the law of conservation of energy, U, + S Vi =Up

Uy = [Take note of distances 2a and 8al

Potential energy at Pis Up = -

_65GMm +lmv2 __5GMm or lmvz» _ 65GMm 5GMm _ 45 GMm
8a g min T 2a 2 mm 8a 2a 8 a
9 45GM 3 |5GM
or v min — —— or Vmin = E a .

a
The above example has been deliberately provided to emphasize the usefulness of conservation principles
in solving the problems related to gravitation. Gravitation force is conservative in nature. This increases
the usefulness of laws of conservation in solving problems related to gravitation.

21.

Soln.: The situation has been shown in the figure. Centre of earth is O. The

A cord oflength 64 m is used to connect a 100 kg astronaut to spaceship whose mass is much larger than
that of the astronaut. Assume that the spaceship is orbiting close to earth’s surface and the astronaut
and the spaceship fall on the same straight line from the earth centre. The radius of earth is R = 6400 km.
Estimate the tension in the string. Neglect the gravitational pull of satellite on the astronaut.

astronaut is made to revolve around the earth with the angular velocity of
the satellite. The centripetal force of the astronaut is provided by the
gravitational attraction of the earth and the tension in the string.

Let the mass of the satellite be M.
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MM L
For the satellite, G R; =Mo’R [ satellite is very close to the earth]
,_ GM, GM :
or 0= — or = ¢ ...(@)
R R?
Both tension and gravitational force of earth, pull the astronaut towards the centre.
Centripetal force = 7 + GMemz or mo?(R+h)=T+ GMemz
(R+h) (R+h)
‘ gR*m GM (R +h) gR*m .
Since, GM/R*=g, .. T=mo'R+h)-——m =y e - [Using ()]
g (R +h)* R} (R + h)? &

2
R+h gm h h

= - =m 1+—|—-m 1+—

mg[ R j (1 hjz g[ Rj g[ R}

Expanding the second term and neglecting higher order terms as 2 << R

=2.94 x 102 N.

ﬁ}:3mgh _ 3x100x9.8 x64
R R~ 6400x1000

= mg+mg%—mg{1—

22,

Two satellites S; and S, revolve around a planet in coplanar circular orbits in the same sense. The radii
of orbits of S; and S, are r; and r, respectively. At certain moment their position vectors with respect to
the planet are inclined at an angle 6.

(a) What is the angular velocity (o) of S, as actually observed by an astronaut in S;?

(b) Find o when S; and S, are nearest and farthest to each other.

(c) Ifthe period of revolution of S; and S, are 1 hour and 8 hour respectively and radius of orbit of S; is
10* km, find the angular speed of S, observed by an astronaut in S;, when they are closest to each other.

Soln.: (a) Figure (a) shows the situation. 6 = angle between their position vectors.

Angle between their velocity vectors v, and v, will also be 6, as the angle between perpendiculars to two
straight lines is same as angle between the two lines.

v, —v, =relative velocity of S, with respect to S;, 7, —7 = position vector of S, with respect to S;.
Let & = angular velocity of S, with respect to S;.  Then, v, -V, = ox(# - #)
Taking cross product on both sides with (%, —7))

(7 —F)x(, =) = (5, —R)x[Ox# —7)] ()

We know that A x (]§ x E‘) = ]§(Z .5) - 5(2.]§) [This rule is known as “bac(k)-cab” rule] (@
(= R)x[0x (G ~1)] = &[F = 7).05 =)= @ ~H)IE - 7)) = &| 7 7> -0
Because (7, -7).®=0 as (/, -7 ) and & are perpendicular vectors.

Hence, from (i)

I”2><V2 +I"1 ><V1 —I”2><V1 —I”1><V2

- = -2 - - - - N
o =K"= =r)x(, =), © = S o2
|r =
1V, + 1y — 1Y, sin(90 — 0)A — v, (sin 90 — 0)7

o = )
|r, -7l

where n = a unit vector perpendicular to the plane of the figure.
sin (90 + 0) = cos 6, where (90 + 0) is angle between 7, and 7;
and sin(90 — 0) = cos 6, where (90 — 0) is the angle between 7, and v, and 7 and v,.

By tnv - (v, +1v,)cos0

...(ii)

2, 2
ry +1 —2nrr,cos0
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(b) When S; and S, are nearest to each other, 6 = 0°

nv, + v, — (v, +rv ..
o= 272 21 1 > 271 12) (from(u)
ry +1 =2nr,

_ V(1 —n)—vi(n—n) _ (v, —vy)

(r,—n) (r, —1y) ®)
When S; and S, are farthest to each other, 6 = 180°

_ v ny +ny, (r2+r1)(v2+v1):v2+vl

2 2
(r, +1) (r,+1) ntn qp

(c) We know that for a satellite, 7% < r® where T = time period, r = radius of path

3 13
? 5 1 10* 104 (1 1 ©
T120cr13andT220cr23:>—12=r1—3 or — =|— | >—=—| =-— ¢
P ) 8 T, T, 64 4

or ro=4x10*km

Now v, = M_n:M =27 x 10* km/hr. and v, = 2nr, _ 2m x 4 x10° =1 x 10* km/hr
T, 1 T, 8
v, =V nx10* T .
When they are closest to each other, w = — T T axl 0" —10° 3 radian/hr
The (—ve) sign shows that relative to S;, S, is rotating in clockwise sense (with respect to
figure a).
23. A satellite of a planet revolves in a circular orbit whose radius exceeds the radius =~ -----._
of the planet n times. The radius of the planet is R. Suddenly, the satellite starts I,’ & atellite

to depend on the velocity of satellite as F = o. v3, where o is a constant. Find how |
long the satellite will stay in orbit until it falls into the planet’s surface? Assume
the mass of satellite as m, and that of planet M. N .

\
\

Soln.: The satellite slows down, reducing its radius of revolution and eventually falls

down on the planet (see figure).
When the radius of revolution is nR, the velocity of satellite is given as

mvl2 GMm GM
= 3 or, v; = ,/—
nR (nR) nR

The satellite falls on the planet’s surface when the radius of the orbit reduces to R. Let the velocity
be v, just before touching the planet.

mv, _ GMm o [GM
R~ R? >N R
d
Now, F = mﬂ or, mﬂ =o? or, —;} = —dt
dt dt V m
Tdv o 1f17? o 1 1 20
Integratin, — = —|dt or, ——|—~= =—+¢ Oor ——— = —¢
&t & "[v3 m{ 2|:v2:|vl m vl2 v; m
R R 2 —
OI', n___ :—af or t = M
GM GM m 20GM
: : : . : M 2 GM
Alternatively, at any time ¢ let the orbital radius of the satellite be r. Then G 2m LA or, v =

r r r
The total energy of the satellite at this instant is E = kinetic energy + potential energy
1 » GMm  GMm 3 GMm GMm

= —mv -

r 2r r 2r
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The rate of change of energy with changing radius is Z,—E = G2 2m ..(d)
¥ 7
But the rate of work done by the force must also be equal to the rate of change of energy. Hence
2
aE =-F.vor, daE =o' = —a[%j
dt dt r
_, dE ﬂ__a(GMf (i)
dr dt r ..\11
From (i) and (ii) we can relate r and ¢
2
GMm GM
dr = - t dt = -
0 0‘[ p j d o 26M .o
t m R m
Integrating |df = - d or |t= n—1)R.
&t & J; 2GM.a nJ;e : 2aGM( )

R
24. A body is projected vertically upwards from the bottom of a crater of moon of depth 100 where R is

the radius of moon with a velocity equal to the escape velocity on the surface of moon. Calculate
maximum height attained by the body from the surface of the moon.

Soln.: BC is the crater of moon. B denotes bottom of crater.

R Aev,
Depth of crater = 100 ° Radius of moon = R, Speed of particle at B = v, l ! hi
R
_ 2GMm Imo
Escape velocity on surface of moon = v, Ve T TR BB
At highest point v, = 0 1/ Mass = M
Mechanical energy is conserved in the process.
1 2 Moon

Decrease in kinetic energy = 5B

Increase in PE = U, - U,

2
V,= Potentialat 4 = — —OM _ V= Potentialat B = — % 1L5R*- 05 (R - i)
(R+h) R 100
2 2 2

=_G1\3/[ 3R _(1)(991%) _ GA;[XR7[3_O'98] __GM 202

R | 2 2/ 100 R 2 R 2

Increasein PE = — iﬁfrz + GMm x (1.01)
Equate KE and PE.
1, GMm GMm x 1.01
—mvy = - +
2 (R+h) R
GMzGM[_ 1 +1.01} o 1_ 1 1ol or 1 _oor 1

R+h R R R+h R R+h R 100R

or 100R = R+h or h=99R

25. There are two fixed heavy masses of magnitude M of high density on x-axis at (d, 0, 0) and (-d, 0, 0).
A small mass m moves in a circle of radius R in the y-z plane between the heavy masses. Find the

speed of the small particle.
. . GMm
Soln.: Force of attraction between M and m is F =

R+ d? F F
By symmetry F_ components will cancel.
. The net force, which provides the centripetal force, R
is given by M \ } M
oF, = 2. GMm R 3 GMm | d d

X =2R
(R2 +d2) (R2 +d2)1/2 (R2 +d2)3/2
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9 9 1/2
mv” _op GMm . 2GMR
R (R2 +d2)3/2 (R2 +d2)3/2

26. Two satellite of same mass are launched in the same orbit around the earth so that they rotate opposite

Soln.: Potential energy of the satellite in its orbit = E—— = K.E.= =

to each other. If they collide elastically obtain the total energy of the system before and just after the
collision. Describe the subsequent motion of the wreckage.

GMm |U| GMm

2 2r
where m is mass of satellite, M the mass of the earth and r the orbital radius.

. L . GMm GMm GMm
Total energy of one satellite = kinetic energy + potential energy = - = -

2r r 2r
For two satellites, total energy E = _GMm

r
Let v' be the velocity after collision. By conservation of mementum mu, + mo, =0=(m+mp’ = v =0
The wreckage of mass (2m) has no kinetic energy, but it has only potential energy. So, energy after
. -GM(2m)
collision = ——

r
The wreckage falls down under gravity.

27.

A uniform sphere has a mass M and radius R. Find the gravitational pressure P inside the sphere,
as a function of the distance r from its centre.

Soln.: Consider a layer of thickness dr at a distance r from the centre of the sphere.

G(é nr3pj (4nr2drp)
Now force due to the layer dF = 4nridrp = (dP)4nr? = 3 5
r
(where r is the mean density of sphere) P
i >,
or, dP= G%np%dr s P= ngnpzrdr or P= G2?np2(R2 -r?)
t
3 {1—1"2/132}M2 3
:gGT [ p=M/4/3)nR"]

28.

What is the gravitational potential energy of a particle of mass m kept at a distance x from the centre
of a disc of mass M on its axis? The radius of the disc is R.

Soln.: The gravitational potential of the differential ring is given as dV = -G——

where dM = ng x 2nrdr = 2]1}431;(17" and r' =r?+ x>
T
= dV = —G(m‘g;dr)/\/rz +x2

= The potential due to the entire disc at the point P is given as

R R
2Gm rdr GM 2rdr
V=|dV =- = - -
I .([\/rz + o2 R2 .([ \/

R g
Let, r2 + x2 = ¢2 = 2rdr = 2tdt
GM  2tdt 2GM 2GM R 2GM
Vel et = Ve g Nl = VR ]

The gravitational potential energy of the system U =mV = -————

29.

Three uniform rods, each of mass M and length [ are connected to form an equilateral triangle in a
gravity free space. Another small body of mass m is kept at the centroid. Find the minimum velocity v
to be given to mass m so that it escapes the gravitational pull of the triangle.
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Soln.: The gravitational potential energy between the point mass m and the elementary segment is given

GMm dx
as dUz—Mz—G { dx}/\/a +x2 W

r
The total gravitational potentlal energy associated with the system

1/2
U =3fdvU = - (3GM’"j j _ GGMm{lnL\/m}
\/a +x2 o P .
- 8GMm 172+ a +(l/2)2|U 66Mm | |1 P
l l T
1/2
1 12GM 2 2 ~ N
For minimum velocity |U|=§mu2 v:{T.ln ﬂ } RS i
a

1/2
Putting a = 2\/7 V= {12(;M In(2 + \/g)}

30. A missile is launched at an angle of 60° to the vertical with a velocity ,/0.75gR from the surface of
the earth (R is the radius of the earth). Find its maximum height from the surface of earth. (Neglect
air resistance and rotation of earth.)

Soln.: From conservation of mechanical energy
1 o GMm 1 5 GMm
S =My ——
2 R 2 R+h

Also from conservation of angular momentum

myvR sin 60° =mvR+h) ... (i)

[3GM
Solving (i) and (ii) and putting vy = R’ Ve get h~0.25 R (Approx.)

31. A satellite of mass 2 x 10® kg has to be shifted from an orbit of radius 2R to another orbit of radius 3R,
where R is the radius of earth, Calculate the minimum energy required. [R = 6400 km and g = 10 m/s%]

1GM
Soln.: Total mechanical energy of a satellite in a circular orbit of radius r = -3 GMm
r
. .. 1GMm ) ., _ 1GMm
E. = energy in first orbit = 9 9R E, = energy in second orbit = 9 3R
1GM GM R?
AE, energy (minimum) required = Ey — E; = 3 Rm(; —%) = AE = 121;” HER (GM = ng)
= AE= ”ER =1.067x10"° J

32. An artificial satellite (mass m) of a planet (mass M) revolves in a circular orbit whose radius is n times
the radius R of the planet. In the process of motion, the satellite experiences a slight resistance due
to cosmic dust. Assuming the force of resistance on satellite to depend on velocity as F' = —av? where
a is a constant, calculate how long the satellite will stay iln the orbit before it falls onto the planet’s
surface.

IGM
Soln.: Air resistance F' = —av?, where orbital velocity v = T; r = the distance of the satellite from
GMa

planet’s center. = F = - .
The work done by the resistance force dW = F - dx = [Fvdt]

3/2
_ {GMa \/@dt} _ {%dt} ....... @)
r r r

ﬁ_i{_GMm}_ GMm
dr dr 2r 2r?

= The loss of energy of the satellite = dE
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GMm

dE = 22 dr . (i)
Since dE = -dW  (work energy theorem)
P
_GMm , _ GM)*a - t:_Ljﬂ IR VR
o2 T A 2a/GM I Nr aJGM a\/gR

33. Two satellites A and B, of equal mass, move in the equatorial plane of earth close to the earth’s surface.
Satellite A moves in the same direction as that of the rotation of the earth while satellite B moves in
the opposite direction. Determine the ratio of the kinetic energy of B to that of A in the reference frame
fixed to earth.

GM

Soln.: The orbital speed of a satellite very close to earth =v, = R N8R

2
The peripheral speed of earth =v, = Ro, = %R
= The velocities of the satellites relative to garth are given by

=V, Z%R-F goR and v, :1/gOR—%R

e e
Positive and negative sign are for the satellites orbiting form east to west to east repectively because

earth rotates from west to east
2
1, s [2"R+ R
KEl *mvrl { vr j (Te gO

_2 t_|n

KE, 1 o |v, 2n ?
2 va'“z r (_TR+ goRj

e

KE,
KE,

=1.265

Putting R = 6.4 x 10°m, g, = 9.8 m/sec® and T, = 86400 sec, =
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One Correct Option

A body is taken from the surface of the earth to
the moon. What will be the change in the weight
of the body?
(a) increase
(c) remains same
(d) first decrease and then increase.

(b) decrease

Newton’s law of gravitation is valid for
(a) small bodies only

(b) planets only

(c) both small and big bodies

(d) only valid for solar system

When astronauts returned from the moon they

had to live for some days in a caravan with the

air pressure inside lower than that outside. The

reason for this is that

(@) it is easier to move about

(b) the men have to get used to earth

(c) they need to get used to normal air pressure
gradually

(d) none of the above

The orbital velocity of a body in an orbit of radius
R from the center of the earth is

(@) 0 W |GM
R
(©) 2GTM (d) none of these
A planet has 2" times the radius of the earth.

The escape velocity of a body on the planet will
be (mass of planet is equal to that of earth.)
(a) same as earth  (b) higher than earth

(c) lower than earth (d) cannot be determined

The acceleration due to gravity on a satellite is
1.96 m/s?, while on the earth it is 9.80 m/s?. If
the jumping from a height of 5 m is safe at the
earth, then jumping from what height will be
safe at that satellite?
(@ 2.5m

() 5m

(b) 25 m
(d) 50 m

Four particles of mass m are kept at the corners
of a square of side a. What will be the total force
on any particle?
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EXERCISE

10.

11.

12.

2 2
(@) Y20m b) (1 +2)"
a a
2
() M (d) none of these

2a
What is the maximum height reached by a rocket
fired with speed equal to 80% of escape velocity
from earth’s surface?

16 16
—R 2
(@) 25 (b) 9R
9 15
Z —R
(c) 16R d) 2

A planet of mass m moves along an ellipse around
the sun so that its maximum and minimum
distance from the sun are equal to r; and r,
respectively. The angular momentum M of this
planet relative to the centre of the sun is

( a) GMv 1’13 (b) W—V% X m
nn \ it
2Gmrr,
() 1/ (d) none of these
ntr,

A satellite S is moving in an elliptical orbit around
the earth. The mass of the satellite is very small
compared to the mass of the earth.

(a) The acceleration of S is always directed
towards the centre of the earth.

(b) The angular momentum of S about the centre
of the earth changes in direction but its
magnitude remains constant.

(c) The total mechanical energy of S varies
periodically with time.

(d) The linear momentum of S remains constant
in magnitude.

A man is in a satellite which is at a distance of
2000 km from the surface of the earth. The man
has to be thrown out so that he can escape the
earth completely. With what velocity should he

f 2GM
®) R +2000
GM

1
d 30

be thrown out?

2GM
(@) ,{T

© | OM -
R +2000 5
A body has to be placed in an orbit of height H
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13.

14.

15.

16.

17.

from the surface of the earth. The body should
be projected with a velocity of

GM GM
(@ YT (b) "
GM
h
(c) greater than R
(d) lesser than oM
R+H

What amount of energy is required to dislodge
a part of the earth with mass 25% mass of the
earth, so that it can form a satellite of earth
orbiting at a radius of 10000 km from the earth’s
centre?

(a) 1.8302 x 10®2J  (b) 2.232 x 10%2J

() 1.532x10%2J (d) 0.4067 x 1032 J

The total gravitational potential energy of a
spherical shell of inner radius r and outer radius
R and mass m is

@ - 3Gm* {RS—rS_ﬁ(RZ—rZ)}
3

(R =) 5 2
36m? RS =3 i (R> =2
O ®w A s 2
(¢) zero (d) none of these

A solid sphere has a mass of 1 kg and radius of
1 m. What is the gravitational potential at the
center of the sphere?
(a) 4G

(c) —3G/2

(b) —4G
d 3G

Two massive particles of masses M and m
(M > m) are separated by a distance [. They
rotate with equal angular velocity under their
gravitational attraction. The linear speed of the

particle of mass m is
[ GMm / GM*
@ (M +m)l ®) (M +m)l
Gm Gm®

l @ \ (M +m)

© =
A particle is projected from the mid-point of the
line joining two fixed particles each of mass m.
If the separation between the fixed particles is
[, the minimum velocity of projection of the
particle so as to escape is equal to

Gm

Gm
! b\

@ +[——
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18.

19.

20.

21.

22,

23.

24,

2G 2G
© Tm @ 2 /Tm

A projectile is launched from the surface of the
earth with a very high speed v at an angle 6 with
vertical. What is its velocity when it is at the
farthest distance from the earth surface? Given
that the maximum height reached by the
projectile is equal to the height reached when it
is launched perpendicular to earth with a velocity

Gm
/R.

vcos 0 vsin 0
(a) B ) B
GM GM
() SR d) SR

The fractional change in the value of free-fall
acceleration g for a particle when it is lifted
from the surface to an elevation A(h << R) is
(@ h/R (b) —(2h/R)

(¢ 2h/R (d) none of these

If the change in the value of g at a height A
above the surface of the earth is the same as at
a depth x below it, then (both x and % being
much smaller than the radius of the earth) :
(@ x=nh () x =2h

() x=(1/2)h d) x =h?

The mean radius of the earth is R, its angular
speed about its own axis is w and the acceleration
due to gravity at the earth surface is g. The cube
of radius of orbit of geostationary satellite will
be

(a) (R%g/w)
() (Rg/w?)

A particle hanging from a spring stretches it by
1 cm at earth’s surface. Radius of earth is
6400 km. At a place 800 km above the earth’s surface,
the same particle will stretch the spring by

(@ 1cm (b) 8 cm

(¢) 0.1 cm (d 0.79 cm

(b) (R*w/g)
d) (R%g/w?)

A satellite goes along an elliptical path around
earth. The rate of change of arc length a swept
by the satellite is proportional to

(@ r (b) r?

(c) r2 d rt

A planet has twice the density of earth, but the
acceleration due to gravity on its surface is
exactly the same as on the surface of earth, its
radius in terms of radius of earth R will be
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25.

26.

27.

28.

29.

30.

(a) R/4
(¢) R/3

(b) R/2
d) R/8

Two particles of mass M and m are initially at
rest and infinitely separated. When they move
towards each other due to gravitational
attraction, their relative velocity at any instant
in terms of d distance between them at that
instant is

2Gd \"* 2G(M + m)T’2
E-D e
2G(M +m) 2Gd
(c) —a d) Mrm

The weight of a body on earth is denoted by W
and the acceleration due to gravity isg. Newton’s

second law can be written as F = Ea. The

8
acceleration due to gravity on the moon is g;.
What is the expression for Newton’s law on the
moon?

w w
F=—a F=—ga
(@) g ) g &1

w w
F=—a F=—ga

() P )] g,

The orbital velocity of an artificial satellite in
a circular orbit just above earth’s surface is
vo. For a satellite orbiting in acircular orbit at
an altitude of half of earth’s radius is

3 2
() \/% Vo (b) \/; Yo
3 2
(c) PAC d 3%

The dimensional formula for gravitational
constant is

(a) [ML3T?]
(¢) [ML2T%]

(b) [MPLT
d [MLPT]

The force between a hollow

sphere and a point mass at P

inside it as shown in the

figure

(a) is attractive and constant

(b) is attractive and depends on the position of
the point with respect to centre C.

(c) is zero

(d) is repulsive and constant.

A body of mass m is moved to a height equal to
the radius of the earth R. The increase in its
potential energy is
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31.

32.

33.

34.

35.

36.

37.

38.

() 2mgR
1
(d) 1 mgR

(a) mgR
(© %ng

A binary star system consists of two stars. One
star has twice the mass of the other. The star
rotates about their common centre of mass

(a) Star having the smaller mass has twice
angular momentum compared to heavier star
Both stars have same angular momentum
about centre of mass

Both stars have same linear speed

Both the stars have same kinetic energy

(b)

(c)
(d)

The escape velocity of a particle of mass m varies
as

(@) m?
() m°

(b) m
d) m

A spherical shell is cut into two
pieces along a chord as shown

in figure. For points P and @ ——
(a) Ep > E,

(b) E» > E,

(c) Ep=E,=0 d Ep=E4#0

The period of rotation of the earth so as to make
any object weight-less on its equator is
(r=6.4 x10°m, g = 9.8 m/s?

(a) 84 min (b) 74 minutes

(¢) 64 minutes (d) 54 minutes

The gravitational field due to a mass distribution
is given by I = (A/x3) in X-direction. The
gravitational potential at a distance x is equal to
(@) —A/x? (b) —A/2x?

() —Alx* (d) A/2x?

Three particles, each of mass m, are placed at

the corners of an equilateral triangle of side d.
The potential energy of the system is

3Gm? Gm?
(@) d ) p
: 2
() 3(0};” (d) none of these

The energy required to remove a body of mass
m from earth’s surface to far away is equal to
(a) 2mgR (b) mgR
() —mgR (d) zero

The energy required to shift a satellite from
orbital radius r to orbital radius 2r is E. What
energy will be required to shift the satellite from
orbital radius 2r to orbital radius 3r?

(@ E (b) E/2
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39.

(c) E/3 (d E/4

A person brings a mass of 1 kg from infinity to
a point A. Initially the mass was at rest but it
moves at a speed of 2 m/s as it reaches A. The
work done by the person on th mass is -3 J. The
potential at infinity is —10 J. The potential at A
is

(@ 84J
(© 2J

(b) 10d
d 5J

The density inside an isolated large solid sphere
of radius a = 4 km is given by p = p, a/r where
Py is the density at the surface and equals to
10° kg/m? and r denotes the distance from the
centre. The gravitational field in m/s? due to
this sphere at a distance 2a¢ from its centre is
(Take G = 6.65 x 107!t Nm?kg?)

(a) 418 m/s? (b) 382 m/s?
(c) 258 m/s? (d) 948 m/s?
More than

One Correct Option

A planet is revolving round the sun in an elliptical
orbit. The work done on the planet by the
gravitational force of sun is zero

(a) in some parts of the orbit

(b) in any part of the orbit

(c) in no part of the orbit

(d) in one complete revolution

Two objects of masses m and 4m are at rest at
an infinite separation. They move towards each
other under mutual gravitational attraction. If
G is the universal gravitational constant. Then
at separation r

(a) the total energy of the two objects is zero
(b) their relative velocity of approach is

(IOGm
r
(c) the total kinetic energy of the objects is

4Gm?>

r
(d) net angular momentum of both the particles

is zero about any point

1/2
) in magnitude

Let V and E be the gravitational potential and

gravitational field. Then select the correct

alternative(s)

(a) The plot of E against r (distance from centre)
is discontinuous for a spherical shell

(b) The plot of V against r is continuous for a
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spherical shell

(c) The plot of E against r is discontinuous for
a solid sphere

(d) The plot of V against r is continuous for a
solid sphere

In elliptical orbit of a planet

(a) angular momentum about centre of sun is
constant

(b) potential energy is constant

(c) kinetic energy is constant

(d) total mechanical energy is constant

For a satellite revolving in circular orbit suppose
V, is the orbital speed, T its time period, U its
potential energy and K the kinetic energy. Now
value of G is decreased. Then

(@ V,will decrease (b) T will decrease

(¢) U will decrease (d) K will decrease

Due to a solid sphere magnitude of :

(a) gravitational potential is maximum at centre

(b) gravitational potential is constant

(c) kinetic energy is constant

(d) total mechanical energy is constant

A spring of spring constant % is fixed to the ceiling

of a lift. The other end of the spring is attached

to block hangs in equilibrium. Now the lift starts

accelerating downwards with an acceleration 2g.

[Assume the length of the spring to be large and

its mass negligible]. Now,

(@) theblock would not perform simple harmonic
motion and would stick to the ceiling.

(b) the block performs SHM with time period

T = 2n\/z.
k

(c) the minimim energy of the spring block
system during the motion of the block would
be zero

(d) the block performs simple harmonic motion

2mg

PR
Consider two satellites A

and B of equal mass m, :

moving in same circular A ir B

orbit about earth, but in

opposite sense as shown in
figure.

The orbital radius is r.

The satellites undergo a collision which is

perfectly inelastic. For this situation, mark out

the correct statement(s). [Take mass of earth as M].

(a) The total energy of the two satellites plus

with amplitude
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10.

: .. . GMm
earth system just before collision is — —
(b) The total energy of the two satellites plus
earth system just before collision is
—2GMm
—
(c) The total energy of the two satellites plus
-GMm

earth system just before collision is or "

(d) The combined mass (two satellites) will fall
towards the earth just after collision.

For two satellites at distance R and 7R above

the earth’s surface, the ratio of their

(a) total energies is 4 and potential and kinetic
energies is 2

(b) potential energies is 4

(c) kinetic energies is 4

(d) total energies is 4

Ifboth the mass and radius of the earth decrease

by 1%, the value of

(a) acceleration due to gravity would decrease
by nearly 1%

(b) acceleration due to gravity would increase
by 1%

(c) escape velocity from the earth’s surface
would decrease by 1%

(d) the gravitational potential energy of a body
on earth’s surface remain unchanged

Reason

Each question contains Statement-1 (Assertion) and
Statement-2 (Reason). Of these Statements, mark
correct choice if

(@)
®)

(c)
d)

Statements-1 and 2 are true and Statement-2
is a correct explanation for Statement-1
Statements-1 and 2 are true and Statement-2 is
not a correct explanation for Statement-1
Statement-1 is true, Statement-2 is false
Statement-1 is false, Statement-2 is true.

Statement-1 : Smaller the orbit of the planet
around the sun, shorter is the time it takes to
complete one revolution.

Statement-2 : According to Kepler’s third law
of planetary motion, square of time period is
proportional to cube of mean distance from sun.

Statement-1 : The value of acceleration due to
gravity does not depend upon mass of the body.
Statement-2 : Acceleration due to gravity is
a constant quantity.
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10.

11.

12.

13

Statement-1 : The difference in the value of
acceleration due to gravity at pole and equator
is proportional to square of angular velocity of
earth.

Statement-2 : The value of acceleration due
to gravity is minimum at the equator and
maximum at the pole.

Statement-1 : There is no effect of rotation of
earth on acceleration due to gravity at poles.
Statement-2 : Rotation of earth is about polar
axis.

Statement-1 : Gravitational potential of earth
at every place on it is negative.

Statement-2 : Every body on earth is bound
by the attraction of earth.

Statement-1 : A planet moves faster, when it
is closer to the sun in its orbit and vice versa.
Statement-2 : Orbit velocity in orbit of planet
is constant.

Statement-1:The time period of geostationary
satellite is 24 hours.

Statement-2 : Geostationary satellite must
have the same time period as the time taken
by the earth to complete one revolution about
its axis.

Statement-1: When distance between two bodies
isdoubled and also mass of each body is doubled,
gravitational force between them remains the
same.

Statement-2 : According to Newton’s law of
gravitation, force is directly proportional to
masses of bodies and inversely proportional to
square of distance between them.

Statement-1: Abody becomes weightless at the
centre of earth.

Statement-2 : As the distance from centre of
earth decreases, acceleration due to gravity
increases.

Statement-1 : Space rockets are usually
launched in the equatorial line from west to east.
Statement-2: The acceleration due to gravity
is minimum at the equator.

Statement-1: The binding energy of a satellite
depends upon the mass of the satellite.
Statement-2: Binding energy is the negative
value of total energy of satellite.
Statement-1 : We can not move even a finger
without disturbing all the stars.

Statement-2 : Every body in this universe
attracts every other body with a force which
is inversely proportional to the square of
distance between them.

Statement-1 : The speed of satellite always
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remains constant in an orbit.
Statement-2 : The speed of a satellite depends
on its path.

14. Statement-1 : Gravitational field intensity is
zero both at centre and infinity.

Statement-2 : The dimensions of gravitational
field intensity is [LT2].

15. Statement-1 : The square of the period of
revolution of a planet is proportional to the cube
of its distance from the sun.

Statement-2 : Sun’s gravitational field is
inversely proportional to the square of its
distance from the planet.

PASSAGE 1: A thin rigid rod of length 4R and a
sphere of equal mass M and radius R are located
in a relative position as shown in the diagram.
The centre of the sphere
being at a distance of 2R
from the centre of the rod
on its perpendicular bisector.
Assume that the system of
rod and sphere is in gravity
free space.

Comprehension

4R

1. Which of the following best explains the mass

density of rod?
(a) Linear (b) Surface
(¢) Volume (d) all of the above

2. Let O represents the centre of sphere and A be
the centre of the rod. A small element of rod at
P makes an angle ZAOP = 6. The mass of this

element is

(b) M cos?0 - dO
(d) 3M tan® - do

() %sec2 0 do
() 2M sinb - dO
3. The force on the sphere by the rod is

GM?* GM?
(a) 2 (b) B

4V2R 4R

2
(©) R (d) none of these.
4. The acceleration of the sphere relative to the

rod is

_GM GM
(a) 4J2R? (b) 2J2R?

GM GM
(©) LR d R?

5. The rod and sphere collide at a point, which is
34 | Gravitation

(@ at left of rod (b) at right of sphere
(c) at centre of mass of rod + sphere
(d) none of these

PASSAGE 2: Earth satellite : Abody moving in an
orbit around the earth is called earth’s satellite.
The moon is the natural satellite of the earth. The
first artificial (or man-made) satellite was put into
earth’s orbit in 1956. Artificial satellites are put into
orbit at an altitude of a few hundred kilometres.
The satellite is carried in a rocket which is launched
from the earth with a velocity greater than the escape
velocity. The escape velocity is the velocity with
which a body must be projected in order that it may
escape the gravitational pull of the earth. When the
rocket has achieved the desired height, the satellite
is released horizontally by imparting to it a very
high speed so that it remains moving in a nearly
circular orbit around the earth. This velocity is called
the orbital velocity which is about 8 km s! for a satellite
a few hundred kilometers above the earth.

1. The escape velocity of a rocket fired from the
earth depends upon
(a) the mass of the rocket
(b) the volume of the fuel in the rocket
(c) the acceleration due to the gravity of the
earth
(d) the direction in which the rocket is fired

2. The centripetal force necessary to keep a
satellite in a circular orbit around the earth is
provide by
(a) a continuous ejection of hot gases by the
satellite.

(b) the gravitational attraction between the
earth and satellite

(c) the gravitational pull of the sun exerted on
the satellite

(d) the weightlessness of the satellite

3. Asatellite of mass m is in a stable circular orbit
around the earth at an altitude of about
100 kilometers. If M is the mass of the earth, R
its radius and g the acceleration due to gravity,
the time period T of the revolution of the satellite

is given by
8
=2m, | =
(b) 1 n,/ R

(@ T=2r \/E
g
© T =21 |28
mg
4. An artificial satellite is orbiting the earth at an
altitude of 500 km. A bomb is released from the
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satellite. This bomb will

(a) explode due to the heat generated by the
friction of air

(b) fall freely on the earth

(c) escape into outer space

(d) orbit the earth along with the satellite

PASSAGE 3: Two stars bound together by gravity
orbit each other because of their mutual attraction.
Such a pair of stars is referred to as a binary star
system. One type of binary system is that of a black
hole and a companion star.The black hole is a star
that has collapsed on itself and is so massive that
not even light rays can escape its gravitational pull.
Therefore, when describing the relative motion of a
black hole can be assumed negligible compared to
that of the companion.
The orbit of the companion star is either elliptical
with the black hole at one of the foci or circular with
the black hole at the centre. The gravitational
potential energy is given by U = -GmM/r, where G
is the universal gravitational constant, m is the mass
of the companion star, M is the mass of the block
hole, and r is the distance between the center of the
companion star and the center of the black hole.
Since the gravitational force is conservative the
companion stars total mechanical energy is a
constant. Because of the periodic nature of the orbit,
there is a simple relation between the average
kinetic energy < K > of the companion star and
its average potential energy < U >. In particular,
<K>=-<U/2 >
Two special points along the orbit are singled out by
astronomers. Perigee is the point at which the
companion star is closest to the black hole, and
apogee is the point at which it is farthest from the
black hole.
1. For circular orbits the potential energy of the
companion star is constant throughout the orbit.
If the radius of the orbit doubles, what is the
new value of the velocity of the companion star?
(@ It is 1/2 of the old value

(b) Itis 1/./2 of the old value

(¢) It is the same as old value
(d) It is double the old value

2. Which of the following prevents the companion
star from leaving its orbit and falling into the
black hole?

(a) The centripetal force
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(b) The gravitational force
(¢) The companion star’s potential energy
(d) The companion star’s kinetic energy

PASSAGE 4 : An unmanned satellite A and a space-
craft B are orbiting around the earth in same circular
orbit as shown. The space-craft is ahead of satellite
by some time. Let us consider that some technical
problem has come in the satellite and astronaut
from B has to make it correct. For this to be done
docking

of two (A and B) is required ( in
layman terms connecting A and
B). To achieve this, rockets of A
has been fired in forward direction
and docking takes place

as shown in figure below.

A fbicl(ets fired A_B
B /. \
B
S
New orbit of A NRockets retro fired Docking over

Take Mass of earth = 5.98 x 10%* kg

Radius of earth = 6400 km

Orbital radius = 9600 km

Mass of satellite, A = 320 kg

Mass of space-craft = 3200 kg

Assume that initially space-craft B leads satellite A
by 100 s i.e., A arrives at any particular position
after 100 s of B’s arrival. Based on above information

answer the following questions :

1. Todock A and B in the above described situation,
one can use the rocket system of either one i.e.,
either of A or of B. To accomplish docking in
minimum possible time which is the best way?
(a) To use rocket system of A
(b) To use rocket system of B
(c) Either (a) or (b)

(d) Information insufficient

2. The initial total energy and time period of
satellite are respectively,
(a) —6.65 x 1010 J, 9358 s
() —6.65 x 10° J, 9358 s
(¢) —6.65 x 1010 J, 9140 s
(d) —6.65 x 10° J, 9140 s

3. After once returning to the original point i.e.,
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the place from where rockets have been fired,
in which direction and with what extent the
rockets have to be fired from satellite to again
comeback in the original orbit?

(@) forward direction with same extent

() backward direction with same extent

(c) forward direction with higher extent

(d) backward direction with higher extent

4. Is the docking done by this much power is
proper? If not, then which of the following can
cause the proper docking?

(a) no, rocket has to be fired with greater extent

(b) yes, no measure has to be adopted

(¢) no, rocket has to be fired in backward
direction

(d) no, rocket has to be fired with lesser extent

PASSAGE 5 : The satellites when launched from
earth are not given the orbital velocity initially, in
practice, a multi-stage rocket propeller carries the
space-craft upto its orbit and during each stage rocket
has been fired to increase the velocity to acquire the
desired velocity for a particular orbit. The last stage
of the rocket brings the satellite in circular/elliptical
(desired) orbit.

Consider a satellite of mass 150 kg in low circular
orbit, in this orbit, we can’t neglect the effect of air
drag. This air drag opposes the motion of satellite
and hence total mechanical energy of earth-satellite
system decreases means total energy becomes more
negative and hence orbital radius decreases which
causes the increase in kinetic energy. When the
satellite comes in enough low orbit, the excessive
thermal energy generation due to air friction may
cause the satellite to burn up. Based on above
information, answer the following questions.

1. What is the reason that during launching of
satellite, while crossing the atmosphere it
doesn’t get burnt, but while falling down towards
earth or if orbiting in lower orbit, it gets burnt
up?

(a) while going up air friction force doesn’t come
into existence

(b) while going up satellite is with launching
vehicle whose speed is controllable

(c) while going up space-craft is protecting the
satellite from air friction by itself getting
burned

(d) none of these

2. What would be the motion of satellite if air drag
has to be considered
() moves with uniform speed in the launching
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orbit

(b) orbital radius decreases continuously as a
result moves with non-uniform velocity in
elliptical orbit

(c) orbital radius decreases continuously and
hence collapses with earth after some time
in random manner and there is equal chance
of burning up the satellite due to air friction
also

(d moves with non-uniform speed in the
launching orbit

3. It has been mentioned in passage that as r
decreases, E decreases but K increases. The
increases in K is [E = Total mechanical energy,
r = orbital radius, K = kinetic energy] is
(@) due to increase in gravitational potential
energy

(b) due to decrease in gravitational potential
energy

(c) due to work done by air friction force

(d) both (b) and (c)

4, If due to air drag, the orbital radius of earth
decreases from R to R — AR, AR << R, then the
expression for increase in orbital velocity Av is

AR |GM AR |GM
@ g b) ==\ &
GM GM

(c) AR R d -AR 2

1. ColumnI Column II

. GmM
(A) Potential en'ergy P) 2R+ 1)
of the satellite GIM
(B) Kinetic energy (&) )
of the satellite
) . GmM
(C) Orbital velocity ®R - R+h
of the satellite
(D) Escape velocity S %

of the satellite

2. Four identical satellites are orbiting in four
elliptical orbits having same semi-major axis
but different eccentricities. In Column I some
quantities associated with four orbits are given
and in Column II the words which can give the
information about

JEE Advanced | PHYSICS KX



A)

®)

©)

D)

A)

®)

©)

D)

A)

®)

©)

D)

A)

®)

physical quantities
mentioned in Column
I. Match the entries of
Column I with the
entries of Column II.

ColumnI Column II

Total energy of all (P) Same
four orbits

Speed of satellite (Q Different
in all four orbits

Velocity of satellite (R) Constant
in all four orbits

Angular momentum  (S) Varying
of satellites about

centre of earth in

all four orbits

An artificial satellite is in circular orbit around
the earth. One of the rockets of the satellite is
momentarily fired, the direction of firing of
rocket is mentioned in Column I and
corresponding change(s) are given in Column II.
Match the entries of Column I with the entries
of Column II

Column I Column II
Towards the earth’s  (P) Orbit changes and
centre becomes elliptical

Away from the earth’s (Q) Orbit plane changes

centre

At right angle to the (R) Semi-major axis of

plane of orbit orbit increases

In forward direction  (S) Energy of earth-
satellite system

increases
Column I Column II
Elliptical orbit (P) Kinetic energy
of planet conservation
Circular orbit (Q Angular momentum
of satellite conservation
Escape velocity (R) Independent of mass
of particle/satellite

GM

Orbital velocity () R

On the surface of earth acceleration due to
gravity is g and gravitational potential is V.
Match the following :

Column I Column II
At height 2 = R, (P) decreases by a factor 1/4
value of g

At depth & = R/2, (Q) decreases by a factor 1/2
value of g
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(C) At height h =R, (R) increases by a factor 11/8
value of V
(S) increases by a factor 2
(T) none

In this section the answer to each of the
questionsis a single-digit integer, ranging from
0 to 9. If the correct answers to question
numbers X, Y, Z and W (say) are 6, 0, 9 and 2,
respectively, then the correct darkening of
bubbles will look like the following.

XY Z W

001010,
©0I0I0]

1. Three particles, each of mass m, are placed at
the vertices of an equilateral triangle of side a.
Find the gravitational field intensity at the
centroid of the triangle.

2. Find the ratio of the kinetic energy required to
be given to the satellite to escape earth’s
gravitational field to the kinetic energy required
to be given so that the satellite moves in circular
orbit just above earth’s atmosphere.

3. The potential energy of a satellite having mass
m and rotating at a height of 6.4 x 10° m from

the earth’s surface is — ngR Find the value of
n. (Given R = 6.4 x 10° m):

4. A body is projected vertically upwards with a
velocity equal to one-third of the escape velocity.
The maximum height attained by the body is
h = R/x. Find the value of x.

5. Ifaparticleis fired vertically upwards from the
surface of earth and reaches a height of
6400 km, calculate the initial velocity of the
particle. (Assume R = 6400 km and g = 10 ms™2)

6. The ratio of the energy required to raise a
satellite up to a height 4 above the earth to the
kinetic energy of the satellite into the orbit there
isxh/R. Find the value of x. (R = radius of earth)

7. The point of suspension of a simple pendulum,
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10.

11.

12.

13.

with normal time period 7', is moving vertically
upwards according to equation: y = kt®, where
k =1 m/s. If new time period is T, then find
the value of T22 .

If a satellite is stopped suddenly in its orbit and
allowed to fall freely onto the earth. Find the
speed with which it hits the surface of the earth.

The gravitational field in a region is given by
E =(2i +3))N/kg. No work is done by the

gravitational field when a particle is moved on
the line 3y + kx = 5. Find the value of &.

A star suddenly shrinks and its density becomes
10° times the original value. The value of
acceleration due to gravity on its surface will
increase by a factor of 10" g. What is the value
of n?

Two satellites are orbiting around the earth in
circular orbits of the same radius. The mass of
satellite A is five times greater than the mass
of satellite B. Find the ratio of periods of
revolution.

Two particles of equal mass m go round a circle
of radius R under the action of their mutual
gravitational attraction. The speed of each

| /GM .
particle is oA WR Find the value of nn.

Two balls A and B are thrown vertically upwards

14.

15.

16.

from the same location on the surface of the

f R /2 R
earth with velocities 2 g?and %

respectively, where R is the radius of the earth
and g is the acceleration due to gravity on the
surface of the earth. Determine the ratio of the
maximum height attained by A to that attained
by B.

Two bodies of masses M, = m and M, = 4m are
placed at a distance r. The gravitational
potential at a point on the line joining them

where the gravitational field is zero is —nGm .

r
Find the value of n.
The distance between the centres of the earth
and the moon is d. The mass of the earth is 81

d
times that of the moon. 5n is the distance from

the centre of the moon on the line joining the
centres of the earth and the moon where the
weight of a body zero. Find the value of .

Find the height of the point vertically above the
earth’s surface at which the acceleration due to
gravity becomes 1% of its value at the surface
(R is the radius of the earth).
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MCQs : One Correct Option |

=

N

&

A simple pendulum has a time period 7; when
on the earth’s surface, and T, when taken to a
height R above the earth’s surface, where R is
the radius of the earth. The value of T,/ T is
(@ 1 (b) 2

(c) 4 d 2. (2001)

A geo-stationary satellite orbits around the earth
in a circular orbit of radius 36,000 km. Then,
the time period of a spy satellite orbiting a few
hundred km above the earth’s surface (R,u.th =

6,400 km) will approximately be
(a) (1/2) hr (b) 1 hr

(¢) 2 hr (d) 4 hr (2002)

A binary star system consists of two stars A and
B which have time periods T, and Tz, radii R,
and Rz and masses M, and M. Then

(a)if Ty > Ty then Ry > Rjp

(b) if Ty > Tz then M, > Mp

L) _(RY
(C) TB - RB (d) TA = TB.

A spherically symmetric gravitational system

(2006)

pO fOr r<R

0 for r>R
where p,is a constant. A test mass can undergo

of particles has a mass density p = {

circular motion under the influence of the
gravitational field of particles. Its speed Vas a
function of distance r (0 < r < =) from the
centre of the system is represented by

V ———— V
(a) (b)
R r R r
V V
©) \\ @
R r R r

(2008)
A thin uniform annular disc (see figure) of mass
M has outer radius 4R and inner radius 3R. The
work required to take a unit mass from point P
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QUESTIONS FROM PREVIOUS YEARS IIT-JEE/JEE Advanced

on its axis to infinity is

2GM

W (4\/§ -5) Pe

(@)

-

4R

26GM
—-——(4v2-5
= (432 - 5) N

3K
GM
4R

2GM

@ Sm(2-1
A satellite is moving with a constant speed V
in a circular orbit about the earth. An object
of mass m is ejected from the satellite such
that it just escapes from the gravitational pull
of the earth. At the time of its ejection, the
kinetic energy of the object is

(b)

W

(c)

(2010)

(@) %sz (b) mV?

© %mv2 ) 2mV? 2011)

1 .
A planet of radius R = 10" (radius of Earth) has

the same mass density as Earth. Scientists dig

R
a well of depth 5 on it and lower a wire of

the same length and of linear mass density
102 kg m! into it. If the wire is not touching
anywhere, the force applied at the top of the
wire by a person holding it in place is (take
the radius of Earth = 6 x 10° m and
the acceleration due to gravity on Earth
is 10 m s72).

(a) 96 N (b) 108 N
(¢ 120N d 150N
(JEE Advanced 2014)

MCQs : More Than One Correct Option

Two spherical planets P and @ have the same
uniform density p, masses M, and M,, and
surface areas A and 4A, respectively. A
spherical planet R also has uniform density p
and its mass is (Mp + M ). The escape velocities
from the planets P, @ and R are Vp, V,, and
V5, respectively. Then

(a) VQ>VR>VP (b) VR>VQ>VP

Vp

Ve 1
© v, = 3 @ v,"> (2012)
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Two bodies, each of mass M, are kept fixed
with a separation 2L. A particle of mass m is
projected from the midpoint of the line joining
their centres, perpendicular to the line. The
gravitational constant is G. The correct
statement(s) is (are)
(@) The minimum initial velocity of the mass m
to escape the gravitational field of the two

bodies is 4,/% .

(b) The minimum initial velocity of the mass m
to escape the gravitational field of the two
bodies is 24/% .

(¢) The minimum initial velocity of the mass m
to escape the gravitational field of the two

bodies is

(d) The energy of the mass m remains constant.
(JEE Advanced 2013)

Assertion and Reason

Each question contains Statement-1 (Assertion) and
Statement-2 (Reason). Of these Statements, mark
correct choice if

(@)
®)

(c)
d)

10.

Statements-1 and 2 are true and Statement-2
is a correct explanation for Statement-1
Statements-1 and 2 are true and Statement-2 is
not a correct explanation for Statement-1
Statement-1 is true, Statement-2 is false
Statement-1 is false, Statement-2 is true.

Statement-1 : An astronaut in an orbiting
space station above the Earth experiences
weightlessness.

Statement-2: An object moving around the
Earth under the influence of Earth’s
gravitational force is in a state of free-fall.

(2008)

| Integer Type Questions
In thi 4 XY ZW
n L:S' sec 'Lon ar?swer t? e'acl'L of the 0006
questions is a single digit integer, DODD
ranging from 0 to 9. If the correct Q0O
answers to question numbers X, Y, ©OO©)
@DO®
Z and W (say) are 6, 0, 9 and 2 6161616)
respectively, then the correct ®®G®
; ; ; 00100,
darkenmg of bubbles will look like
the following @O0

11.

12.

13.

14.

Gravitational acceleration on the surface of a

6
planet is Eg where g is the gravitational

acceleration on the surface of the earth. The

2
average mass density of the planet is 3 times

that of the earth. If the escape speed on the
surface of the earth is taken to be 11 km s7%, the

escape speed on the surface of the planet in
km s! will be (2010)

A binary star consists of two stars A(mass 2.2M)
and B(mass 11M,), where M, is the mass of the
sun. They are separated by distance d and are
rotating about their centre of mass, which is
stationary. The ratio of the total angular
momentum of the binary star to the angular
momentum of star B about the centre of mass
is

(2010)
A bullet is fired vertically upwards with velocity
v from the surface of a spherical planet. When
it reaches its maximum height, its acceleration
due to the planet’s gravity is 1/4t" of its value
at the surface of the planet. If the escape

velocity from the planet is v, =v+/N, then

the value of N is (ignore energy loss due to
atmosphere)

(JEE Advanced 2015)
A large spherical mass M is fixed at one
position and two identical point masses m are
kept on a line passing through the centre of M
(see figure). The point masses are connected
by a rigid massless rod of length / and this
assembly is free to move along the line
connecting them. All three masses interact only
through their mutual gravitational interaction.
When the point mass nearer to M is at a
distance r = 3] from M, the tension in the rod

M
. _a[ M .
is zero for m (288) The value of k& is

(JEE Advanced 2015)
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HINTS & SOLUTIONS

MCQs : One Correct Option

1.

(d) : At the surface of the earth the weight will
be maximum. It will decrease (due to decrease
in g) as the body is moved away from the surface
of the earth. The weight will be zero at some
place between earth and moon, where the
gravitational force of attraction on the body by
the earth and the moon will be equal. Beyond
this upto the moon the weight will increase due
to the gravitational force of the moon.

(¢) : Many students have misconception that
Newton’s law of gravitation is valid only for big
(heavenly) bodies. But this is wrong.

Actually gravitational force is the attractive force
that one body exerts on another body because
of its mass.

Therefore, gravitation exist because of masses
of bodies and does not depend on size of the
bodies.

(¢): On the surface of the earth, the atmosphere
pressure is quite high. The astronauts will feel
great discomfort if they move on earth
immediately after coming back from moon. To
avoid it they need to get used to normal air
pressure gradually. That is why they have to
live for some days in a caravan with the air
pressure lower than outside.

(b): The orbital velocity of the body does not
depend on the mass of the body.

Let the radius of the orbit be R. Let the mass
of the body be m and mass of the earth is M.
Since the body has to move in a circle along the
orbit, the gravitational force should provide the
centripetal force.

GmM — mv? - GM
_—= V= —
R? R \' R

(c): lower than earth

Escape velocity can be determined by considering
the total energy of the planet + body system,;
When the energy = 0, the body escape from the
planet.

Hence —GMm +%mv2 =0

The radius of the planet is 23 R

Therefore, lm V= GMm =v=,[2"} M (D
2 21/3R R

Comparing (1) with the escape velocity of earth
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2GM . .
A /T escape velocity of planet is less than

that of earth.
(b): The safety of jump depends upon the amount

1
of kinetic energy (? m"z] with which a man

hits the ground. The amount of kinetic energy
depends on the potential energy (mgh) at the
height from which the man is jumping. So in
both cases, the potential energy at the respective
height should be same.

i.e. mgh, = mg,h,

gM, 9.8x5

g, 1.96
Therefore, safe height on the satellite is 25 m.

or h, = =25 m

(¢): The total force acting on any particle is
equal to the vectorial sum of individual force
acting on the particle. Force of interaction on
the particle m placed at a distance L from a
GMm Y 1

Lz 3
Force due to particle 1 on the
particle at the origin

mass M is

>X

_ = Gmxm ~ 2
= F1 — a2 Jj _
Force due to particle 2 on the particle at the
origin = F, = Gm zxm P
Force due to pa?ticle 3 on the particle at the

origin = ﬁ3 = M(cos 45°] + cos 45°))

(V2a)?

Total force F = ﬁl + 132 + 133

N Gm2+ sz lf+ Gm2+ sz n
= F= a’ 2724 a’ V24 /
a +2\/§)Gm2 ><(;+})
- 224
L (1 +232)Gm?

NG

|F| = 2\/5&12
A = (1 +232)Gm*
24°

(b): Velocity of rocket, v = 0.8 v,

Let the rocket reach at a height 4. From the
law of conservation of energy we have
Energy on surface of earth = energy at height A
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10.

GMm 1 2
+—m
R 2

2GM  2GM
R R+h

or —

or v =

__k

R(R +1h)

ghR .ﬂ: }
R+h L R

h 16

or 064 = —— = h=—R
R+h 9

(b) : Mass of planet = m

Maximum distance of planet from sun = r,
Minimum distance of planet from sun = r,

As the planet is under central gravitational
interaction. It’s angular momentum is
conserved about the sun (which is situated at

one of the focii of the ellipse)
planet orbit

or 0.64v,2 = 2GM-

or 0.32 x (2gR) =

From conservation of momentum
2.2
,  Yh
mwry = mvgrs Or vy: = — 3 (D

1 rl

From the conservation of mechanical energy of
the system (sun + planet),

GMSm 1 2 GMvm 1 2
— +—m Vi = — . +—m vy
n 7 2
GM, 1 ,r} GM_ ) 1
or — S +—V§L2 = — S +—V§
n r 7 2

1 - 1 1
S0 —v§ 2 | = GM, | ———
2 h \non

(r, +1y) _ GM

n nn

SO Vg = \/2GMSr1/r2(r1 +7)
Hence angular momentum of the planet relative
to the centre of the sun,

2GM nr,
M = mvyry = + x m
n+n

(a): when a satellite is moving in an elliptical
orbit, its angular momentum (=7 x p) about the
centre of earth does not change its direction.
The linear momentum (=mv) does not remain
constant as velocity of satellite is constant. The
total mechanical energy of S is constant at all
locations. The acceleration of S (= centripetal
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11.

12.

acceleration) is always directed towards the
centre of earth.

(b): This problem can be solved by using the
energy principles. For a body to escape from
the earth, the total energy (PE + KE) should be
equal to zero. We calculate the KE and PE and
equate it to zero.

Calculating the gravitational potential energy.
Find the change in the gravitational potential
energy and the kinetic energy to be needed for
the man to escape the earth.

GMm

R +2000
Where R is the radius of earth.

Calculating the kinetic energy

Initial potential energy = —

Initial kinetic energy = 1 mv?

Where v is the velocity required to throw the
man out.

Applying the energy condition

For abody to escape from earth, the total energy
(PE + KE) should be = 0

1 GM
Accordingly, —mv* +[——m ) =

2 R +2000

_—GMm + lmv2 0
= TR+2000 2
2GM
D v=
R +2000

(c) : The energy supplied is to overcome the
gravitational force and equals potential energy
change.

Calculating the gravitational potential.

Find the orbital velocity of the body at a height
H from the surface of the earth.

Initial gravitational potential (on the surface of

GMm

earth) = -

Calculating eﬁergy (final) possessed by the mass
at height H.

The energy possessed by the body = sum of PE
and KE.

Velocity of the mass in an orbit at height

_ [om
" \R+H
Therefore KE of the mass = lmv2 = _GMm_
2 2R + H)
PE of the body = gravitational potential energy
___GMm
(R+H)

Total energy of the body= KE + PE
GMm GMm GMm
T 2R+H) (R+H) 2R+H)
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13.

Calculating the velocity of projection.

By energy considerations,

Final energy — initial energy = energy to be
imparted on the body

- GMm{L—;} -
R 2(R+H)

\/{GM(R +2H)} \/ GM
= v= >

R(R+H) R+H
Therefore correct answer is (c).

(d) : 25% of the mass is removed as shown in
diagram.
Energy required is equal to change in energy of
the system.
The mass removed from the earth will be along
the circumference. As a result, the mass and
the radius of earth get reduced. The figure shown
will explain the situation.

L mv?
2

Calculating the radius:
% 13
Initial radius of earth R = (4 j
d x gﬂ:

The shaded portion indicates the removed mass
(= 25% of earth’s mass) which is equal to the mass of

the satellite)
Mass removed from earth = 0.25M

1/3

ISM
Final radius of earth = % =0.9085R
d % ( nj

0.25Mm 1"

Radius of the satellite = Ix ( 4 nj =0.6299R
3

Calculating the initial energy of the system
Initial energy = self energy of earth

-3GM*
5R
Substituting, G = 6.67 x 1011
M =598 x 10%
R =6.4x10°

We get initial energy

[3x6.67x107"" x(5.98x10*)*]
(5 x 6400 x 1000)
=-2.237 x 1032 J
Final energy of the system
Final energy = self energy of earth
+ self energy of satellite + interaction energy
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14.

+ kinetic energy
Final self energy of earth

2
- M x (0.9085R) (1)
Final self energy of satellite

2
- _3GM x (0.6299R) -(2)

Interaction energy

__G(0.75M)(0.25M) @)

10
Kinetic energy = %(0.25M) v2
G0.75M
But 2 = {%}

Therefore kinetic energy

%G(O.75M)(0.25M)

= = (@)

Adding 1 + 2 + 3 + 4 and substituting the
appropriate values,
Final energy = —1.8302 x 1032 J
Finding the energy to be added.
Energy that is to be added = Final energy of the
system — initial energy of the system

=-1.8302 x 1032 — (-2.237 x 10%2)

= 0.4067 x 1032 J
(a) : Consider that an arbitrarily shape (same
as shape of original body) is already filled. Now
calculate the work done in bringing a thin shell
(same shape as original body) from infinity on
to the top of the body. We will consider a
spherical shell of inner radius r and outer radius
R. Assume that a sphere of radius x is already
assembled. We will now find the work done in
bringing a thin spherical shell of thickness dx
from infinity onto the top of the sphere.
Calculating the force acting on the shell. The
force acting on the shell at all points must be
the same. If they are same only on parts of the
surface, break up the shell in to surfaces such
that the force acting on any point in the surface
is the same. The forces acting are the same
along the surface of the spherical shell. They
point inwards. Let us assume that the mass of
the shell is m and that the mass of the existing
solid sphere is M. This is shown in the figure.
We need not break the spherical shell in to
small surfaces, since that the value of the force
is the same along the surface.
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Calculate the work done in bringing the sphere
from infinity to top of the arbitrary sized body.
It the shell consists of multiple surfaces (with
varying forces on each surface), break the shell
in to individual surface and calculate the total
work done in bringing from infinity to top of the
body. Since the force varies with distance,
assume that the shell is at a distance y and then
calculate the force on the surface. Now integrate
this expression with limits of y being from
infinity to the surface of the body.

The work done in bringing the shell from infinity

GM
to the surface of the sphere is J 2m dy.
y

F=GMm/y>?
The limits of y are from < to x.

The value of this is

4
Here M= 3" (3-r3)xd (d is the density)

m = 4n x%dx x d
Substituting we have,
4 5 3
—m(x” —=r")

AW = G x 41 2%d% x >————dx
X

Integrate the work done over the entire
dimensions of the body . Consider a negative
value of this. This will be the gravitational
potential of the body.

We need to integrate the value of dW from r to R.

3Gm? | R>-/° . R*-r%)
TRP-PS 2
The potential energy of the sphere is therefore
3Gm? {RS -r 3 (R? —”2)}

=_(R3—r3)2 5 )

(¢) : The gravitational potential at the centre of
the solid sphere is the amount of work do be
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done in bringing a unit mass body from infinity
to the centre of the sphere. The force acting on
unit mass body from infinity to the centre of the
sphere varying constantly.

Therefore, the potential too varies.

To calculate the net potential, the potential
needs to be integrated along the path taken by.
the unit mass. (m = 1kg).

The given figure will explain the situation.
Calculating the potential.

To calculate the potential the work done is
calculated. The component of the work done,
will give the gravitational potential difference
Gravitational force acting on the body as it moves
from A (when A is infinity) to B

=F, = G_];/[ (where x is the distance of the unit

X
mass from the outer surfaces)
Force on the unit mass inside the sphere from

(&

A
Point at infinity

The shaded portion indicates a thin shell of
thickness dx. The work done to be calculated is
for displacing the unit mass by distance dx.

B to center O,
X
= F2 = GM F

work done in integral form, de = J.F dx
work done from A to B (W;)
R( GM
Jraw =] (_2j d
o0 o0 x
GM1_Gm
o R

Work done from B to centre (W)

Integrating, W, = [—

[aw, = ~[Fdx= [ dw, :J'iGM[%jdx

0
. GMx’ GM
Integrating, W, = —f =—
2R R 2R

Therefore net work done = W; + W, = 326—;\4

Potential at the center of the solid sphere
= — (work done in bringing an unit mass from
infinity to the center of the sphere).
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16.

17.

18.

19.

Potential = —3G—M
Substituting, M =lkgand R=1m
Potential = —%

(b) : The system rotates about the centre of mass.
The gravitational force acting on the particle m
accelerates it towards the centre of the circular

Ml
path, which has the radius r= Mem
2
o
r v
GMm mv? F
I Ll Me—r “Im
M+m f—— [ —
GM®
(M +m)l
(d): The gravitational potential at the mid-point P,
V=V, +V, = —Gm_ Gm :4Gm
@72y /72 l

= The gravitational potential energy
Vv

4Gmm, ‘\f
Y

T
m, = mass of particle T_? . ?_’T
When it is projected with a speed v, it just
escapes to infinity, and the potential and kinetic
energy will become zero.

= AKE + APE =0

- (olmj(mj}o
2 l

P 2(§m'
(b) : The maximum height reached by the
projectile is given by

U-=-

1 , GMm GMm
—mv- - e
2 R R+h
1 GM GMm
or, —-m—————
2 R R
_ GMm  GMm
R+h 2R
h=R

Applying conservation of momentum

mu’(R + h) =mv sind R
: in 6
wW(2R)=vsinOR .. u' = v312n
GM .
b): &= R ..@d)
d, -2GM
ﬁ = 7 putting dR = h we obtain
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20.

21.

22,

23.

24,

25.

dg -2GM 1 .
= —— = ...(11)

h  R* R
d;
From (1) and (ii) = —g:2(ﬁ)
g R
= Change is —ve. That means g decreases.
x 2h
b): (1——j= (1——)
(b): g R 7
x_2h _ox_,
R R h
2 GMm 2 GM
d): mro” =— = ro’=—7
r r
= r3 GM GMR;Q = r3 = R_2
o> R o’ g w?’
2
d: ﬁ:h:[’i]
kx2 Fgr2 n
o & (800+6400)°_(72)°_(9)°
Xq 6400 64 8
x; 81
= —_ =
x, 64
= xz—%xl—%cmzo.m cm.
81 81
dA 1 ,
d: a2 @ = constant = k
1
= Er(rw)=k = ovr=2k = vo@/r).
4 3j
b _GM_G(3an —énGR
®): &= R? g P
R
o8] - e
8. R,
R
= 2£-1/2 =2 R =E.
R, P
(b) : The problem may be treated in the centre

of mass system coordinates. In this system the
displacement and velocities are measured
relative to the centre of mass. The reduced mass
mM
m+M

.. 1 1( mM
The kinetic energy = —p? = —( ij
8y 2 H 2\m+M
Work done in moving the masses from infinte

distance to a separation distance d is

d
GMm J dr G]gm
1 mM 2 GMm

=0

oM+m)  d

_ f2G(M +m)
—
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26.

27.

28.
29,

30.
31.

32.

33.
34.

35.

36.

(¢) : The mass of the body on earth is W/g. The
mass of the body on the moon remain the same
namely W/g. Hence Newton’s law on the moon

is F:Ea.

8 2
(b) : Orbital velocity = 4 / Ig%of 3 where R is radius
of earth.

Ifh=—, v= =
2 \/R+R 3
2
2 2712
@:g - = - ML LT sy
mmy [M~]

(c) : Since gravitational field inside hollow sphere
is zero. Therefore force acting on the particle P
and C are zero.

-GMm N GMm mgR
2R R 2R 2
(a) : If distance between the two starsis 3/ then
angular momentum of mass m about common
centre of mass = m(2[)20 and angular
momentum of mass 2m about common centre

of mass = (2m)l%w.

/2GM
(€) ¢ Vescape = R where M is mass of planet

(it is independent of mass of particle m).
(d) :EP+EQ=0butEp=EQ¢O
(a) : Put g, = 0, in the expression

20
r

GMm

(©: AU =

8, =8 -10° = o=

or T=2n fL
8o

Putting r = 6.4 x 106 m and g, = 9.8 m/sec?, we
obtain, 7' = 84 min

(d) : The potential at a distance x is
Vx)=-[ldx= —j%dx

o o X

AT A
v - 2] -2

2], 2x?
() : For the system of two particles, gravitational
energy is given as U = -Gmymy/r
UA = U12 + U23 + U31 m

3Gm?*

d
[-ve sign indicates d
that the particles are
bounded by their
mutual gravitational

60°

or UA:_

. 60 60 m
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37.

38.

39.

field]

(b) : The potential energy of the body on the
surface of earth, U; = _GMTm'

The potential energy of the body at infinity, U, =0
= AU=U2—U1=GMTm=ng

.. GMm
s g= =2

(¢) : Energy required to shift the satellite from
orbital radius r to orbital radius 2r,

=-S5

4r 2r
GMm[l 1} GMm
or E=—|=—-=| or =
r 2 4 4r

Energy required to shift the satellite from orbital
radius 2r to orbital radius 3r,

=[S .

6r 4r
or Er:Gm_M[l_l}
r 4 6
GmM 1 GmM} E
E':—:— L
o 12r 3{ v | = F 3

(d) : Work done by external agent
We, =AU+ AK=U,-U.+ K, - K.,

1
-3 :UA—10+§><mvz—0

—3=UA+%><1><4 _10 = Uy=5J
(a) : The gravitational field at the given point is
_GM GM
(2a)2 4(12
The mass M may be calculated as follows.

Consider a concentric shell of radius r and
thickness dr.

Its volume is dV = (452)dr
and its mass is dM = pdV = (po 2) (4nr?dr)
r

= 4npyar dr.

The mass of the whose sphere is

M = [4npyar dr = 2npya’
0

Thus, by (i) the gravitational field is

3 2nGp,ya®
4a®

E:%x%x6.65><10_11><109><4><103m/32

= E =418 m/s?

1
E = ET‘GPoa
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MCQs : More Than One Correct Option

1.

(a, d) : At two positions, when the planet is
closest to the sun (perigee) and when it is
farthest from the sun (apogee), velocity vector
is perpendicular to force vector i.e., work done
is zero. In one complete revolution work done
is zero.

(a, b, ¢, d) : Initially potential and kinetic both
energies are zero and from conservation of
mechanical energy total energy of the two
objects is zero. Further, decrease in
gravitational potential energy = increase in
kinetic energy

Gm)(dm) 1 i
or ———— =_Uuv, (D)

r 2
(m)(4m) 4m

+4m 5
Substituting in equation(i), we get

Here, pu = reduced mass =

10Gm
r

v, = relative velocity of approach =

From equation (i) total kinetic energy

_ Gm)4m) 4Gm?>

- r - or

Net torque of two equal and opposite forces
acting on two objects is zero. Therefore, angular
momentum will remain conserved. Initially both
the objects were stationary i.e., angular
momentum about any point was zero. Hence,
angular momentum of both the particles about
any point will be zero at all instants.

(a, b, d) : E-r and V-r graphs for a spherical
shell and a solid sphere are as follows.

R v,
: > 7 > I
E For a shell
A Vu
> >

For a solid sphere
(a, d) : Distance from centre of sun and hence
kinetic energy and potential energy go on
changing.

3/2
@d: V= G0, T:%/TZ_M

U - -GMm - GMm
r 2r
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-1.5GM
(a, d) : At centre, V = —
(d) : Initially the spring is elongated by
_mg
Yo L

When lift starts accelerating down with
acceleration 2g, the spring will compress and
compression in spring in the new equilibrium
position, is

mg

y= 7 and the block performs SHM about

this equilibrium position.

--- Upper extreme
position
--- New equilibrium
position
--- Natural length

- - Initial equilibrium
position or lower
extreme position

Asthe block is at rest when elongation in spring

m,
is Tg, so this is the extreme position and hence

2mg
k
Let us consider an instant when elongation in
spring is x and at this instant velocity of block
is v, then applying work-energy theorem for this
instant at the lower extreme position,
2 2 2
my -0-mg(y, —x)—{ki—kﬁ}
2 2
= Total energy of spring-block system at this
2 2 k 2
mo +%= E =mg(y, —x)+%

amplitude will be y + ¥, =

instant is,

mgy,

3
= E=mgy,+ —mgxz%gyo—mgx

3
=mg Eyo_x

So, E would be minimum when x is maximum

l.e.,x =Yy,

(a,d) : Just before collision, the total energy of
GMm GMm _ GMm

llitesis, £ = — -
two satellites is, or or .

Let orbital velocity is v, then from momentum
conservation, mv — mv = 2m x v;

= v=0

Asvelocity of combined mass just after collision
is zero, the combined mass will fall towards
earth. At this instant, the total energy of the
system only consists of the gravitational
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GM % 2m

2r
(b, ¢, d) : Distance of the two satellites from
the centre of the earth are r; = 2R and r, = 8R
respectively. R = earth’s radius. Their potential

potential energy given by U = -

. GmM
energies are V; = —
n
and V, = — GmM
Ty
Vi rn S8R
Their ratio is Vz = ’”_1 “9R
The kinetic energy of a satellite can be obtained
. mv? GmM
from relation =—
r r
or K:lmv2 = GmM
2 2r
M M
Thus K, = Gm and K, = Gm
n 2r,
The ratio of their kinetic energies is
K _rn_8R_
K, nn 2R
Their total energies are
GmM GmM GmM
E =- + =-
n 2n 2ry
and E, - _GmM+ GmM _ _GmM
Iy 2r, 2r,
E, r, 8R

Their ratio is E_2 = ’”_1 = ﬁ =

(b, d) : The acceleration due to gravity is

GM
s
The new value of g would be
,_ G0.99 1124) ~1.01g
(0.99 R*)

Thus g would increase by about 1%. The new
escape velocity would be

, _\/2><0.99M><G _\/2MG _,

¢ 099 R R ¢

Thus the escape velocity will remain unchanged.
The potential energy of a body of mass m on
earth’s surface would be

_GM©.99M) = GmM

(0.99R) R
Thus the potential energy will also remain

unchanged.

Assertion & Reason

1.

(a) : According to Kepler’s third law of motion,
the square of the time period of a planet about
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the sun is proportional to the cube of the semi

major axis of the ellipse or mean distance of

the planet from the sun. i.e. T? «< a?, when a

is smaller, shorter is the time period.

(c) : Acceleration due to gravity is given by
_ GM

R2

Thus it does not depend on mass of body on
which it is acting. Also it is not a constant
quantity and changes with change in value of
both M and R (distance between two bodies).
Even for earth it is a constant only near the
earth’s surface.

(b) : Acceleration due to gravity,
g =g — R.w? cos?
At equator, L = 0° .. cos0° =1

S 8 =8 - R.0?
At poles, A = 90° .. c0s90° =0
Epr=8

Thus, g, - g. = & - & + R,0? = R,»?
Also, the value of g is maximum at poles and
minimum at equator.

(a) : At poles, radius of horizontal circle is zero.
~.Centripetal force F = mro? = 0. Hence g at
poles is not affected by rotation of earth.

(a) : The gravitational potential at a point in
the gravitational field of earth is defined as
the work done in bringing a unit mass from
infinity to that point. It is attracted by the earth
gravitational field, so work is done on the body,
so the gravitational potential is negative.

(e) : According to Kepler’s law of planetary
motion, a planet revolves around the sun in
such a way that its areal velocity is constant.
i.e., it move faster, when it is closer the sun
and vice-versa.

(a) : As the geostationay satellite is established
in an orbit in the plane of the equator at a
particular place, so it move in the same sense
as the earth and hence its time period of
revolution is equal to 24 hours, which is equal
to time period of revolution of earth about its
axis.

(a) : According to Newton’s law of gravitation,
F= GlemZ When m,, my and r all are doubled,

r

G(2m,)(2my) _ Gmymy
27‘)2 r’
i.e. F remains the same.

F =

(¢) : Variation of g with depth from surface of

earth is given by &' = g(l—%).
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At the centre of earth, d = R

* L _E =
g —g(l R) 0

.. Apparent weight of body = mg’ = 0

10. (b) : We know that earth revolves from west
to east about its polar axis. Therefore, all the
particles on the earth have velocity from west
to east. This velocity is maximum in the
equatorial line, as v = R,0, where R, is the
radius of earth and o is the angular velocity
of revolution of earth about its polar axis. When
a rocket is launched from west to east in
equatorial plane, the maximum linear velocity
is added to the launching velocity of the rocket,
due to which launching becomes easier.

11. (c) : Binding energy is the minimum energy
required to free a satellite from the gravitational
attraction. It is the negative value of total energy
of satellite. Let a satellite of mass m be revolving
around earth of mass M, and radius R,.
Total energy of satellite = P.E. + K.E.

GMem 1 2
- ————+=mv
- R, 2
_GMem+EGMe _GMm
=~ R, 2 R, = 2R,

.. Binding energy of satellite =— [total energy
of satellite] which depend on mass of the
satellite.

12. (d) : According to Newton’s law of gravitation,
every body in this universe attracts every other
body with a force which is inversely proportional
to the square of the distance between them.
The distance of the finger from the stars is
almost infinity for measuring gravitational fields.

13. (d): Ifthe orbital path of a satellite is circular,
then its speed is constant and if the orbital
path of a satellite is elliptical, then its speed
in its orbit is not constant. In that case its areal
velocity is constant.

14. (b) : Gravitational field intensity at a point

GM
distance r from centre of earth is £ = o
When r = «, E = 0.
When point is inside the earth, then
E:gxéanp:M—Gpr when r =0, E = 0.
r2 3 3

15. (a) : To make our calculations easy, let’s take
the semi-major axis of the ellipse be equal to
the average distance of the Sun from the planet.

By applying Newton’s law,
GMm 2
5 = moa
a
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o = angular velocity of the planet

= *2; (T = time period of the planet)
_ GMm __ (2n)? I
TS m-"——a m
2
T2 _ (4n ) 3
or, am)”

or, T? =< a®.

Which is also known as Kepler’s third law or
the law of period, according to which the square
of period of any planet is proportional to the
cube of the semi major axis of its orbit.

Passage Comprehension
PASSAGE 1:

1. (a): As rod is one-dimensional, so linear mass
density best explains mass distribution.

2. (@):dm=»\-dx —P
dx

=£~2Rsec26~d9
4R

=%sec26~d6
2

GM -dm

3. (@: F ——— ¢
(2Rsec9)

net :.[

0s 0

2

811‘:2 [ cos 6d0

s _OM 2 _ GM®
net _WXE 4J2R?’
which is also equal to the force on the sphere.
4. (b): Magnitude acceleration of each w.r.t ground
GM

T 42R?
Relative acceleration

GM GM
=2 2R~ 2 2R? towards the rod.

5. (c) : Shift in centre of mass of the system is
zero, as no external force acts on it.

PASSAGE 2 :

1. (o) 2. (b)

3. (@ 4, (d)

PASSAGE 3 :

1. (b) : For circular orbits v = G_m or Vo —
r Jr

1
If r is doubled, v will become E times.

2. (b) : The gravitational force is utilised as the
required centripetal force.
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PASSAGE 4 :

1.

(c) : Asitis not known that by how much velocity
has changed, which will cause the change in
orbital radius and hence time period, so we can
use either rocket system to carry out the docking
in minimum possible time, through the extent
of firing rockets may differ.

(b) : Time period of A and B in given circular

2nr3/2
. . T —

orbit is, G

where r = 9600 km, G = 6.67 x 107! N-m?/kg?,

M =5.98 x 1024 kg,

which gives T' = 9357.79 s = 9358 s

Initial total energy of A,

E=-SMM_ 665x10° 3

2r

(b) : To bring back the satellite in same orbit,
we have to make the speed of satellite as initial
one for which we have to increase v; by such
amount so that it become s equal to v;, for which
we have to fire the rocket in backward direction
with same extent.

(d) : As there is time gap between two after
coming back to same position so docking is
not proper. To make the docking proper, T
must be equal to (9358 — 100) s i.e., greater
than what we get. So, for proper docking a
must increase which further shows total energy
becomes less negative i.e., increases which is
possible when rocket has been fired with less
extent.

PASSAGE 5:

1.

(b) : As satellite is launched using multistage
propellor, its speed can be controlled, but when
it falls down its kinetic energy increases
continously and air drag forces are generally
depend on velocity square, so thermal energy
dissipation increases to a larger extent and more
chances are there for the satellite to burn up.

(c) : As work is done by air drag force, the total
mechanical energy decreases which decreases
orbital radius and hence increases the kinetic
energy, so r decreases and finally the satellite
falls on to the earth or may burn up.

(b) : From work-energy theorem,

dK = _dU + Wair friction

Wair friction is —ve, S0

dK = —dU + (a negative quantity)

As K increases, it means U decreases by an
amount greater than magnitude of W, i, aiction-
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(a) : From y = %

Take log on both sides and then differentiate
dv _-1xdR Av AR
v 2R v 2R
_AR |GM

2 \ R?

[as AR = —dR]

Av

Matrix Match Type
1

A - ®R), B) - P), (C) - @Q), D) - (S

A ->>E®,R),B —->@WQ,S), C)—>@WQ,S),
D) - @Q,R):
(A) : Energy of earth — satellite system is given
GMm
by B= 2a
for all four orbits, so energy is same for all. As
no dissipative forces are acting, energy remains
constant.
(B, O) : As direction differs from time to time,
the velocity varies and as distance of satellite
from earth is changing, so speed also varies.
(D) : As force is central in nature, angular
momentum is constant but different for different
orbits.

A ->P,R,S),B) > @P,R,S),
C)-P,QR,S),D —>@P):

(A, B, C) : As rocket has been fired the speed
of satellite increases in all these three cases
which leads to the increase in kinetic energy
and hence total energy becomes less negative
or we can say Semi-major axis increases.

In C due to thrust exerted by firing of rocket in
a direction perpendicular to plane of orbit, the
plane of orbit changes.

(D) : Here speed decreases and hence kinetic
energy, total energy and the semi-major axis.

A)->Q,B)-—-PQ,C-R,D->R,S
A - @), B) »> Q), (C) = (S)

as a (semi-major axis) is same

oM . GM
g_R29 - R
Atheight h =R : &' =—5-=-%
140 2
R
e
2R

i.e., g’ decrease by a factor 1/2 and V'’ increases
by a factor 2
At depth h = R/2:

-85
=gl1-Ll=gl1-=2]=2
4 g( R 4 2) "9
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Integer Answer Type

1.

(0) Given AB = BC = AC = a (see figure). The
perpendiculars from A, B and C on opposite sides
meet at the centroid O, which bisect the sides
AB, BCand AC. Letr=A0 = BO =CO. Centroid
also divides the lines AD, BE and CF in the ratio
2:1,1ie,

_ﬁa

Similarly, BE =CF =

| Do Do
&
Q

Q

r=A0=0B=0C =

372 T f3

The gravitational field intensity at point O is the
net force exerted on a unit mass placed at O due
to three equal masses m at vertices A, B and C.
Since the three masses are equal and their
distances from O are also equal, they exert forces
F,, Fg and F. of equal magnitude. Their
directions are shown in the figure. It follows from
symmetry of forces that their resultant at point
O is zero.

1 2GM
(KE) egcape _2 mu, ﬁ __R__,
(2) (KE)orblt 1 2 - l)2 - GM
PR -
(2) The potential energy of a satellite is given by
GM ,m

U=-
r

Given r=R +6.4x 10°=R + R = 2R.

Further GM, = gR*

gR*> m _ mgR

U=-"%r -2

n=2.

® o = [P

1 v 2
Initial KE = 3 m (ﬁ)
1 GMm

L /MT _1GMm
“2"3VR | T9 R
Let the maximum height attained = A.

GMm GMm

R —mzlossmKE

The gain in PE =

JEE Advanced | PHYSICS ET]

‘o GMm GMm _1 GMm

1
R R+h 9 R

On solving we get: % =R+h or h :g

n =8.
(8) According to law of conservation of energy,
1 o mgh
2™ 1+ E
R
,  2gh 2x10x6.4x10°
v° = =
1+ n 1+ R
R R
_2><10><6.4><10G
a 2

64 x 10°

= 8 km/sec

(2) Energy required to raise a satellite upto a
height A,

_ 77 - M8h
BmAUE 140 ()
R
1
B, = 3 mu}
= % (g) [ vy is the orbital speed]
_1 ( GM )‘ lm(GM) R
"2\ Ren)T2" )k
1+ R
__mgR
_ L ..(11)
2 (1 + R)
From equations (i) and (ii),
E _2h
E, R
x = 2.
(5) y = kt*

The point of suspension of the pendulum is
moving upwards. The velocity and acceleration
are given by

2

dy a7y _
ar = k.2t and 22 =2k

where £ = 1 m/s®
Thus, the point of suspension of the pendulum
is moving upwards with an acceleration of
2 m/s®. This is the case where the pseudo
acceleration is acting downwards.
Hence, effective acceleration due to gravity

g =g +2=12m/s

T2 ,
, ° g 12 6
T1—2n\/7 T, =2m ?_E_E_g

Therefore, T1 =6, T2 =
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10.

11.

(8) Applying law of conservation of energy.

0_GMm_l 2 GMm
R+n 2™ R
1 o GMm GMm
2™ TR TR+nh

1 2_GMm - _

Emv _W (h—R)

v = velocity with which it strikes the surface
of the earth

= 8 km/s.
(2) The electric field E = 2; + 3}' is inclined to
x-axis through an angle
0=tan! % or tan6=3/2.
Therefore, the electric field is parallel to a
3
=gxte

The equation of a straight line which is
perpendicular to the above line is given by

straight line given by y

2
y=-gxto ..(@)
Since no work is done when the particle is moved
...(ii)
so this line must be perpendicular to electric
field as workdone by gravitational field on the

particle while moving on the line is zero.
Comparing (i) and (ii), we have k& = 2.

oM 4 3\ M
2R s_ |2 .2
R M= [3 jp:’R [411) o

1 1
33 M?
47

on the line 3y + kx =5 ory=—§x+5

(6)g=—3

R = -
p3
1Y? 2
rR-X au.| 22| - GMeT
B - K|~ K
p° ,
Now, g' = —; (109p)§
2
GMp3
- Kp 10° = ¢’ = 10%
n==6
4n?
DT? =|—— |R®
wr -]

T is independent of the satellite’s mass m.
=>T,: Tz =1:1
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12.

13.

14.

15.

2
1) F= ?}’52 and
mv? Gm? mov® m@m
F="r =% R
G -m 1 |Gm
or v =TRi V=R
n=1
(4) If h is the maximum height attained, then

we have

1 , GMm GMm
—mv” - =—
2 R (R+h)
which gives v? = _28hE
(R+h)
B GM
s 8= 7
4gR 2gh,R
For ball A, we have —o— = =8"4™ _ j _9R
3 (R+h,)
2
For ball B, we have —— 28R _ ghBR = h, :E
3 (R+hB) 2
b,
hB

(9) If the gravitational field is zero at a point at
a distance x from M, then

GM1 GM,
/ 1
i4m 2
2r

Z (r x)Z
which gives x = § Therefore, r —x =—

or
(r- x)

The gravitational potential at x = g is

GM, GM,
T x _(r—x)

_ GM G4m)  9GM

T8 2r/s . r o oY

(2) Let x be the required distance from the centre
of the moon. The weight of a body of mass
m will be zero at this distance if the force due to
earth = force due to moon, i.e. if

GM,m _GM,m . M, (d-x)’
(d_x)Z xZ Y Mm_ xZ
— 2 —
r81:(d Zx) 0r9:d X
x x
d d
=—= =2
T *770 " Bxn "
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2

16. (9) gh-—3E

RE Given gh—— Therefore,
+

100

we have
ek _ g
(R+h)* 100
or R+h=10Rorh=9R

1 23 45 6 7 8 9 10111213141516
00OOOOOVOOOOOOO®
0]10101010/010/0)0/0] [ 1010/0]0)
00000000 0OOROOY
©]6]6]6]6]0]0]010/616]6]0]6/6]©)
DOOOOOOOOVOOOVLO®
©16]016]016]¢16]6]6]6]6]0]O[6]e,
©EOOOO®EEB®OOVEEOE®E®®
0]0]0]0]10/0]06]000]0]0l00]0)]
PORPROOREOREEEE®®®
O0OOOOLOOOORLOO®

PREVIOUS YEARS IIT-JEE/JEE Advanced

(d) : For a simple pendulum, T = 21:\/7
LD e ¢
L &2
GM _GM  GM
Now, & = R &2 _(2R)2 T aRr?
L_2
L1
2. (e): According to Kepler’s law, T2 « R?
2 3
(1,)" _(R)
h R,
Let the time period at earth’s surface = T
For geo-stationary satellite, T, = 24 hour,
R, = 36,000 km
For spy-satellite, T, = ?, R, ~ 6400 km
(24\ = (M) = (f) = (5.625)° = 178
T 6400 8
24 24
- = T =
or 7 1334 or 17 1334
T, = 1.8 hour = Time period at earth's surface.
When spy-satellite is slightly above earth’s
surface,
T, = 2 hour.
3. (d):Incaseofa
binary star

system, angular
velocity is same.

2n 2n

0=— = M,
TA TB

Ty=Tg.
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5.

6.

(c):Casel:r<R

Force on the test mass can be given by F = gL,

where mg is the force on the mass at the surface
of the sphere.
Newton’s second law gives,

r my?

R ro
V:\/%erocr forr <R

Casell:r>R

When the test mass

is outside the sphere,

application of Newton’s 7
law of gravitation and F
Newton’s second law

gives

(Mm mV [ J_RDVM——
I"

Therefore, the graph is as shown in alternative

(c).

(a) : Mass per unit area of the disc,
_ Mass _ M M
Area (4R’ -@BR)’) TnR’

Consider a ring of radius x and thickness dx
as shown in the figure.
re

4R
dx 3
D
Mass of the ring, dM = c2nxdx
_ 2nMxdx
TnR*
Potential at point P due to annular disc is
J- _GM2n J-
\/(4R)2 f@P TR \/16R2 s

Solvmg, we get
4R
v, =-%[,/16R2 it

= 2GM (4J_ 5)

Workdone in moving a unit mass from P to «~
=V_-V,

“2GM (45 - 5)) 2GM 26M 4 75— 5)

—0- (
7R

(b) : Escape speed, o, =+/2 x orbital speed =2V
". Kinetic energy of the object
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- mv

)
(b): Gravitational field inside the planet at a

distance r from centre,

4
Cau S5 g
8; —Fr—Tr—g rp
Force applied by a person on the wire at rest is
the weight of the wire. Since, gravitational field
is variable so force on each part of the wire is
different.

Consider a small portion dr of the wire at a

fm(\/_V) =mV?

distance r from centre of the planet, so its

weight will be
dW =(dm)g,
=(\dr) (% Gnrp)
- (g anj (Ardr)
: 4 "
Net weight, W = de = (5 an)») f rdr

)

4 9 9
=| —GnpA || — |R i
(3 P )(50) - @
. Mg
Density of the Earth, P=7
3™
Also, R—R—
10

Putting the values of p and R in equation (i),
we get

9
- —2 _\gaR
(5><103ng E

9
5x10
So, net force applied by the person to hold the
wire = 108 N.
(b, d) : The escape velocity for the surface of
earth is

, 4 .3
\ R R

(Since p is same for all planet)
V «<R ..(@)

=108 N

5 x10x107% x 6 x10°

Surface area of P, 4nR2 = A
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10.

11.

Surface area of @, 47R}, = 4A

R
Rp 1 Ry =2Rp
Ry 2

The spherical planet R has mass
M,=M,+M,

..(ii)

4 4 4
ganﬁ =§an13, +§an222 = R} =R} +R}

or R3=R3+2Rp)>

So, R, =(9)"R,
Therefore, R, > RQ >R,
From equation (1), V>V, >V,
1

and from equation (ii), % )

(Using (ii))

(b, d) : The situation is as shown in the figure
Av
M M
® Hi’l *
2L ——H
——[—Pit——L—P

Applying the conservation of mechanical energy,
we get

_GMm GMm 1
- —mv* =040
L L 2
1 o = 2GMm f4GM fGM

(a) : If only the gravitational force of the Earth
acts on the astronaut, (that, he is in a state of
free fall), he will feel weightless. Remember
that the weight you feel is the normal force on
your legs by the support.

GM, G
(3) On the planet, g, = RZ R2 ( “RS j
4
= g GnR,p,
GM, G
On the earth, 8. = Rez Rz ( Rspej
=— GnR
3 Pe
8p _ Rppp Rp _ 8pPe
—_ = = = Or —_—— .
ge Repe R€ gepp “.(1)
On the planet, v, = /28 ,R,
On the earth, v, = 25’2 e
P, .
{ ,/ (Using(i))
pp
H — =
ere, p, = 3pe, &y 11 ge
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0, V6 5

v, 11\2
or v,=11x @ x \/g (- v,=11kms" (Given))
p 11 2
=3 km s
12. 6):( A . @
CM
2.2 Mg
" o 11M;
I« 4 >

Let stars A and B are rotating about their
centre mass with angular velocity o.
Let distance of stars A and B from the centre
of mass be r, and r, respectively as shown in
the figure.
Total angular momentum of
the binary stars about the
centre of mass is
L=M,rio+ Myrjo
Angular momentum of the star
B about centre of mass is

L,=M, o
LM+ Mo (M, [rAT"'l
L, M, ;o M, |\ry
Since M,r, =My, or My
r, M,
L My 1M 4 11+22
L, M, 2.2M 2.9

13. (2) : Given situation is shown in the figure.
Let acceleration due to gravity at the surface of
the planet be g. At height 4 above planet’s surface
v=0.
According to question,
acceleration due to gravity of the planet at height
h above its surface becomes g/4.

&§__ &
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14.

ﬁz1 = h=R.
R

So, velocity of the bullet becomes zero at & = R.
Also g, =v\/ﬁ = 2GTM = v\/ﬁ

Applying energy conservation principle,
Energy of bullet at surface of earth
= Energy of bullet at highest point

Y

-GMm 1 o -GMm
+—mv° =
R 2 2R
1 o GMm /GM
—mvi=—— " v=,—
2 2R R

Putting this value in eqn. (i), we get

/2GM NGM
R R ~N=2

(7) : Both the point masses are connected by a
light rod so they have same acceleration.
Suppose each point mass is moving with
acceleration a towards larger mass M.

Using Newton’s 2°¢ law of motion for point mass
nearer to larger mass,

F —F=ma

GMm Gm® .

@—ZT— ..@)
M

< r=3l—>¢—— )
Again using 2™ law of motion for another mass
F,+F=ma

GMm _Gm®

2 T =

(4 l
From eqn. (i) and (ii), we get
GM_Gm_GM A Gm

9* 7 1e* I

(i)

M M ™
———=m+m = _—=2m
9 16 144
=Dy 1)

988 “logg) k=T
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