Complex Analysis

Complex Number—A complex number  is
an order pair (x. v) of real numbers x and v.

2= (ny)l=x+iy
Re : x (Real part),
Im z v (imaginary part)

and (2= —1, ie i =¥ -I (imaginary unit)
fa) x+iv=a+ibe=x=agand v =b.
{(b) For =

It x =0, then z =iy (pure imaginary)

x4+ 0y

If v =10, then z = x (pure real)
Addition of complex numbers—

Let I = x4y
and 73 = X3+ iy, then
4= )4+ v+ )

Multiplication of complex numbers—
215 = (X — ) +ilxy: + 0w
Subtraction of complex numbers—
I =T = (xp—x)+ iy —w)
Division of complex numbers—

= :_l.=_1+£}.
i
Xkt Vil
where A o
S i b
V) + XV
\' = ¥ T & .;_"'r ?‘-‘ {:I
’ X +¥
Practical rule—
1 X+ "-‘.'fl

| By

-

3 X+ iy:

x4+ i X3 — vy
o [l v
X3 — ¥y Xa 4+ V2

x4 iy

Complex Conjugate Number—
The complex conjugate of the number z = x +

iyisz =x—iy

(a) Re z

I
=
I

and Imz =

(c) (+ o= I+

(=]

L]

2] =& = L3Iz

id) 1.5 = 115,

B
Il
L o
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=]
#
[3~)

Polar Form of Complex Numbers

Let {x. v) be the Co-ordinate in castesian co-
ordinate system and (», B) be the co-ordinates in
polar co-ordinates, then

r = rcosB, vy=rsinf
2 = x+iv=ricos B +isin 8)
Here r=lad=vVa2+v¥ =Nz
(absolute value/modulus of z)
8 = -::ﬂg:=fan“(‘f]

—_— —
Triangle inequality—
lz; + 22l = oyl + |24l
Generalized triangle inequality—
lz) + 22+ oo +z,l

< lzgl + 122l + ... + 1z,
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Let 7y = rylcos 8+ isin8)
and Zy = Iy (cos 8, + isin B,)
thf:]], f_lzz — r'lrz
[cos (B + 8,) +i sin {8, + 6,)]
(a} lziz2l = Izyl Izl
I |Z|,|
b 1 =
(b) I3 |22|
4
(c) arg — = arg i) —arg .
Iz

De Moivre’s formula—(cos 8 + i sin 8)" =
cos nfl + i sin nB.

L1 i1
n‘“mmufz—\";:ﬂ':
( 8+2Knr . . E+2K1:)
cos— — +isin—

Some Elementary Functions
Single valued functions
"= (x+ivy.,ne N(z#0ifn<®)

—

Z el = & e¥=¢"(cosy+isiny),
period = 2mi
3. coshz = %{E‘"!'f""},
) | .
sinhz = S{ef—e 9
2
sin hz 1],
tanhz = mshz’Zi(K"-E)"
cosh 7 .
cothz = Sinhz,z#i(m
4 CosZ = %{e"f-l- =ity
sin 7 = l—{f‘t—ﬂ_k}
’ 2i
tanz = fng #* I';I+l i
1T szt 2
cotz = % 2 Kni
sin 2
cos iz = coshz siniz=isinhz
coshiz = cosgz, sinhiz=isinz

5. Multiple — Valued Functions—
logz = logld+iargz
= Inr+i(8+2nm)

Principal Branch :
logz = logr+i8, —m<B<n
6. a* = ¢"°82 3 non-integer
If a = La € B arational number,

then z9 18 g-valued.
If a € 8 then 7? is as valned

e.g, log2i = log|2il + i arg 2i
= log2 +i(§+2nn)
(2 = eilogli= p- W2+ +ilog2
= g-Wl-Inm
[cos (log 2) + i sin (log 2)]
Analytic functions

Differentiability—If G is an open set in €
and f: G = C.

Then fis differentiable at a point a € G, if
flig) = Jm ﬂ—w}_

o —i)

If f is differentiable at each point of G, then f
is differentiable on G and f: G — C.

Continuously differentiable—If f": G = €
is continuous analytic function (Holomorphic
function)}—

A function f : G = € is analytic if f is
continuously differentiable on G.

exist

Branch of logarithm—If G is an open
connected set in € and f: G — € is continuous
function such that

z = expf(z)
for all ze G, then fis a branch of logarithm.

Cauchy-Riemann equation—
It B o= jx, y)
and v = vix,v); then

Sn _ By

dr ~ By

w_ v
A 5™ "k

Harmonic function—If p(x, v) and EZ*H +3 y2
={.

Harmonic Conjugate—Ifp : G - D is
harmonic and r: G — B such that f = B + iv
15 analytic in G, then v i1s the harmoinc conjugate
of u.



Some Important Theorems

1.

i

10.

11

B 2}

If f: G — Cis differentiable at a pointa € G.
Then {15 confimious at 4.
If fand g are analytic on G and £ respectively
and suppose that f (G) C £, then gof is
analytic on G and.

(gofY (z) = g'(flzn f(ziforallze G.
If fand g analytic in G. Then fg and f + g are
also analytic.
If f and g are analytic in G and g does not
vanish in G, then f/, is analytic.

Iffizy= L " a, (z —a)" have radius of conver-

n=

gence R > 0, then
{a) Foreach K = 1 the series Enn{n 1.

M=
(n — K+ la, (z—a)"* has radius of
convergence R.

(b) Forn20,a,= - f(n) (a).

If the series Eu a, (z — a)" has radius of
n=

convergence R=0. Then fiz)= £ a, (z—a)
n=10

is analytic in open boll B (a, R)

If G is open and connected and f: G — C is
differentiable with f(z) = O for all z £ G, then
[ 1s constant.

If G c € is open and connected and fis a
branch of log z on G, then the totality of
branches of log z are the functions f{z) + 2mki,
Ke I

If G and £ are open subsets of €. Suppose f:
(F) = € and g : Q — € are continuous
functions such that f (G) c Q an g {iz)) =z
forall z € G. If g is differentiable and g'(z) #

0, fis differentiable and f' (z) = ' then

if g 1s analytic fis analytic too.

A branch of the logarithm function is analytic
and its derivative is 2~ .

If p and v are real valued function defined on
a region G and suppose that g and v have
continuous partial derivatives. Then f: G =
€ defined by f(2) = p(z) + iv () is analytic iff
p and v satisfies Cauchy-Riemann equations.
Suppose G is either the whole plane € or
some open disk. If p : G — E is harmonic
function. Then p has a harmonic conjugate.

1
g fizh)
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The Conformal Mappings Theorem

1.

Let G be a region and f be an analytic
function on G with zeros, a,, a5, ...... a,. If ¥
is a closed rectifiable curve in G which does
not pass through any point a; and If y = 0,

then
1 [, .
Jmmﬂégmw

If Gis aregion, f is analytic function on G
with a3, ..., a; € G and v i5 a closed
rectifiable curve in G which does not pass
through any point a; and if y = 0 an fiz} = o,
then

1 [ f@ ,_ 5

milflp-a® = L, "0
If f is analytic in B{a, R) and let ot = fla). If
fiz) — o has a zero of order m at 7 = a, then
there is an £ >0 and & >0 such that |5 — ol <
d, then equation fiz) = y has exactly m simple
roots in Bla, ).
Conformal mapping theorem—Let G be a
region and suppose f 1s a non constant
analytic function on G. Then for any
conformal set U in G, f{U} is conformal.
If f: G — € is one analytic and f(G) = £2, then
f~1: £ = € is analytic and f~ ! (w) = [f{2)]-!
where w = fl2)
Goursat is theorem—ULet G be an conformal
set and f: G — € be differentiable function;
then fis analytic on G.

The Cauchy’s Integral Theorem and
Formula

1.

If y is a rectifiable curve and suppose ¢ is a
function defined and continuous on (y)}. For

eachm=1,LetF, (z)= _I- e{w) (w —z)F Mdw

for z¢ y. Then F, is analirtic on € — {v} and
F, (2} =mF, , | (z) for each m.

Cauchy’s integral formula (first version)—

Let G be an open subset of the plane and f: G
— € an analytic function. If y is a closed
rectifiable curve in G. Such that n(y, w) = 0
forall we € ... G,thenforae G- [v}.

N B 7

= 2 Z.
imid z—a

niy:a
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Cauchy's integral formula (second version)}—

Let G be an open subset of the plane and f: G
— € an analytic function. If y;,.......y,, are

closed rectifiable curves in G such that n{y;,
wh4 ... +n(y,,w=0foralwe €C =G
thenforae G —{y}

fla) = X n{y:a)
k=1

i
L‘ flz) i

k=1 2T wi—a
Cauchy’s theorem (First version)}—
If G 1s an open subset of the plane and f : G
— € an analytic function. If v, ..., v, are
closed rectifiable curves in G such that n(y,;
w4+ iy w) + +n(y,,: w)=0 for all w
e € =G, then

L]
E_I-fzﬂ
o

Let G be an open subset of the plane and f: G
— € an analytic function. If v; ...... v, are
closed rectifiable curves in G such that n(y,;
W)+ n(ys: W) + +n(y,,: w)=0 for all w
eC-G thenae G- {y}and K= L

Let G be an open set and f: G — € an
analytic function. If y is closed rectifiable
curve in G such that n(y; w) =0 for all

w € € —G, then fora € G — |y}

K fiz)
.fK:I{a}n'U"; ﬂ} = E F{Z_a}k+l dz

Morera’s Theorem—
Let G be an region and f : G — € be an

analytic function such that | f= 0 for every
T

T, a Triangular path in G; then f is analytic in
G.

Some Important Theorems

1.

If G is an open set which is a star shaped, if y,
1s the curve which is constantly equal to a
then every closed rectifiable curve in G is
homotopic to v,

Cauchy's theorem (Second version)—If f : G

— € is and analytic function and y is a closed
rectifiable curve in G such that y — 0,

Jr=0

then

Cauchy's theorem (Third version)}—If y, and
y, are two closed rectifiable curves in G and

Yo ~ ¥y, then _|- f= _[ f for every function f
Yo ¥

analytic on G.

If v is a closed rectifiable curve in G such that
y~0Othenn(y:w)=0forallwe € =G
Cauchy’s theorem (Fourth version}—If G is

simply connected then _[ f =0 for every
¥

closed rectifiable curve and every analytic
function f.

If G is simply connected and f: G — € is
anlytic in G then f has a primitive in G.

If G is simply connected and f: G = € an
analytic function in G such that f(z) # 0 for
any z € G, then there is an analytic function
2:G o Csuchthatf (z) =expg(z). 7, G
and £"0 = f{z,), we have glzy) = wy.

The Liouville’s theorem—If f is a bounded

entire function then f is constant.

Given f a bounded function
Ifizil < Mforallz e C.
By Cauchy's estimate theorem since f 1s

bounded and anal ytic we have,

¥ LnM
el S
M . : ;
=5 If' ()l = = since R is arbitrary,
we have
If'{z) = 0

- f{z) 1s constant.

The Maximum Modulus Principle

1.

Maximum modulus principle (First
version)}—If f is analytic in a region G and a
e G with |f (@)l = |f (z)l for all z € G, then f
must be a constant function.

Maximum modulus principle (Second
version)}—If G is a bounded open set in € and

f is continuous function on G which is
analytic in G then max {|f (2| : z € G} = max
(If (2l : z € 8G}

Maximum modulus principle (Third
version)—If G is a region in € and f an
analytic function on G suppose M is a

constant such that 1M If (z)l < M far all a

I—a



10.

5 B

| ¥4

€ 8. G (8. G is the boundary of G in €} then

If iz} =M forall z € G.
Schwarz's lemma—If D = {z : [zl < 1} and
suppose fis analytic on D with
(a)Ifiz)l<iforze D
by fl)=0
Then |f(0) < 1 and |fiz)| < |z for all z in the
disk D. Moreover if : f{0) =1 or |fiz)l = |zl for
some 7 # (), then there is a constant C, Ic| = 1,
such that

fiw) = ewforwe D.
If lal < 1 then ¢, is a one-one map of D= {z:
Izl = 1) onto itself, the inverse of ¢, is ¢_,,.
Further more, ¢, maps 8D onto 8D, ¢ (a) = 0,
o, (0)=1—la? and &', (a) = (1 —laPy"
If f: D — D is one one analytic map of D
onto itself and suppose f{a) = 0, then there is
a complex number C with |l = 1 such that f=
cd,.
A function f: [a, ] — R is convex iff the set
A={{x.:a<x<band f(x) < v} is convex.
A function f: [a, b] = R is convex iff for any
points x;......x, in [a, b] and real numbers 1,

"

...... 5,20 with £ 1e=1

i i
f( L ftxt) < L o fly)
k:l k =1
A set A c € is convex iff for any points
Ty esduss Z, € A and real numbers f; ...... f,
=0 with

i n

L f=1land L zeA

k=1 k=1
A differentiable function f on [a, b] is convex
iff f is increasing.
If a < b and G is the vertical slrip {x+iy:a<

x < b}. Suppose f: G — € is continuous and
fis analytic in G. If M : [a, b] — D then M{x)
=sup [|[f(x+ iyl :—se<y <o} and |f(z)l < B
for all z € G, then log Mix) 15 a convex
function.

Hadamard’s three circle theorem—

If 0 <R} <R, < 2o and suppose fis analytic
onann {0; R, B,). If R, < r < R,, define M(r)
=max {|f(re® :0<0<2x}. ThenforR, < r,
ZrEm<k,
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log s —log r
logM(r) < —22= 98T 1000\
og M) logr; —logr, og M(r,)
log r —logry
g2 log r, —log ny log M(r2)
13. Phragmen-Lindel of theorem—

If G is simply connected region and f is an
analytic function on G. Suppose there is an
analytic function ¢ : G — € which never
vanishes and is bounded on G. If M is a
constant and §..G = A U B such that

(a) foreveryae A lim sup |[f(z)l = M.

tr—a
(b) foreverybe Bandn>(0; z“_lﬂ sup |fiz)l
¢ (z)" =M, then |f(z)l <M forall z € G.
14. I a 2%311:] G={z:largzl < ;—a]. Suppose f
15 analytic on G and there 1s a constant M
such that 110 sup [f (z) < M for all w e 8G.

1w

If there are positive constant P and b < a such
that If )| < P exp (lz| b) for all z with |zl
sufficiently large then |fiz)l < M forall ze G.
Taylor and Laurent Series—

Taylor Series—A taylor series of a function

fiz)is

flz) = HEU a, (z—zg)"
where a, = ﬁf{n}{zu}
n
. ek LLFREY
ar a, = zﬂi¢f{g_zn}n+ld§

with positive orientation around a simple
closed contour ¢ that contains 7, In 1ts interior and

fiz) 1s analytic on and everywhere inside ¢.
Taylor’s series with reminder R,—

mofik
fizy= £ M(z—zﬂ"ﬂl.d:}
k=0 !K
I ) f &)
where Rn{z} = i &r {g_z“'}n+[
(E—2)dt

Maclaurin series—A Taylor series with centre
=0

Laurent Series—If f{z) is analytical on two
co-centric circles ¢; and ¢, with centre z; and in
the annulus between them then f(z) can be
represented by the lanrent senies
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L

s g fr

E a,lz—zpi+ E —’I"—”
m=1 a=01{z2—12py)
= T

= —m

fiz)

N T TR
"'-.lr':t_tﬂj

Consisting of non-negative powers and
negative power (principle part). The coefficients
of this series are the integrals.

;g cad S
Ly = a"_ZTI:!' G (.E_'—:“}""'Idg

1 .
= by=5 EL (S —zo)'~ ' Q)G

with positive orientation around any simple
closed contoure, that lies in the annulus and
encircles the inner circle.

Th.—The Laurent series of a given analytic
function in 15 annulus of convergence 1s unique.
However f(z) may have different laurent series in
two annull with the same centre.

Residue theorem and applications for
evaluating real integrals—

Residue—It fiz) is analytic and have non
removable singularity at z = &,

Then f (z) has the laurent series representation

fiz) =

and I

-

_E Cy '::- _:UJ"

The coethicient ¢_ | of L i5s called the
z—2p)

residue of fat 2. i.e. Eei fz)=e_,y

Cauchy’s Residue theorem—Let D be a
simple connected domain, and let ¢ be a simple
closed positively oriented contour that lies in D If
S 1s analytic inside ¢ and on c. except at the points
7, that lies inside ¢, then

o E iy TUREIS

"
J)tﬁ:]d: = 2mi xEL Resfiz)z=1z

om?\

C

Q_QJ

Residues at Singularities
I. I f(z)has a removable singulanty at z,, then

a,=0forn=1,2, ... and R £ () =0
2. Iff(z) has a ssmple pole at 2,
__F;q:ijﬂﬂ = :I]_;rr_!ﬂﬂﬂ (z—=zp)
3. Iffiz) has a pole of order 2 at z,

Res ;oo _ lim o . 5 00
:=:“_HJ = vy fz—zp)* fiz)
4. Iffiz) has a pole of order K at z,
Res ;o _ | lim
::ql.lr':-‘“] - K—I I—*IN

g1
I—'_K_li:—:nj"ff:]

5 Iff(z)and g (z) have an isolated singularity at
s then
Res a1 Bes poy o, Res | oo
= [(f+ g} (2=, i iz +tioy 8 (2

6. If fand g are analytic at z;,, f (zy) 20, 2 (z)
has simple zero, then

Res A v _ff:-ﬂj .
;=;<J|m;’;\.][£.]]_grt:ﬂ]

Some Solved Examples

Example 1. Let p— v = (x— v) (2% + dxy + v9)
and f({z)= L+ jv is an analytic function. Find f(z)
in terms of 2.

Solution : Given

flz) = p+iv,
then if{z) = ip—vw
= (1+0)f(@)= p—v+i(g+v)
= U+ iv(Say)
since U= p-—v
= (x—y) (3 + dxy +¥?)
i8] o o
= il
= C+dav+ i+ (x—y)
(2x + 4y)
= I +6xy-—3 =0,(x, ¥
" U _ du b

8 ~ By 8y
= —(x2+dxy +y2)
+{x—v)idy 4+ 2y)
= ' —Gxy— 3 =da(x, ¥)



Since, (14 1) f(2)
_[ [01(z 0)— id2(z, 0)]dz + ¢
_[{322 —i3)dz+ ¢

_|-3{1 —Ddz + ¢
(1-N2 +¢

i

Il

Il

1-i s
1415t 1+i

= —jZ2+d
Example 2. Prove that if f: G — € is analytic
and a € G, then

f@= £ a(z-ar,

for lz— al < R where R =4 (a, 8G)

Solution : Since R = d{a, 8G) we have an
open ball centered at @ € (. such that B{a, R) C
G.

flz)

Il

If f 15 analytic in open ball B(a, R} then it can
be expressed as

fiD) = En a, (z—a)",
far |z — al < R where

o Lff{n} @.

Example 3. Evaluate the following integral
_Ltanzcizwhemf is the circle |7 =2
. _sing
Solution : The poles of f (z) = cos ¢ AT€ COS

z=0,ie z=(2n+ 1}72—:,:::0.1 A Tpe—

(R

and —% only poles that are within the given circle.

s Resf(m/2) = lim dSL
19
;—sdez{cas 4]
= lim (ﬁ)z_l
f£\—8ln 2
T
Similarly

: sin z
lim ———

=-1
z—:-gi{cmz}

i

werl)

Hence. by residue theorem.
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o5
et -2)

2Ami(—1-1)=—4mi.

_L flz)dz

Il

[}

Example 4. Prove that _I- d}—fis an invariant

az+ b
cr+d
where a, b, ¢, d satisfies ad —bec =1 and ds =

Vi + dy?)

with respect to the transformation 7 =

Solution : From
= gt b we have
T cz+d
i 2=t A1)
cz—a
Differentiating (1), we get
ad — be
dy = (cz—a)?

__ dz S -
=% dz = {—c‘z—a}z [ ad-be=1]
Andso, ds = V(d? +dy)

o Il b

= ldel= iz —aP

féin)

= lez—al A%
Also, 2y = z-2

_ b _b;P‘E

e

_ (ad—be) (z-2)

5 lez — alt

———
] = lez — al®
[ad-bec=1,z=x+iy]
i O
vy lez—al?
S (2) given,
dao = Edﬁ
¥
ar ﬁ = J-dj
¥ ¥
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ov_
T Bx &
& ¥ (cos x — cosh v —sinh v)

Thus _I-df 15 mmvariant under the given

transformation.

= .2}
Example 5. Evaluate L i_za where ¢ repre- 2(cos x — cosh y)*
sents the circle |z —al=r. Subtructing (2) from (1), w&_s: get
Solution : Here for the circle lz—al = r (sin x — cos x)
7 = a+ re® (sinx +cos x)simhy + 1 —¢*
where 0 < 8<2n zﬁgz{sinx+msx —cosh v —sinh v)
dz = ire® J48 ax 2 (cos x—coshy)®
J- B Jm irel® 1 Adding (1) and (2}, we have
Hence 25 g =g nTBdﬂ:?ﬂi (sin x — cos x)cosh y—
k. (sinx+cosx)sinh y+ 1 + & ¥
Example 6. Evaluate the residue of % 2at {—sin x + cos x — cosh v — sinh v}
7 =ia. 2 {(cos x— cosh yy*
Solution : _ o B l-cosz
2 e = f = ﬁx+lﬁxq2{]—cusz}2
Hewe Fy = 2+a (z+ia)(z—ia) [Putting x = z and y = 0]
z = ia is a simple pole of f(z) .
Residue at 7z = iais lim (z —ia)fi{z o L &
z_”_a{ M(2) 2(1 —cos z) 451112%
. , z
= lim (z—ia)7—————
z—3ia {Z M}{z—ia}{z+m} = ich,‘ﬂ%
2 22 ___ﬂz_l!'a .
caaz+ia 2ia 2 Integrating, ;
Example 7. Evaluate the analytic function {2y = —Ecm§+c
fz) = p+ivif
cosy+sinxy —e ¥ . n
— Since = 0,
==t 2(cos x—coshy) f(z)
| b4
T I SEEG
and j{i): a ﬂ 2C014+c,
1
Solution : where e=3
Bei gl cosx+sinxy —g ¥
2 {cos x —cos hy) f{zy = %(l—cut%)
, ou v

* Bx " Br
:{sh]x—casx}cush}r+l—e--'*‘sinx )
2 (cos x— sin hy)?
{cos x —coshy)e —¥ +

Example 8. Evaluate _I-fzz_%zr] dx where C

; . ; - 1
is the circle (i) | z| = 1, (ii) Izl =5

- %ﬁ_g_v = {caszf+sinx—e];f;gi.nhr Solution :
y Oy cos x —coshy o fio)dz 2741
Since, fl(z) = W+ ivisanalytic (i . _I-c a ol i dz and
%E . +% f(2) = 2-z+landa=1
% 3 Since f(z} is analytic within and on circle C :
and g = i

ox —Eygwes |zl=1anda =1lies on C.



E}r Cauchy's integral formula.
'& = fla)=1,

Zm

.I-ZZ z+1d = o

(ii) Here a = 1 lies out side the circle C : Izl =
f z+ 1.

yZ' 1

15 analytic everywhere within C.

J'zzz+

. By Cauchy’s theorem |- =———dz=0

Example 9. Prove that the transformation

W —# maps the real axis in the z-plane into a

circle in the w-plane.
Solution : The given transformation
iz+ 2
dz+i
2 —iw
dw —i
The equation of the real axis in the plane is

= z =

z —z =0 substituting for z and Ethe transformation
equation 1s
f =ML g
WU dwsi

or Bw + 20— diww +w — Bw + 2i —diww —w
=0

or Biww + T(w —w)—4i=0

or Bi (P + v+ 1div —4i=0

S |
2 e
or |1 +v2+4v 3 0
which is the equation of a circle in the

w-plane.
Example 10. f0 < |z — 1| <2, expand

Z
0= nes
Solution :
B )
__ 13
2z-1) 2(z-
Putting z— 1 = 1, we have 0 < |pl < 2 and
1 3
o) = —5 -+

T2t 2u-2)
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__ L 3,
2u 4 2
_ 1 3
T Ipn 4
L L L
(1+2+22+23+ )
_o 1 a3 (|
A 4E 2)

_ f =8 [ped
T T2(z-1) 4 E(ET

Example 11. Evaluate _I-},z

the semicircle z= 2”0 <1< @

:2 dz, where v is

Solution :
Hf:]‘f: z=280<t<x
dr = Zields
T T
Henc -I- Z+2 = -I- MZE”JI
2 e
= Ei_l-n {1 + e iy gif i
= EEJ:{E‘“'I' l}df
it ®
- EE[ET‘I' :]
{ 0
it
< zf(‘?.——-l.-+n)
P
= 278 _ 2420
= —24+4din
Example 12. Prove that for
= -1
0<lzl <4, g z

4 _22_u=u4u+[

We have ﬂ-r:|z|-=:4=>|il-r:l

Solution : 4

S

- a-5)" -4
5 () e
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- 1 z 2

4" +_:ii + ;‘"3'+ "_r'i'+
ZJI—T

=il g+ 1-°

Example 13. Evaluate the integral

sin w2 + cos w22 ; :
_I-.: z—1)? {z—Z}dz’ where C is the circle

-]

|zl =3.

Soltuion :
_ sinmz +cosnz
Here J@ = " 172 ¢-2)
is analytic within the circle Izl = 3 except at the
polesz=1and z=2.
Since z =1 is a pole of order 2.

1| d
1 d—z{z—l}zﬂz -

= {i sin 22 + cos w2 ]
T Ldz z—2 iy

[{z—z}{zm o0 K22 — 2Nz sin 1)

- Res. f(1)

i

— {sin T 72 4+ cos wz2)
(z—2)2
(=1 -2m)—(-1}=2m + 1

z=1

and  Resfi2) = lim [2-2)f(2)]
_ . sinmzt 4+ cosmzt |
e {g=132
By residue theorem
Icﬁz}dz = 2mi [Res f{1) + Res f(2)]
= 2mi(2n+1+ 1)
= 4m(m + 1Y,
Bl 14 1) o DL pogps
cos 2y + cos 2x
corresponding analytic function
flz) = p+iv
Solution :
Heie  fus __ sin2x
cos 2y + cos 2x
2 cos 2x (cosh 2y + cos 2x)
o _ . —sin2x(-2sin2x)
dx {cos 2y + cos Zx)?
242 cos 2x cos 2y
~ (cosh 2y + cos 2x)? =&xy)
- §j£= — 2 gin 2x sinh 2y

Sy  (cosh2y +cos 2x 82 (x.3)

The function f(z) is given by

f(2 = | g1z 0)—iga(z, O)ldz+ ¢

_ [l2+2cos2z .
|:{1+-.:-:Js22}2_:{}:|':fz+lf
Mz .

. l+c:u:|sizil”i

= |seclzdr+e

tan 7 + ¢

Example 15. Find the bilinear transformation
which maps the pomnts 7; = 2, zz =iand z3 = - 2,
mto the pomis wy = 1, w; = i and wy; = -1
respectively.

Solution : The bilinear transformation which
transforms z;, 23, 73 Tespectively into wy, wa, ws is
given by

(w—wy ) (wy —wy) - (z—z1) (22 —23)
{w) —wal{wy —w) B (n—m)my—z1)

Substimtingz; =2, z, =i, z;=-2, w; =1, w,

=i, wy=—1 we have

W=D+  (=-2D(+2
(1-D(-1-w)  (2-D(-2-2)
(w=1) (1 + P
T w+ D=+
___@=2@+ip
T {z+D2-D2+ D
o W=D2i _ @=2)3+4i)
(w+ 1).2 (z+2).5
w—l  (z-2)(4-3i)
o w+l = 5(z+2)
o 2w _ (2-2)(4-30)+5(z+2)

2 7 5(z+2)—(z-2)(4-3i)
33—z + 2(1 +3i)
(14 3i)z+ 603 —i)

2(1 + 3i)
3z+ (-1

{(1+3)
(655 =+e
32 4 2i

iz4+6

The required transformation.

Example 16. Let f (z) = i + iv is an analytic
e¥ —cosx +sinx

cosh y —cos x

ar W =

or W =

functionof z=x+ivand p—v =
find fiz), given



3+
2

Solution :

Given f(z) = L+ iv,
thenif (z) = ip+v
Adding f(z) + if (z), we have

fla+if(z) = p-v+i{p+v)
= W—iv(say)
Smee U= p-v

& —cosx+siny
coshy—cosx
cosh v + sinh vy — cos x + sin x
cosh y—cosx
sinh v + sin x
cosh y—cosx
i8] (sinh v + sin x)sin x

= 1+

8 (cosh y — cos x)?
= gilx, ¥y}
cos 7 (1 —cos 7} — sin’y
= SE{Z,G} = E,'—] —CDSLZ}}Z
cosz—1 -1

(1-coszP 1-cosz

|
= — ., CcOosec” . I.

2 2
cosh v {cosh y —cos x}
shd dU  —sinhy (sinhy + sin x)
& = {(coshy—cosxp?
= &Y
~ l-cosz 1
= R2(r,0) = (1-coszP l-cosz
1 il
= —,cosect 5 z.

Since (1 + i} f(2)
- I[St (2, 0)—ig; (z. O}dz+ ¢

—_I- —lcosecz—l —i'lcusecz—l +c
=172 &=ty 2 &

1 J' 21
—2{1+r} COSEC zzdz+c

{1 +f}mt%z+c.

1
= fiz Ir:|:|t§.z+L

1+
. Tl_
x 5 )=

Il

3-i
2
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[y ki b1
= &= d 2)_"“‘4
I—i 1 —i
=5 -1= 3
which givesr::%{l —i)
Hence f{z} = cm%z+é{l—i}.
Example 17. Find the bilinear transformation
which maps the points z = 1, i = — 1 onto the

pomts w=i0=—i
Hence find the image of |zl < 1.
Solution : Let the points 7; = 1, 2, =i, 25 =
— 1 and z; = z map onto the points w) = i, w, =10,
W3=—i3.lﬂ Wi= W.
Since the cross-ratio remains unchanged
under a bilinear transformation
LA=BE1-2) (-0 {i-w)
=D 1= T ((-w) (-0
w+i  (2+1}(1-§
w—i -1+
By Componendo, dividendo, we get
2w @+ D(-D+ (-1 {1+
2i T +DA-D-E-DA+i)

or

1+ iz
or W= —
1-iz
which is the required bilinear transformation
Since s
== M ew
” !_{ﬂ} = |Z|":l
1+w
ar F 1T —wl < |1+ w
or [1—-p—ivl < (14 p+ivl [7lil=1]
or (1-pP+vV < (1+pF++*

which reduces to L > (.

Hence the interior of the circle x2 + v =1 in
the z-plane is maped onto the entire half of the w-
plane to the right of the imaginary axis.

Example 18. Prove that if wy, w,, wy, wy is
the images of the four distinct points 73, 23, 23, 44
in the plane under a bilinear transformation.

Then (wy, wa, w3, wy)=(Z, 22, 23.24)

Solution : Let the bilinear transformation be

w = T(2)
az+b

= —{M—bf?ﬁﬂ}

cz+d weld)
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Since wy, wa, w3, wy are the images of z;, 23,

23, 4 TESp. we have

_an+b
WE = CZ["‘d
_anp+bh
W2 = CZz‘l'd
ad —be)(z —z
oy = @00 —2)

(czy +d) (czy + d)
Similarly, we have
(ad —bc)(z —23)

W2TW3 T (2, +d) ez + d)

_ lad —be)(z3 —24)
WITWAE (2 +d) ez +d)
oy = @50 G =2)

{(.'Z,q, + d} {CZ; + d}

(wy—wy) (ws—wy) (21 —2) (23 —2)
(wa—wy) (wy—wy) (-2 z—2)

= (W, Wa, W3, Wy) = (25, 224 23, 4

Example 19. Expan e+ Diz+d)

(iylzl< 1, (i) 1 < |7 < 4.
Solution :
z—2){z+ 2
e 110+ 3633
= 1- S5z+ 8
(z+1)(z+4)
_ oga=ls =l
z+1 z44

(i) 1zl < 1, we have

F(z)

1
i
|
o~
=
|
]
+
"o
|
.
+

1l

|

by

+
—_——

g

+
o | —
~

+

|

—

5 17 65

d{z—21{2+2}fm

I
ot
|
o~
it
+
a
et
I
|
——
—
+
b e [E
R

=-1-Sz—02-—9F—....

4 16
The required expansion.

64

1 1 1 z 1
=1-"|1+" |1+
7@ z z} ( 4
= 1-— 1_l+l2_l+
z 2 g
g.gt g
"[1"4"'4"43"' ]
g vpeds Rocl Lok
R A -
g0
E E ......

The required expansion.
Example 20. What are the residues of the

; cot Iz
function ———-7
(z—a)?

Solution :
cot T2 COs T2

Here: A& =, ST o

Poles of f(z) are given by (z —a)’ sin Tz=0

so (z—a)* =0 = z = a is a pole of order two
andsinMz=0=TMz=nR = z=nwherene 1

z=n,{(n € I} are simple poles of f(z} if n is
finite z = o is the limit point of these poles so z =
=0 is the non-isolated essential singularity.

Residue at (7= a}js%f{ﬂ}

where f{z) = cot iz = — T cosec® Ta

: e -2
Residue at (z=n}1s sl W

{where g (z) = sin Tz}
COs Tz
(z—a)*
Kcotnzd, .,
I3
T m-a)
Example 21. Show that both the transfor-

i 41 I+2z
mation w = =~ and w = — transform |w| < 1

into the lower half plane I{z) < (.

Solution :
I+
Here W = P
I—1I
-_ A |
=1 W :i
z4+i



z4+iz—i

e

Z

o oww—1 = -
“HEai

(z+DEZ-D-(z-D{(z +D

(z—0)(z + i)
_ =2iz—z) A2
Tz T Iz —il

= " z—z=2iI{)
Taking w = ;4‘—;, we have
w= w-1

Hence for both the transformations w2 — 1
=0

ie,lwl<1givesI(z)<0

i.e., The boundary of the circle lwl = 1
corresponds to real axis in the z-plane and the
interior of the circle transforms into the lower half
z-plane.

Example 22. Prove that function fiz} = 2",
where n 15 a posifive integer is an analytic
function.

Solution : We have

fimy =12
Now fiz) = lim 2 +AL) -2
Az s Az
= o {Z+ Az
= lim
Az 0 Az
z"+nz"“£'«z+%
nn—1)z" 2 (Az)?
- iim +..+A" -2
T Az—0 Az

(by Binomial theorem}

= lim (rz7""! +—11v.|1':1r1!—l}z"'2
Az =0 2

= nrt- !

which exists for all finite values of 7.

Hence f{z) is an analytic function.

Example 23. If A is real, a, b are complex
numbers such that lal > |bl, show that the bilinear
‘1%;+—"_b maps the inside of

a+ bz
the circle |7l = 1 on the inside of the circle |wl| = 1

transformation w = e
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Solution : We have

aazth Az il

W;—l:e 1

a+ bz a+ bz
(az + b) (az + b)
—(a + bz) (a +bz)

{E + Ez} {a+ Ez}

(aa—bb)y —(zz— 1)

la+ bz
{lalP — 6Py {1zI2 — 1}

la + bzl?

If |z| < 1, then ww — 1 < 0, because |al > |bl.

Hence |z| < 1 corresponds to wl < 1. i.e., the
interiors of the two circles correspond.

Example 24. Show that the function e- 1/
has no singularities.

Solution : We have f{z) = e~ V"

Zeros of f (z) are given by
e u 0
or 2=10

. z=0is a zero of order two
Since zeros have no limit point,

. There is no singularity of f(z).
Here the poles of f(z) are given by
¢~ 12 = 0 which is not possible.

.. There exist no poles

Hence ¢~ V< has no singularities.

Example 25. If w -—.(E)Z where ¢ > 0,
It+c

find the area of the z-plane of which the upper half
of the w-plane is the conformal representation.
Solution : Let w = + iv and z= x + iv, then
_ A g donyt
B=aropepp 0
dey (X + 3y - %)
{(x+cP+y2)2
from (2} v < 0if
(1) y and x? + ¥* — ¢* are both positive, i.e., for
the points in the upper half z-plane and exterior of
the circle |zl = ¢, or
(ii) y and x* + y* — ¢* are both negative, i.e.,
for the points in the lower half z-plane and interior
of the circle |zl = ¢.

and Vo= I )
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Thus interior of the circle Izl = ¢ in the lower
half and its exterior in the upper half both
separately correspond to the upper half of the w-
plane.

Examples 26. Prove that the function
1= x* —3xy? is harmonic and find the correspon-
ding analytic function.

Solution : We have p = x* — 3ny?

Lo 303y
B _ g,
% = —&x_'}rmld%=—ﬁx.
Now % + % = 0, so that p satisfies

Laplace’s equation.

Also since first and second order partial
derivatives of 1 are continnous functions of x and
¥.

Thus p is a harmonic function.

Example 27. Prove that f(z) = sin x (cosh y)
+ i cos (sinh y) is continuous as well as analytic
every where.

Solution : Let p (x, y) = sin x (cosh y) and v
(x, ¥} = cos x (sinh y).

Here |t and v are both rational functions of x
and v, )L and v are both continuous every where.

Hence f(z) is continuous every where.

op _
Here = = cos x (cosh )

dv . .
and i — sin x (sinh y)

dv

3y~ cos x (cosh v).

du _ & dv_ S

8n ~ 8y 8x By
~. W and v satisfy Cauchy-Riemann equations.
Thus f(z) is analytic every where.

Example 28. Show that the function f(z} = xy
+ iy 15 everywhere continuous but 1s not analytic.

Solution : Let f{z) = p(x, v} + iv (x, v}
Then W{x,¥} = xy
and vi(x,y) =¥

Since | and v are polynomials in x and v,
therefore, they are continuous at each point.

Hence f (z) is every where continuous

Here %’i’:}r,
av
el
dv _
ﬁy_l
5w, o

and 5/ 108
Bu b
Sy T &

50 that Cauchy-Riemann equations are not
satisfied.

o . .
Sy sin x (sinh y) Hence f (z) is not analytic.
OBJECTIVE TYPE QUESTIONS
1 (1+D)0+(1-)°= (A) (ac + bd, ad + be)
(A) -1 (B) 1 (B) (ac — bd, ad + be)
(C)y 0 (D) 2 (C) (ac + bd, ad — be)
1 N3P (21 A3 (D) (ad + be, ac — bd)
2 Ifz=|-Z+i— | #|-i—=| .then—
2 12 2 2 4. Suppose a a'b and b’ are real numbers, then
(A) Re(d <0 (B) Re(2) =0 (@+ib) iy a1go be real mumber, if—
(C) Re(3)>0 (D) None of these (@'+ib)

3. The product of two complex numbers (a, b)
and (¢, d) is—

(A) ab—-ab' =0
(C) aa'—bb'=0

(B) ab'—a'b=0
(D) ab'—a'b=0



10.

11.

12

13.

The conjugate of (1 + i)? is given by—
(A (1-077? (B) (1+iy!
(C) —2i (D) 2i

Which of the following is true for complex
number €C—

(A) o+ ip=y+id ifoe=yandB=5
(B) e+ ip>0+ip,ife>0andP<0
(C) Transitivity low holds in €

(D) Trichotomy low holds in €
Which of the following is false ?

(A) Re(z; + z5)=Re(z;) + Re (z3)
(B) Iz; + z2l 2 |z + |25l

(C) Izyzal =zl |zl

D) 1 +z=01+2

(B} Iz) + z,1* + |z; —z,* = 2{Iz, I + Iz,*)

Hx=-2 —W."S_E,then the value of Zx* + 5x% +
72 4 41 is—

(A) 4+V3i (B) 4-V3i

(©) V3 +4i D) V3-4i

The real part of exp (exp i8) is—

(A) g o8 (B) £°°8 sin(sin §)

(C) e =8 cos(sin B) (D) e<=® cos(cos B)

The correct polar form of the complex
number 1 —i 15—

(A) V2 emai (B) -

(C) V2 e-mii (D) emsi

Let ¢ be any complex numbers. Let for any

z= (X,}’}iﬂt‘,z-5= ) I]Jenz_is equal to—

(A) (0,0) (B) (1, @)
(Cy (0,1) (D} (1, 1}
The value of | €258 +isin® I'.

vale o cos B —isin @ 5=
(A) 1 (By 0

{C) cos 48 —isin48 (D) cos 80 + i sin 38
(sin 8 + i cos 8)°—

(A) sin 68 + i cos 60

(B) cos 68 —isin 68

(C) —cos68 + isin 68

(D} sin 68 —i cos 68

14.

15.

16.

17.

18.

19.
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If 1, w, w? are the cube roots of unity then
(x =y} (x —wy) (x — wly) is equal to—

(A) x—y (B) x*—»?

© 2-y (D) ¥+

The reciprocal a + ib is equal to—
1 ,
v
ib a
a+ib
a* B
a+ b at+ B
a bi

D) e e

(A)

(B}

(C)

arg (— 1 + ¥ 3i) equals—
b b
(A) 3 B) ¢

© = ) >F

The necessary condition that the points A, B,
C representing numbers z;, z,, z; respectively
on the Argand plane be the vertices of an
equilateral tnangle in that—
1 1 1
= +
I—% L5 -5
i/ /A 1
S I Tl
1 1 1
= +
Zj=de E—Z3 Ig—Is
(D) None of these

If 1, w, w’ are the cube root of unity, then the
roots of (x — 1P + 8 =0 are—

(A)

(B)

(C)

{A) -1,-1,-1

(BY —1.1+2w,1 + 2%

{Cy 1, w, 2w

D) —1,1-2w, 1 -2w?

Complex form of ¥ 3 + 4i is—

(A) Y3+i (By 2—1i

(©) 2+i ) V3 -i

. If cube root of a + ib is x + iv, then H{x* — y?)

s

(A) 245 B+
x v a b

(C) ax+ by (D) ax— by
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21.

22,

23,

24,

25.

26.

27.

28.

| Mathematics

If w be an imaginary cube root of unity, then
(1 —w+ w?P + (1 + w-w?)p is equal to—
(A) 64 (B) 32

(C) 16 (D) 8

The complex nambers z; =1 + 2i, , =4 - 2§
and z;3 = 1 — 6i form the vertices of a—

(A) Right angled triangle

(B) Isosceles triangle

(C) Equilateral triangle

(D) Scalene triangle

If m and n are integers, then the value of the
complex number log; i 1s given by—

dm+ 1 dm il
dn+l
A i+ 1 (B) e 4n+
dm+ 1
(C) log T (1
The amplitude of the complex number
1 + 3 3+ di is iven by
1-2i 1+ f\2—ai JREVNDY
(A) tan™'6 (B) tan™'9
3
(C) tan~!3 (D) tan™ ! 2

2

The real part of the complex number (1 + i)
15—

(A) 22 cos ™ (B) 2" cos 2F
4 2
nm
(C) 27" cosnn (D} 27" cos ry

Let 7, and z» are two complex numbers with o
and (b as their principal arguments such that
o + P> 7, then Arg(z;-z,)is given by—

(A) a+p (B) a+p-n

(C) w+p+m (D) e+ P-2m

The locus of the complex number satisfying
z—-1 _=m.

a1 T3
(A) Straight line {B} Circle
{C) Parabola (D} Hyperbola

If w is an imaginary cube root of umity,
x=a+b y=aw+bw?and z = aw? + bw,
then xyz equals—
(A) a+ b

(C) a*+ b*

(B) @ + b*
D) & +b°

29. Principal value of argument of (cos 1200° +
i sin 12007) is—
(A) 300° (B) 120°
(C) —150° (D) 180°
30. If z; and z, are complex numbers, then amp
(z1.22) 15 equal to—
(A) amp (z;)+ amp (z,)
(B) amp (z;)amp (z3)
(C) amp (z;)—amp (z)
amp {z1}
D
©) amp (z2)
31. The value of arg (z) + arg (z), (z # 0) is—
(A} O (By
T T
(C) 2 (D) 4
32. If z = x + iy, then the number of solutions of
the equation 72 =z is—
(A) One (B) Two
(C) Four (D) Infinite
4 + 3i . X,
33. If3_4f:x+ !}',ﬂ]ﬂl‘]}rls equal to—
(A) O (B) 1
7 4
(8} 3 (D) 3
34, If |z — 1| = 2, then the value of 27 — 7 — 7 is—
(A) 4 (B) 2
(Cy 1 (D) 3
35. The solution of the equation Izl —z = 1 + 2i
is—
. 3.
(A 1-2i {E}Z—Ei
BY B BN
(C) 2+2! {D}Z—ZI
36. If Izl = |z — 1l, then—
1
(A) Re(z)=1 (B) Re(z}= 5
1
(C) Im(z) =1 (D) Im(z)= )
-5 -
37. ;| =1, then z=x+iylieon—
z+5i

{A)} The real axis



38

39

40.

41.

42,

43,

(B) The straight line x =5
(C) The straight lime y =5
(D) A circle passing through origin

Ifzc-:ls{:l:a+i,2casu2:b+ictc,ﬂlen

1 . .
abc+abc...... will be given by—

(A) cos (2o + 205+ ... }
(BY 2cos{t; + Oy +......}
(Cy 2sin{0 + G +......)
(D) sin (200; + 204 ...... }

If ¢, P are the roots of the equation x* —2x + 4
=0, o" + p" is equal to—

(A) 2+ cos ("?“)
(B} 2" cos (n?‘r:)
(C) 2n+1 sm(’;—“)

(D) 2"sin (’E)
3
2z+1

If the imaginary partufﬁis—l then the
locus of a point representing z, is a—
(A) Circle (B) Straight line

(C) Parabola (D) None of these

For complex number z,
|z + 512 + |z — 5 = 75 represents—

{A) A circle (B) Anellipse
(C) A triangle (D} A straight line
If 8 is a positive acute angle, then real and

imaginary parts of cos—! (cos 8 + i sin 8)
m‘ﬂ_

(A) sin~! (V'sin 8)+i log {\' 1 + sin 8- Vsin 0}
(B) cos~! (N sin®)+ilog {\ 1 + cos® -V cos8)
(C) sinr ! (\cos @) +i log {1 +5in 0—cos )
{D) None of these

If (1 + i tan o)! + =™ P has only real values,
one of them is given by—

(A) (sec py=c'e (B) (sec ouy=ch

(C) (sec oP=*P (D) None of these

45.

48.

49,

Mathematics | 37G

. If vy and y; are two rectifiable curves in G and

¥p and y, are fixed-end-point homotopic, then
for any analytic function fin G—

@ [y r-fr=0 ® [ o], =0
(©) -["n le f=0 (D) None of these

If G is simply connected, then for every curve

ye G, _I-_., f=0—

(A) For every function f

(B) For every non-analytic function f
(C) For every analytic function f

{D} None of these

If G is simply connected, then _I-_., f=10for—

{A) Every rectifiable curve

(B) Every closed rectifiable curve v
(C) Every function f

{D} None of these

. If f and g are continuous functions on [a, b]

and v and ¢ are the function of bounded
variation on [a, b], then—

L3 b
_a{f+g}dy=Lfdy
[
_a{f+g}ai}'=_|-:£dv

(b b b
© _a{f+g}ffy=Lfdy=J-agcf}'
{D) None of these
If y piecewise smooth and f: [a, b] = € is
continuous, then—

L L
) fdy=) fy(od

Ya
[l

[l
1, fdy=] foy(nd

(A)

(B)

(A)

(B)

I I
© | fay=| @y
(D} None of these

If v is a rectifiable curve and fis continuous
function on |y}, then—

@ [r=-1r

®) [ far=—[_rar
(©) [ fdi= —L fdi
®) [ fdr=—[_far
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If v is a rectifiable curve and fis continuous
function on { v}, then if ¢ € €—

@) [ fade=],, fo-oxdz

¥+

®) [, A2z = [ flz— o)z

© [, foydz =] fierez

(D) None of these

If G is simply connected and f: G = € is
analytic in G, then—

(A} fhasa primitive in G

(B} fhas no primitive in G

{C) fisconstant in G

(D) None of these

If G is an open set then curve y is homologous
to zero if forallwe € — G—

(A) n(y:w)=0 (B) nly:w)=1

(€ n(y;w)=12 (D) nly iw)=4

If G is a region and f is non-constant analytic

function on G. Then open mapping theorem
states, for any open set U c G—

(A) F(U)isclosed (B) F(U)is open

(Cy KUhy=U {DY) Mone of these

If G is an open set and f: G — C is differen-
tiable function, then—

(A} fisanalytic on G

(B} f1snon-analytic on G

(C) fisconstant on G

{D)} None of these

If function fiz) has an isolated singularities at
z = a, then z = a has removable singularity
if—

(A m (z —a)=10
Ii—a

®) Jim i0=0

(©) lim (z-a)fir)=0

{D} Mone of these

Series La, converges absolutely if—
(A) Ela,| converges (B) La, converges
(C) Lla,ldiverges (D) None of these

If f and g are analytic function, then—
(A) gis always analytic

(B} gis analytic when ever g(x) =0

38.

61.

63.

{C) ‘; is analytic whenever fix) =0

(D} None of these

A function f (z + ¢) = f(z), where ¢ is any
number, then fis—

(A) A periodic function

(B) Periodic function with period C

(C) Periodic function with period z

{D¥y None of these

. If G is open connected set in Cand /: G - €

is a continuous function. Then fis a branch of
logarithm if ze G—

(A) z=sinfiz) (B) z=cosfiz)
(C) z=expflz) (D) z=A2)

. Ew'=T,{7)= :—i : then T~ 1(z) is—
Wi ek
(C} ﬁ {D} MNone of these

What is the radius of convergence for power

. 1
series fiz) =L A a3

P
(A) 1 (B) 2
(C) 0 (D) o
fn)= {;ii]:}z have the pole of order—
(A) 1 (B) 2
(C) 3 {D) O

If v is a rectifiable curve and fis a continuous
function on {v}, then—

@) [ Fodz< |, If ) i
®) [ fidz> |, K2 e

© [, fodz =, K2l
{D} None of these

. G is open set in €, y is a closed rectifiable

path in G and f: G — € is a continuous
function, then—

@) [ fidz=0
© [, fondz <0

®) |, fadz>0
{D} None of these

. An analytic function is—

{A) Infinitely differentiable
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67.

68,

69,

70.

71.

72,

(B) Finitely differentiable
{C)y Mot differentiable
(D} Mone of these

If ¢ : [a.b] % [c.d] >C is a continuous

function and g : [¢, d] = € such that g(r) = _[:
&( s, )ds, then—

(A) gisnot a continuous function
(B) gisa continuous function

(C) gisan increasing function

(D) gisa decreasing function

If is a analytic and f" (z) # 0, then—
(A) fisnon-conformal mapping
(B) fisa conformal mapping

(C) fisa constant function

(D) Mone of these

az+
cz+d
functionl transformation is mobius transfor-
mation, if—
(AY ad—bec=0
{(Cy ab—ecd =0

A mapping 5(z) = which 1s a linear

(BY ad —bc=10
{D) MNone of these
For any point z;, if 75, z3, z; are distinct points

and T is any mobius transformation then the
cross ratio (z;, 2, 23, 24 )15 equal to—

(A) (Tz), Tz, 23, 24)
{E} {TzlsTIE!-Tz}!- z.ﬂ.}
{C} {TZ[,TZZ,TZJ., Tzd-}
(D} Mone of these

If z; #2, # 73 # 74 in €. Then cross ratio
(2).25,7324) is a real number if 7,,7,742, lies

on—
(A} Triangle (B} A parabola
(C) A crcle (D) Ahyperbola

The mobius transform takes—

{A) Circles in to line

(B} Circle into circle

(C) Circle into square

{D)} None of these

If z = a is an isolated singularity of fand f(z)
= L a,{z—a)"1s1ts Laurent expansion in ann

(@, 0,R). Thenifa,=0forn<-1, 7= ais—
(A) A pole of order m

73.

74.

5.

6.

8.
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(B) An essential singularity
(C) Aremovable singulanty
(D} None of these

If Gisaregion and f: G — € is continuous

function such that _I-_,, f =0 for every closed
path y in G. Then—

(A) fis analytic in G

{B) fis continuous in G

(C) fis non-analytic in G

(D} fis discontimnous in G

If the series En a, {z — a)® has radius of
n=

convergence R > 0, thenf (z) = nE—n a, (z—a)
is—

(A) Analytic in ball B (a; R)

(B) Analytic outside ball B(a; R}

(C) MNon-analytic in ball B(a; R)

(D} None of these

The following statement is false for complex
number z—

1 ~ i = =
{A) REE—E{Z+Z} {E}Imz—zi{z+z}

(C) lzl=1zl (D) I22l=z

If z = a is an isolated singularity of f, then ais
the pole of f. f—

(A) zlj_l}’:l Ifiz)=0 (B) zlj—]ﬂ: izl =a
(C) lim |f(z)l=e (D) None of these
I—a

. If z =a is an isolated singularity of fand f (z)

= L a,(z —a)"1s1is Laurent expansion in ann
{a; 0; R). Then z=a
singularity, if—

(A) a,=0,n=-1 (B)a,#0,n=-1

C) a,=0,nz-1 (D)a,#0nz-1

If z = a is an isolated singularity of fand fiz)

15 a removable

= L aulz —a)'1s its Laurent expansion in

ann (a; 0, R). Then z= a is a pole of order m,
then—

(A a_,#0anda,=0forn<—(m+1)

(B) a_p,=0anda,#0forns—(m+1)
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(C) a_,=0anda,=0form=<—-—(m+1)

{Dy Mane of these

If z = a is an isolated singularity of f and fiz)

= X a,(z —a)" is its Laurent expansion in

ann {(a; 0, B). Then z =a 15 an essential

singularity if—

(A) a, # 0for all integers n

(B) a, =0 for all integers n

(C) a, #0 for infinitely many negative
integers n

(D) a, #0 for infinitely many positive
integers n

If z = a is an isolated singularity of f and f(z)

= X a,(z—a)"is 1ts Laurent expansion in ann

(a; 0, R). Also if a, # 0 for infinitely many
negative integers n, then—

(A} z=ais aremovable singularity

(B) z=ais apole of orderm

(C) z=ais aan essential singularity

{Dy Mone of these

If fhave an isolated singularity at z = a and
flzy = L a, (z—a)"is its Laurent expansion

about z = a. Then residue of fat 7= a is—
(Ay a_, (B) ay
(C) a_, (D) a,

If fhas a pole of order m at z = a and g(z) =
(z —a)™ fiz), then—

(A) Res (f;a)= gim—1)(a)
m_

(B) Res (f;a)=g"-1(a)

(©) Res (f; a) =—— (@)
m-—1

{D} None of these

If z = a is an isolated singularity of f and f(z)
= E a, {(z — a)" 1s 1ts Laurent expansion in
ar;::a’, 0.R). Alsoifa_,#0anda,= 0forn
={m + 1), then—

(A) z=aisaremovable singularity
(B) z=ais apoleof orderm

BE.

(C) z=ais aan essential singularity
{D} None of these

_z+2 _ —Z
T = -+3 and T,(7) = 41 then
TZTz{E} 15—
2
(A) z+2 (B) 2745
z+2
) 22__'_ 5 {D'} None of these
. The radius of convergence of the power series
n+l )
=L S m+3) T 5
(A) 1 (B) 2
(C) 3 (D) 4
Iffiz)= | = then at 7 = oo, f{z) have—
’ 1 + & !
(A) Pole

(B) Removable singularity
(C) Isolated singularity
(D) Non-isolated singularity

. A mapping S(z) is called linear transformation

i
(A) S(z) = ﬁ (B) S(z) =az
(©) S(z) = i:j (D) None of these

T 15 a circle through points z;, 23, z4. The
points z, z° € €., are symmetric with respect
to T if—

(A) (2, 20.23,24) = (21,22,23.24)

(B) (Z',22.23.24) = (21.22.23. %)
(C) z5za=2.13
{D} None of these

. ¥ (z;,2223) is an orientation of T, then right

side of I" with respect to (z;,2;,23) is—
(A) {z:Im (z,22,23) <0}

(B) {z:Im(zz,25.23) >0}

(C) {z:Re(zz),22.23)< U}

(D} None of these

. If (1, 0, oo} is the orientation of I, then the

Cross ratio—
(A) (z L0,eo)=1 (B) (z,1,0,0)=10
{C} {za 15 ﬂ:- 'DD-} = o {D} {Z:- 1: ﬂa Dﬂ}: z
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If fis an entire function, then—

(A} fhas a power series expression
(B) fhasnot a power series expression
{C} fisconstant

(D} Mone of these

If fis a bounded entire function, then—
(A} fisconstant

(B) fisequal to zero

(C) fisincreasing function

(D) fisdecreasing function

Ify:[0,1] > Cisa closed rectifiable curve

1 dz .
anda ¢ {y},thcnmf Vg 5
(A) Aninteger {B) Rational number

{C) Real number (D} Complex number

If v is a closed rectifiable curve in €, then for
a & {y}, the index of y with respect to point a
15—

@) nGia)=se ) 2de

®) n(yia) =5 |, (c-aylde

LT
(C) n{y,a}—mi_?adz
{D)y Mone of these

If G — € and G is open and connected. Also
if fis a branch of log z on G, then the totality
of branches of log z are the functions—

(A) f(2) (B) f{(z)+ 2nmi
{C} f{z)+ const. (D)} None of these

A branch of logarithm function is—
{A) Continuous function

(B) Differential function

(C) Analytic function

{D)y Mone of these

A derivative of branch of logarithm function
15—

1
(A) z (B) .

(€ O (D) None of these
The Cauchy—Riemann equation are if p =
pix, y)and v (x,¥)=v

S dv dp_ dv
(A) & =5y 8y~ ox

100.
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105.
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Fp_&p
(B} a2 " by
Fv_§p
© §e=52
{D) None of these

. A function P = p{x, ¥) is harmonic if—

{A) W have continuous second derivative
(B} W have continuous second derivative and
u Pu_
ax? 6y
p ¥
{C) 52 + 52 - 0
{D) None of these

If v and & are closed rectifiable curve having
same initial points, then forevera ¢ {y}—
(A)n(y;a)=-n(y;a)

B) n(y;a)=n(-y;a)
(C)yn(y:a)=-—n(-y:a)

{D) None of these

If v and ¢ are closed rectifiable curves
having same initial points, then for every a
¢ (y}v {o}—

(Aym(y+o.a)=n(y.a)

(B) m(y+c;a)=n(c;a)

(Cy m{y+a,a)y=n{y;a)y+ni{ag;a)

{D} None of these

If y; and y, are two closed rectifiable curves
in G and y; is homotopic to y,, then for
every analytic function fon G—

(A) _vnfi _vlf (B) .I-."bfz }'lf
© ], f+ _Ll f=0 (D) None of these

If v is a closed rectifiable curve in G and y in
homotopic to 0, then for all @e € — G—

(Ayn(yv:w)=1 (B n(y:w=2
C) ny;w)=0 D) n{y;w=3

oz +2 e E oo
If Ty = 243 and T,(z} = : , then

TZ_ lT[{Z}jS—
(A z+3 (B z+2
(C) z+6 (D) z-3

I +2 z
If Ty(z) = 243 and T,(z} = ; , then

T, T;(z) i1s equal to—
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3z+2 2
(A 4z + 2 (B} 2z+1
3z
(C) 42 (DY} None of these

. L .
If & 41 1S @ power series, its radius of

CONVergence 15—
(A) O
(Cy 1

(B) o=
(D) n

. n! .
For the power series En_"’ ™ the radius of

convergence 1s—

(A) e (By 1

{C}) oo (I} Zero

If (z,.7224) is an orientation of T, then left
side of T with respect to (z;,25,23) is—

(A) {z:Im (22,223 < 0}

(B) (z:Im (221,223 > 0}

(C) {z:Im(zz,.2223) = 0}

{Dy Mone of these

If v: [a, b] — € is of bounded variation,
then and P, Q are partition of [a, b]. HPc Q
then—

(A v(y:Pi=v(y:Q)

(B viy: Q) sviy:P)

C) viy:P)=v(y:Q)

{Dy Mone of these

If y : [a, b] = € and P is any partition of [a, b].
Then variation of y, v (v} is equal to—

(A) inf {v(y;P)}

(B) sup {v(y;P)}

(C) max {v(y;P)}

(D) min {v (y; P)}

If v:[a, 5] - € and y is of bounded
variation then total variation v (y) 15—

A) v <), y@lds

®) v)2 ], by @t

© v =], by wlde
{D)} None of these

If v is a rectifiable curve in € and F,, and F
are continuous function on {y}. Alsoif F=p
—limF, on {y}, then—

113.

114.

115.

116.

117.

118.

119.

(A) Lleim_LF,, (B) LF:_LF,,

(©) _LF:EIim_LF,, (D) _I-_,,Fi_[,,F,,

If f: G — C is analytic and R = d (a, 8G)
thenforae Gand |z—al « R—

(A) f(z)=a,(z—a)

(B) f(z) =:En a, (z—ay
(C) f(z)=E(z—a)

{D) None of these

If f is analytic in a ball B(a ; R) and |f{z)| <
MY ae Ria;R) then—

@ @ <5t ®) @izt

(C) |f") (a)l=n!M (D) None of these
If fis analytic in a disk B(z ; R) and y is
closed rectifiable curve in B{a ; R). Then—

(A) _LF:(] (B) _I-},Fi(]

(©) LF:R

If series Xa, converges absolutely, then—
(A) E a, converges

(B) E a, does not converges

(C) Ea, diverges

{D) None of these

If f: G — € is differentiable at a point a €
G, then—

(A} fis discontinuous at a

(B} fis continuous at a

{C) fis constant at a

(D) None of these

If f is analytic function in some domain, then
in that domain—

(A} fis continuous only

(B) fis differentiable only

(C) fis continuous and differentiable both
{D} None of these

{D} MNone of these

L=

fizy= £ a, (z— a) have radius of conver-
gence ﬂfv:‘:.\-[J 0, then—

(A) Forn <0, a,,=$ﬁ‘“ {a)

(BY Forn=0,a,=0
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(C) Fornz0,a, :j:r 1 (a)

(D} Mone of these

If f: G — € is differentiable with f (z) = 0
for all z € G and G is open and connected,
then—

(A} fis constant function
(B) fis increasing function
(C) fis decreasing function
(D} MNone of these
A path 1n same region 15—
{A) Continuous function
(B} Discontinuous function
(C) Differentiable function
(D) None of these
A path is said to be smooth path if—
{A) It is continuous function
{B) It is a continuous and differentiable
function
(C) Differentiable function
{D)} None of these
A path y is piecewise smooth in interval
[a, b]ifin a partition P of [a, b]—
{A) Ineach sub-interval yis continuous
(B) Ineach sub-interval y is smooth path
{C) Ineach sub-interval yis a path
(D)} Mone of these
Answers with Hints

(©) (1 + D)1+ (1)
dhace R Ee
=2 (msf+ fsinf]n +25 (cus :—:—f sinl—: ]n

| (08 10 27)

+ msﬁ—isin@ ]
4 4
101
_ 5 1UT
=2 |:2cos 4 ]
:Zﬁcus(z—n):zﬁxﬂ:ﬂ

2. (A) z

(O (1 +i)

Mathematics 43G

(c:u:vs—+ism—)j
o0
+ c053 —nv.m3
cusm+isinﬂn
3 3
400 . . 400w
4| cos —isin—
3 3
ur:q:vslil—:':+isu]ﬂt
3 3
+ c-:nsiﬂ r5m4ﬂ
3 3

4m T
2cos—-=—2cosy
COS 3 CDS3

-2x;=-1

1
2
s Re(z)<0

. (B}
. DY

a+ib a+ibxa’—fb’
a'+ib'  a'+ib’ a'-ib'

_ aa"+bb) +i(ah —ab)

3 (@) + (@7
This number will be real, if its imaginary part
is zero
soab—ab'

0.
1+ 24 2i
= 1+(-1Y4+2i=2i
~. Conjugate of (1 + i)
= conjugate of 2i=—2i

. (A) Since the set of complex number does not

possess order relation. Hence (B}, (C} and (D}
are wrong.

. (B) The relation |z; + z;| 2 |zj| + |z,/ is false.

The correct relation is |z, 4 2./ < 17| + |z,

. {B} Given that

x= —2-V3i
o x+2 = —V3i

W x+2)? = (—V3i
= X+d4x+4 = -3
= PX+dx+T7 =0
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12,
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Dividing 2x* + 5x* + 7x? + 41 by x* +
we get 2x* + 5x% + Tx? + 41
=222 -3x+ 52 +4x+T)+x+6

= (2 —3x+5) (0)+(=2-V3) + 6
=43

(C) exp(exp i)

i

g Ems'ﬂ E:'sin'E

dx+ 7

g% — poos @ +isin @

= £ {cos (sin 6) + i sin

. Real (Exp (expi @)
= e™s8 cps (sin B)
(C) Let
1—i = ricosB+isin®

rcos = 1,

rsm@ = —1
sorcos’B+ PsinfB=1+1

=2

V2

rsinf
rcos®
s

ﬁ:_s.i

\E(casg—ising)

4 4
= V7 o-in

(B} Given that
= (xy

= x+iy

4]

i.e.,

= x—1iy

(=
4
ta| b ka2 | ga
]
Fa

=
(D)
(ﬂ:ns B+ising

casﬂ—isinﬂ)a

= {cos 8 + i sin B8)*.(cos B —i sin B4
= (cos 8 + i sin 8)*.(cos 8 + i sin 8)*
= {cos 8 + i sin B)%

= pos B 8 + i sin B@.

(C) (sin 8 + i sin 8)°

oo ol

(sin 8)}

15.

16.
17.

18.

19,

T s oo T
=c055(2—ﬁ)+ismﬁ(2 ﬁ)

=—_cos 68 + isin 68

MO (x —y) (x—wy) (x —wly)

=x? —(1+w+wixly
+{1+w+wixy? —wh?
=x} — (¥ + O - ()y?

=x3 -y’ ["1+w+w' =0andw?=1]
{D}T]]f:rf:c1]3r0calﬂfﬂ+!blsa+fb
1 1 _a-ib
a+ib a+ib a—ib
_ a-ib
T at+ B
e ik
T at+ P a+ b

(<)
O Lletat=z,-23,Pp=m3-25,Y=2, - I

then, a +Pf+y=0 (1)
Since ABC is an equilateral triangle.
S AB=BC=CA
= |-z =lg-—zlf=lg -5k
= oo = ﬁE:ﬁ:K [|Z|2:ZE]
From (1)

{_:+|_3+¥ =10

K K K

4o+ =0

o By

1 1 1

+ + =
2—33 H L1 IT3— 32

1 1 1
ar, = +

1 — 22 i1 — 43
D) x-12+8=0
= {x—1}3 = -8
s r—1 {_S}lﬂ-
-2,-2w,— 2w?
—1,1—2w, 1 —2u2

or,

I3 — Iz

[}

Hence x
(C) Let
N34+4i = x+1i
3+4i = 22—y242ixy
xz—}'z 33]]1:]_}.’_‘}*:2
Solving these, we get
x =42, y=21

Il

Then

i
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22,
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24,

Thus, we have x=2, y=1lorx=-2,y=-1

V3+di=2+i

{A) Given that
(a+iby? = x+iy

= (a+ib) = (x+iyP
a+ib = (x* -3y +i3x%y -y
Comparing real and imaginary parts, we get
¥-3xy? =
Ay -y =
x(x?—3y?) =
y(3x* -y =

23y =

or,

ar,
Wy =

2-%+3d_y2 =

R kR kR TR TR

or 4(x2 -y =

(BY (1 —w+w2P + (1+w-wl)y
= (—w—wpP +{—w —wp
= —32w% - 32w!V=—32w? — 2w
= -32(w+wl)=-32.(-1)
= 32
B)zy=(1,2),2,=(4-2), z3=(1,-6)
Here distance between z; and 7,
= distance between z; and z; = 5
But distance between 7; and z; =8
Hence, z, z; and z; forms a isosceles triangle.
(D} We know that
log,a = 1
log;i 1

_|a, 3 |f3+a
et +i 24

__(@-5)  [3+4i
T -2l +i) \2-4i
324
21 - 7i)

_ 3240 (147
= 20-7) " \1+7i
25+225i 1 9,

100 ~474

+
e

(B)
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]
-

Amp z tan-! 9

i
|:"'.|2 cusl:+fsin—x:|
4 4
MTT . M
ni2 3 2 Bl
2 (ms4 +rsm4 )

. Real part of (1 +1)'=2"? cos'y’

25. (A) (1+1i)y

26. (D)
27. (B)Letz=x+iy
z-1  x-1)+iy
241 7 (x+1)+iy
x—1y+iy (x+ 1) —iy
(x+1)+iv (x+ 1)—iy
P+ -+ 20y
T x+ 1P+
-1 | =
mg[;wl)_ 3
2y W
= i yo1 T3
oy _
= ay_1 - ma‘ﬁ
2
=2+ -——=y-1=0
V3
which is a circle.
28. (D) xz = (a+ b) (aw + bwh)
(aw® + bw)

= [a’w + b*W? + ab(w + w?)] (aw® + bw)

= [a*w + b2w? —ab] (aw? + bw)

=a*w? + biwd

=at+h? "N
29. (B)  30.(A)
3. (A)Let z =

= r =

wi=1]

X+ iy
x—1iy
s arg (7) + arg {E}

:'[,3_]]_"I

e
o

fet

= tan!

-

e T )



46G

32,

33.

34,

35.
36.

37.

| Mathematics
(C) 2=z
= (x+ivy = x—iy

= -y +2ixy = x—iy
Comparing real and imaginary parts of both

side, we get
-y =x (i)
2xy = -y o il)
Frmn{ij}_}rzﬂundx:_%

~ From (1), when y=0,x=+ 1, whenx = _?l,

N2
-2

}"-:

{0, 1), (0, — 1), (%,%)m]d (‘—2' _‘%—3)

satisfy the eg.
(1) and (i1}
.. There are four solutions.
(A) I3 xriy
o 443 = 3x+4dy +(3y—dx)i
ar 3x+dy = 4 Lo )
and 3y—dx = 3 Tl
Solving (i) and (ii}, we get
x=0,y=1
{D) Given that, |z— 1/ =2
lz—1R2 =

= ZE—E—E'F] =

4
z-DE-1)=4
4
3

=5 IZ—Z—-2 =
(D}
(B)ySol. Izl = lz—1
le+ivl = Il(x—1)+ iyl

= xX+y=(a-17+y
= 2x =1
=4 x = l

2
= Realof:z = .

2

z—5i

) e
== lz—5il = |z + 5i

= x+(-5i = lx+{y+5i

il

38.

39.

= 22+ {y-57 = 2+(y+57
= ¥y = 0
(B) Zcosgy = ﬂ+c]_1
= a?-Zacosa;+1 =0
2cos oy =4 costoy —4
=1 a = 5

= C0os O +isin o

1

b

b = cos O +isin ¢ etc.

1
abc ... + e

= (Ccos Oy + § s5in O} (COS Oy + § 51N )
1
* (cos 0y + i 5in 0y ) (COS O + i SinCLy)
={cos (04 + 0+ ... }+isin (0 + 6 +...0}
1
F oS (Ol + Oy +..) + isin(0l +0p+ )
={cos {0 + G+ ... )+ i5In (0 + 0 +...)}
+ {cos (o + Oy + ...} — i (sin {0 + O +...)
=2 cos {0+ 0 +...}
(A) 2-2x+4 = 0

Similarly from2 cos 0z = b +

;;;;;;

= X =

T .. W
Let o = 2(m53+151n3)

[}

MIT ., . HE
L1 e St
2 |:(m53 +i5]]]3 )
+ cos"—m—ism"—ﬂ ]
3 3



40. (B) z = x+iy
+2;:+l _ x+ 1+ 2y
“iz+l T i(x+in+1
_ (2x+ 1) +2iy
T o —y+D+ix
C (2x+ D42y (—y+ D—ix
T o (—y+D+ix T(—y+ D +ix

o (2x—y+ D i (2 + 2+ x - 2y)

(—y+ 1P+

Given that Im [M ): _2

iz+1
—(2x1+ 2y + ;f—Z_',-,r}_'_2
2+y-2y+1
= x +2y=12, whichis a straight line.

41. (A) lz+5° +1z-52 = 75
=x+5)+iyP+lx—5+iv> = 75
= 22 +2y = 25

which is a circle.
42, (D) Letcos ! (cos B+ isin@)=x +iy
or cosB+isin®
= cos{x+iyv)
= 0§ X.CO5 {y— sin x sin yi
= cos xcosh vy —sinx sinh y

Equating real and imaginary parts on both

sides, we get
cos @ = cosxcoshy
sin@ = —sin xsinhy
From (i} and (i1}, we get
2 2
5255_23‘:,1% = cosh’y —sinh’y =1
or, cos28 sin?x — sin?8 cos?x = cos?x sinx
or, cos2@ sin?x —sin?8 (1 — sin?x)

= (1 —sin’x)sin’x

or, sin’x + sin?x (cos2@ + sin?8— 1) —sinf8 =0

or, sin*x —sin2@ =

or, sinx = sin @,

or sinx = Vsin@

or, x = sin- ! Vsin @
From (ii} sin® = —sinx sinhy
or, sinhy = —Vsin@

ar, » = Ei]]]] [— 'IIEiII 'H']

)
(i)

log, [~ Vsin 8 + V{sin 8 + 1)]

43.
48.
53.
58.

61.

63.
68.
73.
78.
B3,
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Hence, cos~ ! (cos 8 + i sin@)
= x+iy
-1

= sin sin 8) + i log,

[~ Vsin 8 + Vsin @ + 1]

(B) 44.(A) 45.(C) 46.(B) 47.(C)
{A) 49 (B)y 50.{(A) 51.{(A) 52.{A)
(B) 54.(A) 55.(C) S56.(A) 57.(B)
(B} 59.(C)
I+2
. (B)Here w = S
2 - 3w
= z =
w—1
E _ 2-3w
T, Yw) = e
(A)Here a, = H—L
and a 1
lﬂ.ll-l-'f - {n_'_ l}n
-. Radius of convergence,
R = lim -2
n—ve dly g
lim @+
- H —es .l‘ln -
.. 8mng
- (C)Let  f(z) = P
Then singularities of f(z) are given by
{z—mE =0
= z=m is a pole of order two of f(z).
(A) 64.(A) 65.(A) 66.(B) 67.(B)
(A)  69.(C) 70.(C) 71.(B) 72.(C)
(A) 74.(A) 75.(D) 76.(C) 77.(A)
{Ay T79.(C)y BO.(C) Bl.(A) B2.(A)
(B}
2
(O TI@ =T, (i—:;)
742
__z+3  z+1
I+2 1 2245
z+3
n+1
RS 0 S e e D)
n+2
and  Gne1 = N e d)
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.. The radius of convergence, -
105. (A T,T =T,|——F
R _ ]j]n ﬂn { } 2 [{I} 1 Z+1
n—rem iy g z
~ n+l  (n+3)(n+4) a1 Y2 3,40
nose(M+2)(n+3)  (n+2) = 3:4“3
m+1)in+4d) z+1+
= 2}2 =1
n—se (n4 106. (B) We have
1 —et
86. (D) Here f(z) = _ 4 =1
{ ﬂ 1 4 e dy = n! aﬂ+l_{n+l}!
Poles of f{z) are obtained by equating to zero a
the denominator of f{z). i.e. R = lim —*
ey,
14+ =10 N
= Er—— _12321':!1:41&' = lmm {J%"}_
. n—ye ni
L = (2n+ lmi, = lim (n+1)=e0
where n is any integer N
Hence z = (2n + )T (n € I) are the simple 107 (A) We have
poles of fiz). n! (n+ 1}!
. ‘ A By = ane17 +1
Obviously z = == is a limit point of these poles n (n+1)
.+ z=wee 15 anon-1solated essential singularity. R = lim ay
87. (C) 88.(B) 89.(B) 90.(D) 91.(A) e Gy
92. (A) 93.(A) 9%4.(B) 95.(B) 96.(C) IR UL VA
97. (B) 98.(A) 99.(B) 100.(C) 10l (C) n—o= " (n+1)!
102. (B) 103.(C) 1
= lim 1+; =e
104. (B)  T,Ty(2) = Tz‘l(ﬁ)
Z+3 108. (A) 109.(A) 110.(B) 111.(C) 112.(A)
z+2 113. (B) 114. (A) 115.(A) 116.(A) 117.(B)
+3
= ;T=z+2 118. (C) 119.(C) 120.(A) 121.(A) 122.(B)
z+3 1 123. (B)





