COMPLEX NUMBERS

INTRODUCTION

A number in the form of a + ib, where a, b are real numbers and i = \/—=1 is called a complex number. A
complex humber can also be defined as an ordered pair of real numbers a and b and may be written as (a, b),
where the first number denotes the real part and the second number denotes the imaginary part. If z=a + ib,
then the real part of z is denoted by Re (z) and the imaginary part by Im (z). A complex number is said to be
purely real if Im(z) = 0, and is said to be purely imaginary if Re(z) = 0. The complex number 0 = 0 + i0 is both
purely real and purely imaginary.

Symbol i : We define positive square root of -1 as imaginary unit, denoted by i. Thus, i=-1
= i#=-1.
Properties of i

An+2 - 4An+3 _

() Foranyintegern, i =1,i""" =i, i"? =i i,

FOI’ example : i2004 — i4><501 - 1, i497 - i4>< 124 +1 - |
. 1
Also i=-=
i
(i) For any integer n, i*" +i*™! + "2 4+ {*"3 = o

That is, the sum of four consecutive powers of i is zero.
For example : i® + i +i® +i® =0

Complex number : A number of the form x + iy, where x and y are real numbers, is called a complex number,
denoted by z. Thus z=x + iy, X € R, y € R is a complex number. We define

X = Real part of z, denoted by Re(z)

y = Imaginary part of z, denoted by Im(z)

,/xz +y? = Modulus or absolute value of z, denoted by |z|

Properties of z :

(i) If Re(z) =0,then z =iy is called a purely imaginary number.

(i) IfIm(z) =0, then z = x is called a purely real number.

(i) z=0=0+i0is both purely real as well as purely imaginary.

(iv) Order relation (> or <) is not defined on complex humbers, which are not purely real.

(V) x +iy,=x,+1y,iffx, =x,andy, =y,.

(vi) The number x — iy is called complex conjugate of the number z = x + iy, denoted by z or z*. Thus

if z=x +iy, then Z=x—1ly = Re(z) = Re(z) and Im(z) and —Im(z).

(vii) The property Jayb =+/ab holds good only if at least one of a and b is a positive number.

EXAMPLE 1: Find the sum and product of the two complex numbers
Z, =2+3iandZ, =-1+5i

SOLUTION : Z,+2,=2+3i+(-1+5)=2-1+8i=1+8i

(X—l}3 a-1 p-1 y-1 ( -2 ) (—ij —2w°
— | =1 + + = + +
-2 -1 y-1 a-1 20 2w’ -2
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Geometrical representation of complex numbers

A complex number z = x + iy can be represented by Y (imaginary axis)

a point P, whose Cartesian coordinates are P(x, )
(%, y) referred to axes OX and QY, usually called '
real and imaginary axes respectively. Point P is
called the image of the complex number z and the [2]

z is called the affix of the point P. The conjugate z [9) X
of the number z is the affix of image Q of the point
P in the real axis. Now, the modulus of z,

ie.,|z|=yx* +y> =OP. Q(x, -y)

The angle XOP is called the argument or amplitude of z, denoted by arg(z) or amp(z).

y
M X (real axis)

Thusarg(z) =0 = tanl(zj .
X

If we take OP = R, thenx =R cosé, andy = R sind. Then z = x + iy = R(cosé + i sind).
This is known as trigonometric or polar form of the complex number z.

Also z =R (cos@ +ising) = re'. This is known as Euler’s formula. Again if z, and z, represent two points
P and Q in the Argand plane, then |z, — z,| represents the distance PQ.

Principal value of Argument : In general the arg(z) of a complex number z is the solution of the
simultaneous equation

X ; y
C0S0 = ——— and Sinf = ———
fXZ +y2 /X2+y2
Clearly the argument (z), i.e., 8 cannot be unique. 2nxz + 6, n is an integer, is also an argument of z. The
value of 8 such that —z < 6 < = is called the principal value of the argument. The argument of the

complex number 0 is not defined. The principal value of argument () of the complex number z = x + iy for
different combinations of x and y are shown in following figures:

% z(x, y) g(X,y) Y +Y ¥
e P
) , ar N o, ,
0 X O X Ve x O42)g X
.Z(X, y) ‘oz(X, y)
x>0,y>0,0=qa x<0,y>0,0=n-a x<0,y<0,0=a-m= x>0,y<0,0=-a
In each case o =tan*|¥|, and 0SOL<g.
X
EXAMPLE 2 : Represent the given complex numbers in polar form:

0 @+ i«ﬁ)2 /4i(1—- iﬁ) (ii) sin a.—icos a (o acute) (i) 1+ cos g +isin g

SOLUTION : 0] i(1—iW3) =i—i’V3 =3 +i

C(@+iBY @B 2423 _ (-1+i3) (B 1)
C4A-iWB) 4B+ 4B+ 2B +)(B-)
=—ﬁ+\ﬁ+4i= i

2(3+1) 2

i 1 T ... T
and —=—=|cos—+isin—|.
2 2( 2 2)
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i _
Hence M _1 [cos T 4 isin E] MEgN
4i(1-i3) 2 2 2) 2
(i) Real part > 0; Imaginary part <0
argument of sin . — i cos a is in the nature of a negative acute angle.

sosino—icosa= cos[a—zjﬂsin (Q_Ej = el[m_EJ
2 2
(i) 1+cos = +isint=2cos® = +i-2sin_ cos =
3 3 6

—2cos ~|cos X +isinE|=2coste®
6 6 6 6

Properties of conjugate of a complex number
(i) |z| = |2| (i) z+Z=2Re(2) (iii) z—-z=2ilm(z)

(iv) zz=|z V) z,+2,=7,+7, i)  zz,=7,7,
Note: The properties (v) and (vi) can be extended to any number of complex number.
s - e e e Zl 71 - T
(viiy z,-2z,=2,-2, (viii) | = |==, 2, %0 (ix) (z2)=2
ZZ Z2
x) 2" =) (X)) z,Z, +Zz, = 2Re(Z,2,) = 2Re(z,Z,)
(xii) z=7Z < zis purely real.
(xiil) z=-Z < zis purely imaginary.

EXAMPLE 3 : If |z—2 +i| <2 then find the greatest and least value of | z |.

SOLUTION : Given that
[z-2+i]<2 (i)
lz-2+i]z]|[z]|-]2-1]
lz—2+i|>||z|- V5| ...(ii)

From (i) and (ii)
|zl - B l<lz-2+i|<2
|1zl - 5 <2

-  —2<|z]-B<2

=  J5-2<|z|]<B5+2

Hence greatest value of |z| is J5 +2 and least value of |z| is J5-2.

Properties of Modulus of a Complex Number

() |4=0<2z=0 (i) |z = 0for any complex number z,

(i) |z,z,| =|z)||z,| . can be extended to any number of complex numbers.

(iv) Al H z,#0 (V) 2 lie. Z is a unimodular complex number.
2, [2.] g 1
Vi) |z, %2, <|z)|+]z,| (Vi) [2,£2,|2]z| |-z, (vii)  —|z|<Re(z)<|7|

(ix) —|Z<im@) <l ) |7<[Re@)|+Imz)|<V2|
i) |z,£2,|" =|z| +|z.| £ (@2, +7.2,) = |z, +|z,|" £ 2Re(z,2,)

(xii) |z, + 22|2 +|z, - 22|2 = 2{|zl|2 +|22|2}
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Properties of Argument of Complex Numbers

(i) arg(z,z,)=arg(z,)+arg(z,), can be extended to any number of complex numbers.

(i) arg(ij =arg(z,) —arg(z,) (i) arg(z) =-—arg(z)
ZZ
(iv) arg(z")=narg(z) (V) arg[%) =2arg(z)
(vi) arg(z) =0 iff zis purely real. (vi) arg(z) =+ g iff z is purely imaginary.
EXAMPLE 4 : Find out the principal arguments of the following complex numbers.
(i) 3+ 4i (i) 3 —4i (i) =3 + 4i (iv) =3 — 4i
SOLUTION : (i) tan™'4/3

oL 4
(i) tan (—gj
(iii) © + tan~'(~4/3)

. 4 4
iv) -1 + tan™t =
(iv) 3

Concept of Rotation in Complex Plane

Let z,, z,, z, represent points A, B, C respectively on v C(z3)
the complex plane. Then AB=|z, -z, AC =|z, - )|
andBC=|z,-z,|. Let 6 be the counter clockwise N B(z2)

z,-2 .
angle ZBAC, then 0 = arg—=—= . We may write Alz2)

Z,—-7, O]

e 2 _Zl|(cose+isin9) :A—C(cose+isine) _AC o
z,-2, |z, —zl| AB AB

(i) Multiplying a complex number by i represents a rotation of angle g counter-clockwise about origin.

(i)  Multiplying a complex number by o represents a rotation of angle 23—75 about origin clockwise or

anticlockwise.

EXAMPLE 5 : ABCD is a rhombus. Its diagonals AC and BD intersect at M such that BD = 2AC. If the points

D and M represent the complex number 1 + i and 2 — i respectively, find the complex
number(s) representing A.
SOLUTION : Let A be z. The position MA can be obtained by rotating MD anticlockwise through an angle

g; simultaneously length gets halved.

N1 . - B
z—(2—|)=§((1+|)—(2—|))e'“’2
1 . 1
==(-2-i)=-1-=i
2 ( ) 2
. o
z=-1-Lj40 i3 c ST A
2 2
Another position of A corresponds to A and C
getting interchanged and in that the complex
number of Ais 1+ S i+2—i=3 - % 1+
2 2 D

.. The complex number of A is either 1— % or3-— %i
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De Moivre theorem

() Ifn el then (cos@+isind"=cosnd+isinnd
(i) IfneQ,sayn= B, q =0, then (cos@ + i sing)" will have Q values one of which is given by cos né@ + i
q

sin nd. (P and Q are integers)

EXAMPLE 6 : If n be a positive integer, prove that

0 if n be odd

@+ + @i = vt it g be even

—o1 it D pe odd
2

2n
SOLUTION : @+ =2"|cos Z+isinE| =2"|cos T isin 0T
4 4 2 2

2n
@A-)*"=2"cosE—isinE| =2 cos F _jsin 2%
4 4 2 2
L@+ +@-i)=2" cos ™ isin ™™ 4 cos M _jsin T
2 2 2 2
=2""" cos (Mj
2
If n be odd =2m + 1, then RHS =2 cos (2m + 1) g
=0

If n be even and g also even so that n = 4k, then RHS = 2"** cos (2kn) =2"**

else RHS = 2"*! cos (n_znj =-_om

Cube Roots of Unity

~1+i
letz’=1 = 2°-1=0 = (z-1)(F+z+1)=6 = z=1lor z= 1_2“/3_’.
~1+i\3 o . 2
zZ= > are called imaginary cube roots of unity and one the roots of z°+z + 1 =0.
2
~1+i ~1-i —1+i ~1-i
113 = ! 'ﬁ,we generally represent m:+—|\/§ andmzz—l\/g.
2 2 2 2
~1+i+/3 2r .. 27m i
Also,a;:—\F:cos—”Hsm—”:eI3
2 3 3
. A
and o’ :ﬁ:cosﬂﬂsinﬂ:e?
2 3 3
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EXAMPLE 7 : If a, B, y are roots of x> — 3x* +3x + 7 =0 (and w is cube roots of unity), then find the value of
a—-1 [3 1 y-1
B- 1 Y- 1 a-1"
SOLUTION : We have x* — 3x* +3x + 7 =0
x-1°%+8=0 . (x-1°=(2)°

3
(x—lj 1 = X_zlz(l)”3 =1, o (cube roots of unity)

x=-1,1-20,1-20°
Here a=-1,p=1-20,y=1-20°
a-1=-2,p-1=-20,y-1=-20".

_ _ _ _ _ _ 2
Then 2 1+B 1+y 1: 2 + 20)2 + 20
B-1 y-1 a-1 20 -2 -2

11 ,
=—+=+®
0 O

=0’ +0° +o° =30°

Properties of ® and @’

) 1+oe+ @’ =0,in general 1 + o' + 2°"=30r0 according as n is a multiple of 3 or not (n € 1).

(i) @ =1;ingeneral &" =1, ™" = wand & = &

(i) o°=wand o=

(iv) The cube roots of unity represent the vertices of an equilateral triangle inscribed in a unit circle with
centre at origin on the complex plane. One vertex is always on positive real axis.

(v) If ais areal cube root of a real number then its other roots are ao and aw’.

(vi) If a complex number z is such that |Re(z)| : |[Im(z)] = 1: \ﬁ or+/3:1, then z can be expressed in
terms of i, wor &.

(vi) Foranyreala,b,c;a+bw+ c’*=0 = a=b=c.

The n" Roots of Unity
Let 2" =1 = cos2kz + i sin2kz, k € |

z = (cos 2kn +isin 2km)"" :c052k +|S|n2—kTc k=0,12..n-1
n n

2t . . 2 :
If we represent cosZE +isin<t by «, then the n" roots of unity are 1, a, &, ..., d
n n

Properties of n™ Roots of Unity

n-1
() 1+a+d+.+d"=0 = Z(cosﬁﬂsmz—knjzo
n
n-1 -1
= cosz—kﬂ:O and sz_kn:O
ko n k=0 n
(i) l.oo...a™t= (1)
(i) The points represented by the n" +Y
roots of unity are located at the Aé’(az_)\
vertices of a regular polygon of n 140
. . . . . . . 27 /©
sides inscribed in a unit circle with AR
centre at the origin. One vertex being ZT”
on the positive real axis. oNJ2r 14,0
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EXAMPLE 8:  Find the cube roots of 4 — 443 i.

SOLUTION : Letz=(4-43i)"° p= 16+48 =8 cos a=1/2, sin a = —?

.. Cube roots of 4 —4\/§i are given by

z=p"cis 2kn+a -0 1,2and o =8 = 2 (positive real cube root of 8)
Thus z =2 cis % , 2 Cis 2r+a , 2 Cis 4m+ o are the required roots.

Here «ais given by cos a = % and sin ¢ = —g ie.a= —g.

ALITER

Let  z=(4- 43"

or, 7= (8e—|n/3)1/3

or, 7 = 29 (1)1/3

=N z=2e"™ 27 o and 2e7™°.¢°

since ® = ei2n/3, (02 — ei4n/3

Therefore’ z= 2e—in/9, 2ei5n/9 a.nd 2ei11n/9.

Geometrical Applications

(i)

(ii)

(iii)

(iv)

v)

(Vi)

(vii)

Distance between two points A and B represented by complex numbers z, and z, is
AB =z, -2z].

Affix of a point P dividing the join of point A and B with affices z, and z, in the ratio m : n, internally is
mz, +nz . mz,—nz

Mz, +nz, . externally is —2——1
m+n m-n

Z,+2Z,

Affix of mid point of A(z,) and B(z,) is

Affix of centroid of AABC, with vertices A(z,), B(z,) and C(z,) is 222" 23

z z
Equation of straight line passing through two points A(z,) and B(z,) in complex formis |z, z, 4=0
Z2 22

z-z, z,-2
or= _1:_2 _1
Z-2, Z,-7,

General equation of a straight line in complex plane is az +az +b =0, where a is a constant complex
number and b is a constant real number.

a+a _ Re(a)
i(a—a) Im(a)

Slope of this line =

|az, +az, +b]

Distance of a given point P(z,) from the line az+az +b =0 is given by 2| |
a

P(z)
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(viii) Equation of a circle of radius R and P(z)
centre at point C(z,) is |z - z,| = R. A
|z - z,| > R represents the points lying A

outside the circle.

|z - z,| < R represents the points lying
inside the circle.

. . . . _ ig
(ixX) Any point on the circle |z -z R can be givenbyz=2z,+ re'’.

ol =

(x) General equation of a circle in complex plane is given by zz +az+az+b =0, where b € R. Its center
is at the point C with affix -a and radius.ﬂa|2 —-b. The circle is real iff
la>~b>0.

(xi) Equation of a circle describped on a line segment AB, as diameter
is(z-2,)(z-2,)+(z~-2,)(z-z) =0, where z, and z, are affices of points A and B.

(xii) Let z, and z, be two given complex numbers. P(z)
z-2
Then arg( lj=0c,0<0c<7‘c represents all a
z-2,

points z lying on the arc of a circle.

If ae(o, g) z lies on the major arc (excluding A(Zf)v Blzy)

points A and B).

If ae (g nj, z lies on the minor arc (excluding points A and B).

(24 — Zl) (Zz — 23)
(22 - 21) (24 - 23)

(xiii) Four points A(z,), B(z,), C(z,) and D(z,) taken in order are concyclic if is purely

real.

(xiv) |z-2z|+|z-2z|=a,a€ R" represents an ellipse if |z, - z,| < a. Points z, and z, represent the foci of
ellipse.

(xv) |z-2z|+|z-2z)]=a,aeR-{0}represents an hyperbola if |z, — z,| > [a]. Points z, and z, represents
the foci of hyperbola.

(xvi) The triangle whose vertices are the points represented by the complex numbers z,, z,, z, is
equilateral if and only if

- + =0 & ZZ+25+2%-22,-2,2,-2,2,=0.

EXAMPLE 9 : Interpret Geometrically the complex number 'z' which satisfied the following inequality logy,
-1+4
2-1+4 _
z2-4-2
SOLUTION : In order the log is to be defined, |z-1]-2>0
=|z-1|>2.
lz-14+4 1

1.

Also,

z 2 2

= |z — 1] > —-10 which is always true. =) <D 3

Hence the inequality will hold for all 'z' satisfying the condition
that |z — 1| > 2.

Geometrically, it represents the exterior of a circle with center (1
+ 0i) and radius '2'.
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EXAMPLE 10: If ||z + 2| - |z — 2|| = &% z e C representing a hyperbola for a € R, then find the values of a.

SOLUTION ; Here foci are at —2 and 2 at a distance at 4. Hence the given equation represents a hyperbola
ifa’<4ie. ace (-2 2).




