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THREE DIMENSIONAL GEOMETRY

coordinate or a point In space

There are infinite number of points in space. We want to identify each and every point of space with the help of
three mutually perpendicular coordinate axes OX, OY and OZ.
Three mutually perpendicular lines OX, OY, OZ are considered as the three axes.

The plane formed with the help of x and y axes is called x-y plane, similarly y & z axes form y-z plane and z and
x axes form z - x plane.

Consider any point P in the space, Drop a perpendicular from that point to x -y plane, then the algebraic length
of this perpendicular is considered as z-coordinate and from foot of the perpendicular drop perpendiculars to x
and y axes. These algebraic lengths of perpendiculars are considered as y and x coordinates respectively.
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1. Vector representation of a point in space
If coordinate of a point P in space is (x, y, z) then the position vector of the point P with respect to the
same originis x| +y] + zK.
2. Distance formula Distance between any two points (x,, yi, z,) and (X, v,, z,) is given as

\/(X1 _X2)2 + (Y1 —Y2)2+(Z1 —22)2

Vector method We know that if position vector of two points A and B are given asOA and OB then
AB =|OB - OA|
= AB = (X, +y,j+2zK) —(x;i+y,j+2zK) =AB = \/(xz —x1)2 +(yo —y1)2 +(z, —21)2

3. Distance of a point P from coordinate axes
Let PA, PB and PC are distances-of the point P(x, y, z) from the coordinate axes OX, OY and OZ
respectively then

PA=\y?+2? ,PB=vz2+x2 , PC = /X—2+y2

Example : Show that the points (0, 7,10), (-1, 6, 6) and (— 4, 9, )6) form a right angled isosceles triangle.

Solution: Let A=(0,7,10),B=(-1,6,6),C=(-4,9,6
AB2= (0 +1)2+ (7=<6)2+ (10 -6)>=18 AB = 342
Similarly « BC=32,
& AC=6
Clearly AB? +BC? = AC? -~ ZABC=90°
Also AB =BC

Hence AABC is right angled isosceles.

Example : Show by using distance formula that the points (4, 5, -5), (0, —11, 3) and (2, -3, —1) are collinear.
Solution. Let A= (4,5,-5),B=(0,-11,3),C=(2,-3,-1).

AB = J(4-0)2 + (5+11)2 + (-5-3)2 =+/336 = \/4x84 = 2,/84

BC= {(0-2)%+(-11+3)2+(3+1)2 =84  AC = [(4-2)2+(5+3)2+(-5+1)2 =+/84
BC + AC = AB
Hence points A, B, C are collinear and C lies between A and B.
Example : Find the locus of a point which moves such that the sum of its distances from points A(0, 0, — o)
and B(0, 0, a) is constant.
Solution. Let the variable point whose locus is required be P(x, y, z)
Given PA + PB = constant = 2a (say)

Jx=02 +(y =02 +(z+a)? + {(x=0)2+(y—0)2+(z-0)? =22

! _ 2 2 2
= 2_ _23—\/)( +y +(Z—(X)
= X2+y2+ 22+ 02+ 2zov=4a% + X2 + Y2 + 22 + 02 — 2zo. —4a \/x2+y2+(z—o¢)2
= 4zo —4a® = —4a \/x2+y2+(z—oc)2
z%a?
= +a2—-2za=x2+y2+ 22+ o2 — 2za
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1% x?+y? 22 - .
or, X2 + y? + 22 2| = az—o? or, 22 o +a_2 =1 Thisisthe required locus.
-a

Self practice problems :

1.

2.
3.

One of the vertices of a cuboid is (1, 2, 3) and the edges from this vertex are along the +ve x-axis,
+ve y-axis and +z axis respectively and are of length 2, 3, 2 respectively find out the vertices.

Ans. (1,2,5),(3,2,5),(3,2,3),(1,—-1,3),(1,—-1,5),(38,-1,5), (3,-1, 3).

Show that the points (0, 4, 1), (2, 3, —1), (4, 5, 0) and (2, 6, 2) are the vertices of a square.

Find the locus of point P if AP2 — BP2 = 18, where A=(1,2,-3)and B=(3,-2, 1)

Ans. 2x-4y+4z-9=0

4, Section Formula

N

If point P divides the distance between the points A (x,, y,, z,) and B (x,, y,, Z,) in the ratio of m.: n, then
coordinates of P are given as

MX, +NX; My, +Ny,; Mz, +nz, A =] B
( m+n ~ m+n  m+n J mh
ote :- Mid point
[X1+X2 YitYo Z1+22j 1d
2 2 "2 A 3 B
5. Centroid of a triangle
A ¥1,2,)

6

7.

) ’

X{+Xo+Xg Yi+Yo+Ys Z1+2Z,+24
3 3 3
B(XZ-y2|Zz) C(XalYSvZS)
ax, +bx, +cx5 ay, +by, +cy; az;+bz, +cz3j

a+b+c 7 a+b+c ' a+b+c

. Incentre of triangle ABC: (

Where AB=c,BC=a,CA=b
Centroid of a tetrahedronA(x, y,;z,) B (x, ¥, 2,) C(x,, v, z,) and D (x,, y,, z,) are the
vertices of a tetrahedron then coordinate of its centroid (G) is given as

in ,ZYi ,zzi

Example : Show that the points A(2, 3, 4), B(—1, 2, =3) and C(—4, 1, —10) are collinear. Also find the ratio in

which C divides AB.

Solution: GivenA=(2,8,4),B=(-1,2,-3),C=(-4,1,-10).

Example : The vertices of a triangle are A(5, 4, 6), B(1, -1, 3) and C(4, 3, 2).

Solution AB = |42 152432 —5/2

A(2,3, 4) B(-1,2,-3)
Let C divide AB internally in theratio k : 1, then

E (—k+2 2k +3 —3k+4j

3

K+1 k+1 < k+1
-k +2
TS L4 = 3k=-6= k=-2
k+1
2k+3 -3k +4
Forthisvalueofk,—+=1,and h =-10

+
Since k < 0, therefore k divides AB externally in the ratio 2 : 1 and pointg\ﬁ;’a,’ @)are collinear.
nternal bisector of £ BAC

_|

meets BC.in D. Find AD.

AC = 12 112 1 42 =342

Since AD is the internal bisector of ZBAC
BD_AB _5 (1,1, 3) (4,3,2)
DC AC 3
D divides BC internally inthe ratio 5 : 3

5x4+3x1 5x3+3(-1) 5x2+3x3 [é 12 19j
D= : , or, D= =
5+3 5+3 5+3 8

vo- -5 {8 (-3
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Example :
If the points P, Q, R, Sare (4,7,8),(—1,-2,1), (2, 3, 4) and (1, 2, 5) respectively, show that PQ and
RS intersect. Also find the point of intersection.
Solution
Let the lines PQ and RS intersect at point A.
Let Adivide PQ inthe ratio A : 1, then

_ (—%+4 —2A+7 %+8j

A+1 7 A+l 7 A+
Let Adivide RS in the ratio k : 1, then

k+2 2k+3 5k+4
=kt kel ket ) @ Re 39 Q1,271
From (1) and (2), we have,
-A+4  k+2 3
A+l k1 )
-27A+7 2k+3 4
1 kel (4)
A+8_Sk+d ;
A+1 k+1 " (5)
From (3), —Ak—=A+4k+4 =2k + 2L + k + 2
or 2\k + 3, -3k-2=0 4 . (6)
From (4), 2A\k — 2\ + 7Tk + 7 = 2Ak + 3L + 2k + 3
or 4)\k + 5A-5k-4=0 < . . (7)
Multiplying equation (6) by 2, and subtractlng from equation (7), we get
-A+k=0 or, A=k

Putting A = k in equation (6) we get
22+ 3A—-31-2=0

or, A=x1.

But A = —1, as the co-ordinates of P would then be underfined and in this case
7F:Q [l RS which is not true.

Clearly Ak=1 satlsfles eqn. (5):

Hence our assumption is correct

-1+4 -2+7 1+8
Az( ) ) J or, AE[E i 2]

2 2 2 2’2’2
Self practice problems:
1. Find the ratio in which xy plane divides the line joining the points A (1, 2, 3) and B (2, 3, 6).
Ans. —-1:2
2. Find the co-ordinates of the foot of perpendicular drawn from the point A(1, 2, 1) to the line joining the
point'B(1; 4, 6) and C(5, 4, 4)
Ans.. (3,4, 5)
8
3. Two vertices of atriangle are (4, -6, 3) and (2, —2, 1) and its centroid is (57— 1 2) . Find the third vertex.
Ans. (2,5, 2)
4. If centroid of the tetrahedron OABC, where co-ordinates of A, B, C are (a, 2, 3), (1,b, 2) and (2, 1, ¢)
respectively be (1, 2, 3), then find the distance of point (a, b, ¢) from the origin.
Ans.. ./107
1
5. Show that [_E’ 2, Oj is the circumcentre of the triangle whose verticesare A(1,1,0), B (1,2, 1) and
C (-2, 2,-1) and hence find its orthocentre. Ans. (1,11,0) z
8. Direction Cosines And Direction Ratios

(i) Direction cosines: Let o, 3, y be the angles which a directed
line makes with the positive directions of the axes of x, y and
z respectively, then cos @, cosf3, cos 7 are called the direction
cosines of the line. The direction cosines are usually denoted

by (¢, m, n).
Thus ¢ = cos &, m = cos 3, n = cos .
(i) If 7, m, n be the direction cosines of a line, then (2 + m? + n? = 1

(iii) Direction ratios: Let a, b, ¢ be proportional to the direction cosines ¢, m, n then a, b, ¢ are
called the direction ratios.

If &, b, ¢, are the direction ratios of any line L then aj +bj+ck Wwill be a vector parallel to the line L.
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If ¢, m, n are direction cosines of line Lthen /i + mj + nk is a unit vector parallel to the line L.
(iv) If ¢, m, n be the direction cosines and a, b, ¢ be the direction ratios of a vector, then

a b c J
(= ,m= ,n=
Va2 +b2 +¢2 Va2 +b2 +¢2 Va2 +02 +¢2

-a —b —C
r ! = ,m= , N=
° Va2 +b? +c2 Ja? +b2 42 Va2 +b? +c2
(v) If OP =r, when O is the origin and the direction cosines of OP are ¢, m, n then the coordinates

of P are (¢r, mr, nr).
it airection cosimes artne nae as ace £, MN, |AB| =1, and the coordinates of Ais (x,,y,, z,)
then the coordinates of Bis given as (x, + r/, y, + rm, z +rn)

(vi) If the coordinates P and Q are (x,, y,, z,) and (x,, y,, Z,) then the direction ratios.of line PQ are,
. . . . X 288
a=Xx,—X,b=y,—y, &c=z,—z and the direction cosines of line PQ are / = IPQ| -
Y27 H nd n = Zy =7
M="1pq1 aM9N="1pq|

(vii)  Direction cosines of axes: Since the positive x—axis makes angles 0%, 90°, 90° with axes of x,
y and z respectively. Therefore
Direction cosines of x—axis are (1, 0, 0)
Direction cosines of y—axis are (0, 1, 0)
Direction cosines of z—axis are (0, O 1)
Example : If a line makes angles a, B, ywith the co-ordinate axes, prove that sin2a + sin?p + siny? = 2.
Solution Since a line makes angles «a, B, y with the co-ordinate axes,
hence cosa, cosP, cosy are its direction cosines
- cos?a + cos?p + cos?y = 1
= (1 —sin%a) + (1 —sin?B) + (1 —sin%y) =1
= sin?a + sin?p + sin?y = 2
Example : Find the direction cosines ¢, m, n‘of a line which are connected by the relations / + m + n =0,
2mn +2m/—-nf =0
Solution Given,/+m+n=0 . . (1)
2mn+2mi—-nt=0 L. (2)
From (1), n=— (£ + m).

Putting n = — (¢ + m) in equation (2), we get,

-2m({ +m)+2m/l + (¢+m) (=0
or, -2m/—=-2m? +2m/ + 2+ m/ =0
or, Z+mli—-2m2=0

0N (e
or (Hj +(H] —2=0 [dividing by m?
(  —1+41+8 —1£3

or —= = =1,-2
m 2 2
V4
Case I. when el 1 :In this‘case m = ¢

From (1),2/+n=0 = =-2/
/f:m:n=1:1:-2
Direction ratios of the line are 1,1, -2
Direction cosines are

-2
+ L , E L , £
e+ (=22 "7 2112 1 (-2)2 VB +1 4 (-2)2
101 -2 1 1 2

or,

_1_1_or T = T T /=y T =
V6 V6 6 J6' V6 6
Case II. When % =—2:Inthiscase / =-2m

From (1),-2m+m+n=0 = n=m
/fm:n==2m:m:m
==2:1:1
Direction ratios of the lineare — 2, 1, 1.
Direction cosines are

-2 -1 -1 -2 1 1
’ ’ Or, Tr= T = T ="
V2P + P+ (2241242 [(2)2 412 412 V6 V6 6
Self practice problems:
1. Find the direction cosine of a line lying in the xy plane and making angle 30 °with x-axis.
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~,l=—,n=0
2 2

2. A line makes an angle of 60° with each of x and y axes, find the angle which this line makes with
z-axis. Ans. 45°
3. A plane intersects the co-ordinates axes at point A(a, 0, 0), B(0, b, 0), C(0, 0, c) O is origin. Find the
direction ratio of the line joining the vertex B to the centroid of face AOC.
a c
Ans. § ,—b, g
4. A line makes angles a, B, v, & with the four diagonals of a cube, prove that

Ans. m-=1=

4
cos2a + COS?P + COS?y + C0S2d = 3

9. Angle Between Two Line Segments:
If two lines have direction ratios a,, b, ¢, and a,, b,, ¢, respectively then we can consider two vectors
parallel to the linesas a,i + b,j + c k and a,i + sz £c f(and angle between them can be given.as.

a;a, +b;b, +cicy

cos 0 = .
\/a1 +b1 +ci \/a2 +b2 +c2
b C
(i)The line will be perpendicularif a,a, + b,b, + c,c, = 0 (ii)The lines will be parallel AL 2L L
a, 2 C2
(iii)  Two parallel lines have same direction cosinesi.e. £, =/, m, =m,, n =n,
Example : What is the angle between the lines whose direction cosines are —@%—g—@%g ?
Solution Let 6 be the required angle, then
cos® =/, +mm,+nn,
BRCRIBRERNEATRAN R N £
= 4 4 4)\4 2 /|2
3,18 1 - N

“16 16 4 2 = =T
Example : Find the angle between any two diagonals of a cube.
Solution The cube has four diagonals

AY
G(0, a, 0) F(a, a, 0)
D £/ (a,a a)
0, a, a)
O A X
(0,0,0) (a, 0, 0)
C(0, 0, a) B(a, 0, a)

7
OE, AD, CF and GB
The direction ratios of OE are

a,a,a o, 1,1,
1 1 1
its direction cosines are \/— ﬁ —3
Direction ratios of AD are — a, a, a. or, -1,1, 1.
1 1
its direction cosines are —, —, —
J_ 33
Similarly, dlrectlon cosines of CF and GB respectively are

1 -1 1 -1 1

FEH B

We take any two diagonals, say OE and AD
Let 6 be the acute angle between them, then

S EENE VR
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Example : If two pairs of opposite edges of a tetrahedron are mutually perpendicular, show that the third pair
will also be mutually perpendicular.
Solution: Let OABC be the tetrahedron where O is the origin and co-ordinates of A, B, C be (x,, y,, Z,),

(X, Y,r Z,), (X5, Vg0 X,) respectively.

A (XU y11 Z1)
0(0,0,0)
B C
(X2! Y2, 22) (XS! y3! ZS)

Let OA 1BC and OB LCA.
We have to prove that

OC LBA.
Now, direction ratios of OA are x, — 0, Y T -0,z,-0 or, Xx,Y,Z
direction ratios of BC are (xg—x ) (Ys =¥, (2,—2,).

OA LBC.
s XX = x) + Y, (Y, -y, +2,(2,-2,)=0 L )
Similarly,

OB 1L CA

yS) ( ,—Z)=0 4 L. (2)

s XX = X) + YLy, —
Adding equatlons( ) and (2), we g
X (X, = X,) + yS(y.1 Yo +2,(z,—-2,)=0
OC L BA [ direction ratios of OC are x,, y,, z, and that of BA are (X, =X,), (Y, —VY,), (z, = Z,)]
Self practlce problems:
. Find the angle between the lines whose direction cosines are given by £+ m + n =0 and

2+m2-n2=0 Ans. 60°
2. P (6, 3, 2)
Q (5,1, 4)
R (3,3, 5)
are vertices of a A find £Q. Ans. 90°
3. Show that the direction cosines of a line which is perpendicular to the lines having directions cosines
¢, m n and ¢, m,n, respectively are proportional to
mn—mn N, —nyt,, LM, =(,m,
10. Projection of a line segment on a line
(i) If the coordinates P and Q are (x,, y,, z,) and (X,, y,, Z,) then the projection of the line segments
PQ on aline having direction cosines £, m, n is | l(x, —x;)+m(y, —y;)+n(z, _Z1)|
. . - - ~ a.b b
(i) Vector form:projection of a vectora on another vectorbisa.b = ™

In the above case we can consider P—é as (xz—x1)f + (y2—y1)] + (22—21)R in place ofa and
25+ mj +nkinplace ofb. (iii) ¢]T|,m|7|&n]5|arethe projection of ; inOX, OY &

0Z axes. (iv) T =|T|(¢i+m]+nk)
Solved Example : Find the projection of the line joining (1, 2, 3) and (-1, 4, 2) on the line having direction
ratios 2, 3, — 6.
Solution Let A=(1,2,3),B=(-1,4,2)
B
A

90° 902
M Q

P L
Direction ratios of the given line PQare 2, 3,-6
224+324+(-6)2 =7 .. direction cosines of PQ are

2 3 6

77 7
Projection of AB on PQ

=0 (X,—X,)+m(y,—Yy,) +n(z

2 3

== (-1 =1+ 2 (4-2)-
Self practice problems:
1' A(6, 35 2),B(5,1,1,),C(3, _153)D(0 55)

Find the projection of line segment AB on CD line. Ans. 5/7

_21)

N

(2-3) =

~N| o
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2. The projections of a directed line segment on co-ordinate axes are — 2, 3, — 6. Find its length and
S . 12 4 3
direction cosines. Ans. 13; 13 13' 13
3. Find the projection of the line segment joining (2, — 1, 3) and (4, 2, 5) on a line which makes equal
7
acute angles with co-ordinate axes.  Ans. ﬁ
A PLANE

If line joining any two points on a surface lies completely on it then the surface is a plane.
OR

If line joining any two points on a surface is perpendicular to some fixed straight line. Then this surface
is called a plane. This fixed line is called the normal to the plane.
11. Equation Of A Plane

(i) Normal form of the equation of a plane is /x + my + nz = p, where, ¢,m n are the direction
cosines of the normal to the plane and p is the distance of the plane from the origin.

(i) General form: ax + by + ¢z + d = 0 is the equation of a plane, where a, b, ¢ are the
direction ratios of the normal to the plane.

(iii) The equation of a plane passing through the point (x,, y., z,) is given by
a(x—x,)+b(y—y,) +c(z—z)=0where a, b, c are the direction ratios of the normal
to the plane.

(iv) Plane through three points: The equation of the plane through three non—collinear points

x y z 1
(X ¥ 20 (X1 Yo Z,)s (Xgs Van Z5) S v =0
Xy ¥y 2y )
X3 y; z3 1
. - . Xy zZ
(v) Intercept Form: The equation of:a plane cutting intercept a, b, ¢ on the axesis ; +E +Z =1

(vi) Vector form: The equation of a plane passing through a point having position vector a &
normal to vector n is(f —a).n =00rr.n =a. n

Note: (a) Vector equation of a plane.normal to unitvectorj and at a distance d from the origin is
f.n=d
(b) Coordinate planes (i) Equation of yz—planeis x = 0 (ii) Equation of xz—planeisy =0
(iii) Equation of xy—planeisz =0
(c) Planes parallel to the axes:
If a = 0, the plane is parallel to x—axis i.e. equation of the plane parallel to the x—axis is
by + cz + d =0.

Similarly, equation of planes parallel to.y—axis and parallel to z—axis are ax + cz +d =0
and ax +by + d =0 respectively.
(d) Plane through‘origin: Equation of plane passing through origin is ax + by + cz = 0.

(e) Transformation of the equation of a plane to the normal form: To reduce any equation
ax + by + cz —d = 0 to the normal form, first write the constant term on the right hand

side and make it positive, then divide each term by /42 4+ b2 + ¢2 , Where a, b, c are
coefficients.of x,y and z respectively e.g.
ax by cz d
+ + =
VAl +bP+c? Ayai+b e #yal+bi4c?  tval+b 4
Where (+) sign is to be taken if d > 0 and (—) sign is to be taken if d < 0.

(f) Any plane parallel to the given plane ax + by + cz+d=0isax + by + cz+ A = 0.
Distance between two parallel planes ax + by + cz+d, =0andax + by +cz+d,=01is
d,—d
a? +b2+c?

(9) Equation of a plane passing through a given point & parallel to the given vectors:
The equation of a plane passing through a point having position vector 3 and parallel to

b &CisT = a+ Ab + WLC (parametric form) where A & WL are scalars.
or T.(bx?) =d.(bx¢) (nonparametric form)
(h) Aplane ax + by + cz + d = 0 divides the line segment joining (x,, y,, z,) and (x,, Y,, z,). in the
. [ ax1+by1+czl+d)
ratio | —
ax, +by, +cz, +d
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(i) The xy—plane divides the line segment joining the points (x,, y,, z,) and (x,, y,, z,) in the ratio
2 NS N
— . Similarly yz—plane in — and zx—plane in —
2 X2 Y2
)] Coplanarity of four points

The points A(x,y,z,), B(x, y,z,) C(x,y,z,) and D(x, y, z,) are coplaner then

Xo=X1 Yo2=Y1 22724

Xg=Xy Ya=VYy Z3—=Zy| _ g

Xg =Xy Ya=Y1 24774
very similar in vector method the points A (r,), B(r,), C(1;) and D(r,) are coplanar if
(G =%, G —%. G —5]=0

Example : Find the equation of the plane upon which the length of normal from origin is 10 and direction ratios
of this normal are 3, 2, 6.

Solution If p be the length of perpendicular from origin to the plane and ¢, m, n'be the direction cosines
of this normal, then its equation is
X+my+nz=p L. 1
Herep =10; Direction ratios of normal to the plane are 3, 2, 6
J32422,.62 =7 Direction cosines of normal to the required plane are
3 2 6
A A . . .
Putting the values of ¢, m, n, pin (1), equation of required plane is
2
%X+7y+gz=10 or, 3x ¥+2y.+ 6z =70
Example : Show that the point (0, 1,0), (2, 1, ) (1 1, 1), (3, 3, 0) are coplanar.
Solution Let A=(0,-1,0),B E(, 1,C:(1, 1) and DE(,
Equation of a plane through A (O, 1, 0)is
a(x—0)+b(y+1) c(z-0)=0
or, ax+by+cz+b=0 . L (1)
If plane (1) passes through B (2,1,-1)and C (1,1, 1)
Then 2a+2b—-c=0 _°© (2)
and a+2b+c=0 < L (3)
From (2) and (3), we have
a b ¢
2+2 -1-2 4-2
a_b _c 4
Or, 4 _3 2 - (SaY)

Putting the value'of a, b, ¢, in (1), equation of required plane is
4kx — 3k(y + 1)+ 2kz=0

or, 4x -3y +2z+-3=0 . . (2)

Clearly point D (3, 3, 0) lies on plane (2)

Thus points D.lies on'the plane passing through A, B, C and hence points A, B, C and D are coplanar.
Example : If P be any point on the plane /x + my + nz = p and Q be a point on the line OP such that

OP . OQ = p?, show that the locus of the point Qis  p(/X + my + nz) = x2 + y2 + z2,
Solution LetP=(a, B, 7),Q=(x,,y,,2,)

Direction ratios of OP are «, B, yand direction ratios of OQ are x,, y,, z

Since O, Q, P are collinear, we have

a Py k 1

X,y oz = (say) . (1)
As P (a, B, v) lies on the plane /x + my + nz = p,
loa+mB+ny=p or k(x, + my, +nz,)=p ..... (2)

Given, OP . 0Q = p?
Jo2 +B2 +72 xe+y2 +28 =p?

2 2 2 2 2
or, \/kz(x12 +y24+22) \/x1 +y2 4272 =p?

or, k(x2+y2+22) =p2 . (3)
On dividing (2) by (3), we get,
(Xg+my;+nzy 1

Xfryi+zi P
or, p (Ix, + my, + nz,) = x§ +y§ +2}
Hence the locus of point Q is
p (/X + my + nz) = x2 + y2 + z2,

X z
Example : A point P moves on a plane Z+%+E = 1. Aplane through P and perpendicular to OP meets the

50, Lala Lajpat rai Colony, Near Mona Girls Hostel, Prabhat Petrol Pump, Bhopal 462023, C.N. +91-9039639399,
L.N. 0755-4292508 E-mail: Rinkesh.Singhal@rediffmail.com



Rinkesh Singhal’s

- -l e €
"’ Where Students Really Imerove  www.facebook.com/ReasoningAptitude

co-ordinate axes in A, B and C. If the planes through A, B and C parallel to the planes x = 0,y = 0,
z = O intersect in Q, find the locus of Q.

Solution Givenplaneis
X y z
—+=+—=1
2ot e (1)
LetP=(h, kK, )
rhon 4K L )
en a b c =1 i ( )

OP = h2 4 k2 +¢2

Direction cosines of OP are \/hz

h k 14
N (I
Equation of the plane through P and normal to OP is
X + K y+ ‘ =vh? +k% + (2
\/h2+k2+f2 \/h2+k2+f2 \/h2+k2+f2
or, hx + ky + /z = (h? + k% + (?)

2 2 2 2 2 2
A[% 0,0], BE[O,M,OJ,

k

C = (O! Oy
Let Q = (o, B, V), then

h2+k2+€2]

h? +k* +¢2 h? +k2 + (2 h? +k? 4 ¢°
= ;B: "Y= .... (3)
h K .
oy Ll MR L 4
ow (x2 BZ ,YZ (h2+k2+f2)2 (h2+k2+f2) _____ ( )
h? +k? + 12
From(3),h=L
a
a ao
ity £ TEHE L L iR
imilarly 0B and o
n e + R o RO M K
aa bp cy 2 Tt = 1lfrom(2)]
111 1 1 4
4 R

or, [from (4)]

R [ Ay -
ao. bB cyl h?+k®4/® o B2 4P
Required locus of Q(a, B, 7) is

1 1 1 1

—+

1 1
—_—
ax by cz x? y? 2Z?
Self practice problems :
. Check wether this point are coplanar if yes find the equation of plane containing them

A=(1,1,1)
B =(0, -1, 0)
C=(2,1, —1)
D=(3,3,0) Ans. vyes, 4x -3y +2z2=3
2. Fin d the plane passing through point (- 3, — 3, 1) and perpendicular to the line joining the points
(2,6,1)and (1, 3, 0). Ans. x+3y+z+11=0
3. Find the equation of plane parallel to x + 5y —4z + 5 = 0 and cutting intercepts on the axes whose rum
i 3000
is 150. Ans. x+5y—4z=W
4, Find the equation of plane passing through (2, 2, 1) and (9, 3, 6) and perpendicular to the plane
X+ 3y +3z=8. Ans. 3x+4y-5z=9
5. Find the equation of the plane | |to i+ j+k and i- ] and passing through (1, 1, 2).
Ans. Xx+y-2z+2=0
6. Find the equation of the plane passing through the point (1, 1, — 1) and perpendicular to the planes
X+2y+3z-7=0and2x -3y + 4z =0. Ans. 17x +2y —-7z2=26

12. Sides of a plane:

A plane divides the three dimensional space in two equal parts. Two points A (x, y, z,)

and B (x, y, z,) are on the same side of the plane ax + by + cz + d = 0 if ax, + by, + cz, + d and
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ax, + by, + ¢z, + d are both positive or both negative and are opposite side of plane if both of these
values are in opposite sign.
Example : Show that the points (1, 2, 3) and (2, — 1, 4) lie on opposite sides of the plane x + 4y + z -3 = 0.
Solution Since the numbers 1+ 4 x2 +3—-3=9and2 -4 + 4-3 =—1 are of opposite sign., the points are
on opposite sides of the plane.

13. A Plane & A Point

- . . ’ s i i aX'+by'+CZ'+d
(i) Distance of the point (x’, y*, z°) from the plane ax + by + cz+ d = 0 is given by ————.
a’+b’ +c?
(i) The length of the perpendicular from a point having position vectora toplane .1 =dis
. la.n—dl
givenbyp=———.
In|
(iii) The coordinates of the foot of perpendicular from the point (x, y, z) to the plane
~ , X=Xy _ Y-y _ 2=z (axq+by;+cz,+d)
ax + by + cz + d = 0 aregain by b . - 2 +b2402
(iv) To find image of a point w.r.t. a plane.
Let P (x,, y,, z,) isa given point and ax + by + cz + d = 0 is given plane Let (x’, y’,.z')is the
image point. then
(a) X'—x,=Aa, Yy -y, =Ab, 2z -z =Xc
= X" =Aa +X,, y’=kb+y1, 2’ =AC + Z4
X+ X4 Y + Y4 Z'+z4
I e P e P S
from (i) put the values of x’, y’, 2" in (ii) and get the values of A and resubtitute in (i) to get
X"y 7).
The coordinate of the image of point (x,, y,, z,) w.r.t the plane ax4 by + ¢z + d = 0 are given
b X=X _ Y=Y _2=2Z > (axq +byq+cz, +d)
Y "a b c a? +b? +c?
(v) The distance between two parallel planes ax + by + cx+d=0andax +by +cx +d’ =0 s
. __ld-d]
given by /—a2 b2 12
Example : Find the image of the point.P (3,5, 7) inthe plane 2x + y + z = 16.
Solution Givenplaneis2x+y+z=16"_ . . ... (1)
P=(3,5,7)

Direction ratios of normal to plane (1) are 2, 1,1
Let Q be the image of point P in plane (1). Let PQ meet plane (1) in R
then PQ 1 plane (1)

Let R=2r+3,r+5r+7)
Since R lies on plane (1)

22r+3)+r+5+r+7=0 or, 6r+18=0 r=-3
R=(-3,2,4)
Let © Q= (o, B,7)
Since R is the middle point of PQ

+3
3= (XT = @=-9
+5
2= BT = B=-1
+7
=YT = y=1 Q=(-9,-1,1).
Example : Find the distance between the planes 2x -y +2z=4and 6x — 3y + 6z = 2.
Solution Given planes are

2x-y+2z-4=0 .. (1)

and 6x-3y+6z-2=0 . (2)
. a; _by ¢y
We find that a = b, = . Hence planes (1) and (2) are parallel.
2 2 2
2

Plane (2) may be written as 2x —y + 2z — 3= o ... (3)

Required distance between the planes

4_2
3 _10 _10

Example :

- \/22 +(_1)2 +22 3.3 9
A plane passes through a fixed point (a, b, ¢). Show that the locus of the foot of perpendicular

to it from the origin is the sphere x2 + y?> + zZ2—ax—-by —cz=0
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Solution Let the equation of the variable plane be
0O(0, 0, 0)
lP(oc, B, )
/X+my+nz+d=0 (1)
Plane passes through the fixed point (a, b, c)
: fa+mb+nc+d=0 (2)

Let P (o, B, v) be the foot of perpendicular from origin to plane (1).
Direction ratios of OP are
a-0,-0,y-0 ie. o, B,y
From equation (1), it is clear that the direction ratios of normal to the plane i.e. OP are#, m;n ;
o, B, yand ¢, m, n are the direction ratios of the same line OP

« B _v_1
/_m_n_k(say)
f=ka,m=kB,n=ky .. (3)

Puttlng the values of
£, m, nin equation (2), we get

kao + kop + kcy+d=0 ... (4)
Smce a, B, yliesin plane (1)

o+ mB +ny+d=0 . (5)
Puttmg the values of £, m, nfrom (3)in (5), we get

ko2 + kB2 + kyz +d=0 (6)

or ko? + kP? + ky? — kao. — kb —kcy=0

[putting the value of d from (4) in (6)]
or o+ PB2+y¥—aa—bp-cy=0
Therefore, locus of foot of perpendicular P (e, B, 7) is

x2+y2+z2—ax—-by—-cz=0 . .. (7)
Self practice problems:
1. Find the intercepts of the plane 3x + 4y — 7z = 84 on the axes. Also find the length of perpendicular
from origin to this line and direction cosines of this normal.
3 4 7
Ans. a=28,b=21,c=- 12p—\/—\/—\/—\/—
2. Find: (i) perpendicular distance
(i foot of perpendicular
(iir) image of (1, 0,2) inthe plane 2x + y+z=5
Nl NEIRR 517
Ans. (i) /6 (ii) 3°6° 6 (iii) 3'3'3
14. Angle Between Two Planes:

(i) Consider two planesax + by + ¢z + d =0and a’x + b’y + ¢’z + d’ = 0. Angle between these
planes is'the angle between their normals. Since direction ratios of their normals are (a, b, ¢)
and (a’, b, ¢’)respectively, hence 8, the angle between them, is given by

aa'+bb'+cc'
00sO= 2 TR2He? Va?+b2+c?
, , i a b ¢
Planes are perpendicular if aa” + bb” + cc” = 0 and planes are parallel if ; =§ = E
) L L o i, .7,

(i) The angle 6 between the planes r.n =d,and r.n, =d,is given by, cos 6 = ﬁ

nl . n2
Planes are perpendicular ifn, . n, = 0 & planes are parallel if n, = An,.
15. Angle Bisectors

(i) The equations of the planes bisecting the angle between two given planes
ax+by+cz+d =0andax+by+c,z+d,=0are
ax+by+cz+d, _ ax+by+cz+d,

Ja? +b}+c Ja2+b%+c?
(i) Equation of bisector of the angle containing origin: First make both the constant terms positive.

ax+by+ciz+d, _ a,x+b,y+cyz+d

\/alz+b12+c12 \/a§+b§+c§
the angle which contains the origin.
(iii) Bisector of acute/obtuse angle: First make both the constant terms positive. Then
aa,+bb,+cc,>0 = origin lies on obtuse angle

Then the positive sign in 2 gives the bisector of
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aa,+bb,+cc,<0 = origin lies in acute angle
16. Family of Planes
(i) Any plane passing through the line of intersection of non—parallel planes or equation of
the plane through the given line in serval form.
ax+by+cz+d=0 & ax+b2y+cz+d_0|s
ax+by+cz+d +7\.(ax+b2y+cz+d)
(i) The equation of plane passing through the intersection of the planes 7.n, = d, &

f.0,=d, isT.(n +Al,)=d, +Ad, where A is arbitrary scalar
Example : The plane x —y —z = 4 is rotated through 90° about its line of intersection with the plane
X +y + 2z = 4. Find its equation in the new position.

Solution Given planes are
X—-y—-z=4 . (1)
and X+y+2z=4 . (2)

Since the required plane passes through the line of intersection of planes (1) and (2)
its equation may be taken as
x+y+22—4+k(x—y—z—4)=0

or (1+kx+(1-kKy+(2-kjz—4-4k=0

Smce planes (1) and ( ) are mutually perpendicular,

- (1+k—(1-k)-(2-k)=0

2
or, 1+k-1+k=-2+k=0 or, k=§

2
Putting k = 3 in equation (3), we get,

5x +y+4z=20
This is the equation of the required plane.
Example : Find the equation of the plane through the point (1
intersection of the planes x + y + z = 6 and 2x + 3y + 4z
Solution Given planes are
X+y+z-6=0
and 2x+3y+4z+5=0
Given pointis P (1, 1, 1).
Equation of any plane through the line of intersection of planes (1) and (2) is
X+y+z-6+k(2x+3y+4z+5)=0 . = ... (3)
If plane (3) passes through point P, then

+ ~

1+1+1-6+k(2+3+4+5)=0_or, k=

From (1) required plane is
20x + 23y + 26z —69 =0
Example : Find the planes bisecting the angles between planes
2x +y+2z=9and3x —4y + 12z + 13 = 0.
Which of these bisector planes bisects the acute‘angle between the given planes. Does origin lie in the
acute angle or obtuse angle between the given planes ?
Solution Given planes are
—2x—-y—-2z+9=0
and 3x -4y + 122+ 13=0
Equations of bisecting planes are

—2X—-y—-2z+9

_ 4 3x—-4y+12z+13

V22 +( 12 +(-2)° 32+ (42 +(12)
of, 13[-2x—y—=2z+9]=+3 (3x—4y + 12z + 13)

or, 3Bx+y+62z=78, ... (3) [Taking +ve sign]
and 17x + 25y — 10z = 156 ..... 4) [Taking — ve sign]
Now . aa, +bb +cc_— (3)+(—1)(—4)+(—2)(12)

64+4—24=-26<
Blsector of acute angle is given by 35x +y + 62z =78
a,a, + b,b, + c,c, < 0, origin lies in the acute angle between the planes.

Example : If'the planes X — cy bz =0,cx —y +az =0andbx + ay —z = 0 pass through a straight line,
then find the value of a2 + b2 + ¢2 + 2abc.
Solution Given planes are
X-¢cy—-bz=0 . (1)
cX-y+az=0 . (2)
bx+ay-z=0 .. (3)

Equation of any plane passing through the line of intersection of planes (1) and (2) may be taken as
x—cy bz +A(cx—y +az) =

or, X(1+Ac)—-y(c+A)+z(—b+ a?») ..... (4)

If planes (3) and (4) are the same, then equatlons (3) and (4) will be identical.

1+ch _ —(c+A) -b+akr
b a1
(i) (ii) (iii)

From (i) and (ii), a + acA = —bc — bA
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(a+bc)
or, =~ lac+b) o (5)
From (ii) and (iii),
(ab+c)

c+Ai=—ab+a? or A= -2 (6)
From (5) and (6), we have,

—(a+bc) _ —(ab+c)

ac+b  (1-a?)

or, a—a®+ bc—abc = a%bc + ac? + ab? + bc
of, a’bc+ac’+ab*+a*+a*bc-a=0
of, a% + b? + ¢? + 2abc = 1.

Self practice problems:
A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1), B(2, 1, 3) and C(-1, 1, 2). Prove that the angle

19
between the faces OAB and ABC will be cos™ [—J .

35
2. Find the equation of plane passing through the line of intersection of the planes 4x — 5y — 4z = 1 and
10
2x + y + 2z = 8 and the point (2, 1, 3). Ans. 32x -5y +8z-83=0,A= 3
3. Find the equations of the planes bisecting the angles between the planes
X+2y+22-3=0,3x + 4y + 12z + 1 = 0 and sepecify the plane which bisects the acute angle
between them. Ans. 2x +7y—-5z=21,11x+ 19y +812 =18; 2x + 7y — 52 = 21
4, Show that the origin lies in the acute angle between the planes
X+2y+2z2-9=0and4x -3y + 122+ 13=0
5. Prove that the planes 12x — 15y + 162 —28 = 0, 6x + 6y -7z —8 = 0'and 2x +/35y —39z + 12 =0 have

a common line of intersection.
17. Area of a triangle:

Let A (x,, ¥, 2,), B (X, ¥, 2,), C (X,, V,,2,) be the vertices of a triangle, then A = /(AL + A} + A7)

yioz 1 1Z1 X 1 X,y 1
1
where AX:E Y2 2y I,Ay=5 z, X3 HandA=|x, y, 1
y3 zy3 1 Zy X3 1 X3 y; 1
e
Vector Method — From two vector A_)B and AC . Then area is given by
i ] k
1 - - 1
5 | AB X AC|= 5 X=X Yoo Y1 2577
X3—=X; Y3=Y1 < Z3—7
Example : Through a paint P (h,k, ¢) a plane is drawn at right angles to OP to meet the co-ordinate axes in A,

5

B and C. If OP = p, show that the area of AABC is zﬁk/ .

Solution OP = Jh2 +Kk24+¢2 =p

Direction cosines of OP are
h k 14
V2 k2472 Jh2+k2 402 A2 +k2 402
Since OP is normal to the plane, therefore, equation of the plane will be,
L S Y S O
\/h2+k2+£2 \/h2+k2+€2 \/h2+k2+€2
or, hx + ky + iz=h2+ K2+ 2=p> .. (1)

2 2 2

P P P

_|% 00| g_|0P 0| ¢c_|00
A:(h J,B_( " J,C_( gJ

Now area of AABC, A=A2 + A2 +A?
NowA, = area of prOJectlon of AABC 6n xy-plane = area of AAOB

2

B0
1 p2 1p4
= Mod of — Poylo
PN P AT
0 0 1
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- 1pt 1pt
Similarly, Ayz= 2 k| andA = 2 [ih]
8 8 8
A2 = l p +l p +l p
4h%k% 4K%2 4 %n®
8 10 5
p o p p
= —%—5 5 k2+h?) = —F—>—5 A= ——.
anee? (IR = e or 2hk!

18. Volume Of A Tetrahedron:

Volume of a tetrahedron with vertices A (x,, y,, z,), B(x,, ¥,, Z,), C (X,, ¥,, Z,) and

Xy oz 1
1% Y2 22 1
D (x,, ¥, z,) isgiven byV=g X3 Y3 z3 |

Xy Yy 24 1

A LINE
19. Equation Of A Line
(i) A straight line in space is characterised by the intersection of two planes which are not parallel and
therefore, the equation of a straight line is a solution of the system-constituted by the equations of the
two planes, a,x + b,y + ¢,z + d, = 0 and a,x + b,y + +c,z + d,=0. This form is also known as non—
symmetrical form.

X1

(i) The equation of a line passing through the point (x,, y,, z;) and having direction ratios a, b, cis N

- 7Z—7
=% =Tl =r. This form is called symmetric form. A general point on the line is given by (x, +
ar,y, +br,z +cr.

(iii) Vector equation: Vector equation of a straight line passing through a fixed point with position

vector @ and parallel to a given vectorb is§ =a + A b where A is a scalar.
(iv) The equation of the line passing through the points (x,, y,, z,) and (x,, ¥,, z,) is

X=X _¥Y=Y1 _ %274
X =X1 Y27V Zy =7
(v) Vector equation of a straight line passing through two points with position vectors a &b

is 7 =3 + A (b —a).
(vi) Reduction of cartesion form of equation of a line to vector form & vice versa

X—X — z—17 2 B
a1=yb}’1 = cl = f=(X1}+y1j+z112)+7\.(a{+bj+clg).
Note: Straight lines parallel to co-ordinate axes:
Straight lines Equation Straight lines Equation
(i) Through origin y = MX, Z = nx (v) Parallel to x—axis y=p,z=q
(i) X—axis y=0,z=0 (vi) Parallel to y—axis x=h,z=q
(iii) y—axis x=0,z=0 (vii) Parallel to z—axis x=hy=p
(iv) Z—axis x=0,y=0

Example : Find the equation of the line through the points (3, 4, -7) and (1,— 1, 6) in vector form as well as in
cartesian form.
Solution Let A=(3,4,-7),B=(1,-1,6)

— — " = =
Now a=0A =3 +4j -7k,

-

=0B =i 6 k

Il
ol
o+

Equation of the line throughA(a )andB(p ) is

- - - - -

or r =3i +4] -7k +t(-2i

Equation in cartesian form :

x-3 y-4 z+47 x-3 y-4 z+7
= = Or’ = =

-5j +13k) .. (1)

Equation of AB is

3-1 4+1 -7-6 2 5 -13
. . . . oox-1_y+2 _z-3 . ,
Example : Find the co-ordinates of those points on the line > 3 &6 which is at a distance of

3 units from point (1, -2, 3).
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. ) ..o x=1 y+2 z-3
Solution Givenlineis > 3 & e (1)
Let P=(1,-2,3) Direction ratios of line (1) are 2, 3, 6

Direction cosines of line (1) are %%7
Equation of line (1) may be written as
x-1 y+2 z-3
2 3 6

7 7 7
Co-ordinates of any point on line (2) may be taken as

gr+1,§r—2,§r+3
7 7 7

2 3 6
=|=r-1,-r-2, -r+3
Let Q_(7 7 7 j

Distance of Q from P = | r |

According to question | r|=3 .. r=%3 Putting the value of r, we have
1 5 39 13 23 3
QE[‘?‘??J or OE(‘?"??}
Example : Find the equation of the line drawn through point (1, 0,.2) to meet atright angles the line
Xx+1 y-2 z+1
3 -2 -1
Solution Givenlineis
X+1 y-2 z+1
3 "o -1 e (1)

Let P=(1,0,2)

Co-ordinates of any point on line (1) may be taken as
Q=@r-1,-2r+2,-r-1)

Direction ratios of PQare 3r—2,—-2r + 2, —r—3

Direction ratios of ine ABare 3, -2, — 1

Since PQ 1L AB

3@r-2)-2(-2r+2)=1(-r=3)=0

= gr—-6+4r—-4+r+3=0 = 14r=7 = r=%
Therefore, direction ratios of PQ are

1 7

——,1,—5 o, =1,2,-7
Equation of line PQ is

x—1:y=0=z—2 p x—1:L:z—2

-1 2 -7 | 1 -2 7

: x-1 y-2 z-3 x-4 y-1 , ,
Example : Show that the two lines 5 "3 a4 and 5 5 = z intersect. Find also the

point of intersection of these lines.
x-1 y-2 z-3
2 3 4
x-4 y-1 z-0
and 5 2 1

Any pointon line (1) is P (2r + 1, 3r + 2, 4r +3)
and any pointonline (2) is Q (54 + 4, 2L + 1, A)
Lines (1) and (2) will intersect if P and Q coincide for some value of A andr.

Solution Given lines are

2r+1=5L+4 = 2r-5L=3 ... (1)
re2+20+1 = 3r—-2k=—-1 ... (2)
4r+3 =1 = 4r-A=-3 .. (3)

Solving (1) and (2), wegetr=—1,A=—-1

Clearly these values of r and A satisfy egn. (3)

Now P=(-1,-1,-1) Hence lines (1) and (2) intersectat (—1,—-1,—1).
Self practice problems:

1. Find the equation of the line passing through point (1, 0, 2) having direction ratio 3, — 1, 5. Prove that
- x-1 'y z-2
this line passes through (4, — 1, 7). Ans. 3 1" 5
. . . oo x=2 y+1 z-7 ) )
2. Find the equation of the line parallel to line 3 1 9 and passing through the point (3, 0, 5).
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x-3 y z-5
Ans. 3Ty
3. Find the coordinates of the point when the line through (3, 4, 1) and (5, 1, 6) crosses the xy plane.
22
Ans. 5° 5"

20. Reduction Of Non-Symmetrical Form To Symmetrical Form:
Let equation of the line in non—symmetrical formbe ax + b,y +c,z+d, =0, ax+b y+cz+d =0.
To find the equation of the line in symmetrical form, we must know ( ) its direction ratlos coordznate
of any point on it.
(i) Direction ratios: Let /, m, n be the direction ratios of the line. Since the line lies in both the
planes, it must be perpendlcular to normals of both planes. So a,/ + bm + ¢c,n = 0,
a,l + b,m + ¢,n = 0. From these equations, proportional values of ¢, m n can be found by

io| / m n
cross—multiplication as = =
P bic, =bye;  ca;—ca;  ajb, —ayb,
i j k
Alternative method Thevector (& by ¢4 =i(b,c,—b,c,) +j(c,a,—c,a,) +k(ab,—ab,) will be parallel
a; by ¢
to the line of intersection of the two given planes. hence ¢ :min=(bc,=Dbsc,): (c,a,—c,a,):
(a,b,—a,b.)
(ii1) ’ Izi’éint on the line — Note that as ¢, m, n cannot be zero.simultaneously, so at least one must
be non—zero. Let a,b, —a,b, # 0, then the line cannot be parallel to xy plane, so it intersect it.
Let it intersect xy—plane in (x,,y,, 0). Thena,x, + by, +d, =0and a,x, +b,y, +d, = 0.Solving
these,we get a point on the line. Then its equatlon ecomes.

b b,d, —b,d, y— dja; =dya,
X—X Y=Y z—0 a;b, —a,b; a;b, —a,b, z=0
b _b = = or = = b b
1€2—by¢; ca;—ca; ab,—a,b, b,c, =bsc; Cia, —Cra; 410 —a3b

Note: If /# 0, take a point on yz—plane as (0, y,, z,).and if m# 0, take a point on xz—plane as (x,, 0, z,).
Alternative method

by
If - b Put z = 0in both the equations and solve the equationsa,x + b,y +d, =0,ax + b,y +d, =0
otherW|se Put y = 0 and solve the equations a,x+c,z+d,=0andax+c,z+d,=
Example : Find the equation of the line of intersection of planes 4X +4y -5z = 12 8% + 2y -13z=32in
the symmetric form.
Solution Givenplanesare _4x+4y-5z-—-12=0 ... (1)
and 8x +12y-13z-32=0, .. (2)
Let 7, m, n be thedirection ratios of the line of intersection :
then 4/+4m~5n=0 ~ . < . (3)
and 8/ +12m—-13n=0
A Uy A L_m_n L_m_n
52460 -40+52 48-32 o g2 16 " 273 4

Hence direction ratios of line of intersection are 2, 3, 4.

Here 4 # 0, therefore line of intersection is not parallel to xy-plane.
Let the line of intersection meet the xy-plane at P (a., B, 0).

Then P lies on planes (1) and (2)

3 da+4p+12=0

o a+B-3=0 . (5)
and . 8o +12p—32=0
o, 20+3-8=0 .. (6)
Solving (5) and (6), we get
o __ B _ 1 a _B_1
8+9 -6+8 3-2 or, 1 2 1
a=1,p=2

x—1 _y- 2 z—O

3 4
Example : Find the angle between the linesx -3y -4=0,4y—z+5=0andx +3y—-11=0,2y—-z+ 6 =0.
Solution Given lines are

x-3y-4=0
4y—-z+5=0
x+3y-11=0

and 2y-z+6=0] e (2)
Let¢,, m,n and ¢, m,, n,be the direction cosines of lines (1) and (2) respectively

Hence equation of line of intersection in symmetrical form is

50, Lala Lajpat rai Colony, Near Mona Girls Hostel, Prabhat Petrol Pump, Bhopal 462023, C.N. +91-9039639399,
L.N. 0755-4292508 E-mail: Rinkesh.Singhal@rediffmail.com



Rinkesh Singhal’s

iZZ!!'I’iZi!! ! !
‘<

Where Students Really Imerove  www.facebook.com/ReasoningAptitude

line (1) is perpendicular to the normals of each of the planes
x—3y—-4=0and4y—-z+5=0

¢, -8m,+0n,=0 (3)
and 0€1 + 4m1 - n1 =0 .. (4)
Solving equations (3) and (4), we get,

!4 m_ __ M H_m_n

3-0 - 0—(-1) 4-0 or 3 1 47

Since line (2) is perpendicular to the normals of each of the planes
x+3y—11=0and2y-z + 6 =0,

l,+3m,=0 (5)
and 22m - n =0 . (6)
2
£, =—3m, or, Tz =m,
N2
and n,=2m, o, & =m,

lp _Mg Ny
- 3 1 > =t (let).
If 8 be the angle between lines ( ) and (2), then
cos0 = ££f+m m + ?)
— 9kt + kt + 8kt 6=90°.
Self practice problems
1. Find the equation of the line of intersection of the plane
4x + 4y -5z =12

x—1 _ y-2 z-0

8x + 12y — 13z = 32 Ans.

2 3 .4
2. Show that the angle between the two lines defined by the equations x =y and xy + yz+ zx =0 is
1
cos™ 3
3. Prove that the three planes 2x + y —4z—-17 =0, 3x + 2y —2z2—-25=0, 2x — 4y + 3z + 25 = O intersect
at a point and find its co-ordinates. Ans. (3,7,—1)

21. Foot, Length And Equation Of Perpendicular From A Point To A Line:
X—a _y- b Z—C

(i)Cartesian form: Let equation of the line be =r(say) ooeeeee. (i)

l m n
and A (o, B, ) be the point.

Any pointon line (i)isP (¢/r+a, mr+b,nr+c) .~ ~ . ... (i)

If it is the foot of the perpendicular.from A onthe line, then AP is perpendicular to the line. So ¢ (/r + a— Q) +
m(mr+b—PB)+n(nr+c=Y) =0ie.r=(ax=a)’+ (B~b)m+ (y—c)n since /2 + m? + n2 = 1. Putting this
value of rin (ii), we get the foot of perpendicular from_point A on the given line. Since foot of perpendicular P is

known, then the length of perpendicular is given by AP =\/(€r+a—oc)2 +(mr+b—PB)* +(nr+c—7)°

X—0 y-B z—y
fr+a—oq mr+b—B T nr+c—vy

equation of perpendicular is given by (if) Vector Form: Equation of a line

passing through a point having position vector g and perpendicular to the linest =a, + 7»131 andt =a, + kBZ

is parallel to Bl XB2. So the vector equation of such alineisT =d + A (b, X b,). Position vectorB of the

2(a-a). b

1D }b —0.. Position vector of

image of a point g in a straightlinet =3 + A bis givenbyf =24 — [
@-a).b

the foot of the perpendicular on lineisf =a —{ N } b. The equation of the perpendicularist =g + [

{(5—&)—[@] B},
Ibl

22. To find image of a point w. r. t a line

X —X - z-z
LetL= 2 Y V2 _ 2 isagivenline
a b c

Let (x’, y’, 2') is the image of the point P (x,, y,, z,) with respect to the line L. Then

(i) ax,—x)+b(y,-y)+c(z,-2)=0
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x1+x’_x yity z1+z’_Z
(ii) 2 P. 2 TP._ 2 .y
a b c
from (ii) get the value of X, y’, z’interms of A as
X' =2ah +2x,— X,y _2boc—2y2 Y

z'=2ch + 2z - z
now put the values of x’, ¥y, 27in (i) get A and resubtitute the value of A to to get (x"y’ z").

. ) . x+1 y-8 z+2
Example : Find the length of the perpendicular from P (2, — 3, 1) to the line 5 3 =1
. . L x+1 y-3 z+2
Solution Givenlineis 5 "3 1 e (1)
P=(2,-3,1)
Co-ordinates of any point on line (1) may be taken as
Q=(2r-1,3r+3,-r-2)
Direction ratios of PQare 2r—-3,3r+6,—-r—3
Direction ratios of AB are 2, 3, — 1
Smce PQ | AB
- 2(2r-3)+3@r+6)—-1(-r—-3)=0
r 14r+15=0 : r= -5
or, + = RS =11
22 -3 -13 531 :
Qs[7 14 14j PQ = WUI‘II’[S.
Second method : Givenline is
Xx+1_ y-38 z+2
> 3 1 P(2,-3,1)
P=(2,-3,1)
o ) i 2 3 1
Direction ratios of line (1) are 4 1471
RQ = length of projection of RP on AB A R Q B
2 3 1 15 (-1,3,-2)
- —(2+1)+—(—3—3)——(1+2)‘=—
J14 J14 J4 V14
PR2 =32+ 62+ 32=54
’PRZ RQ2 I54_2_25 = %
Self practice problems
. . . oo x—-11 y+2 z+8
1. Find the length and foot of perpendicular drawn from point (2, -1, 5) to the line = =

10 -4 -1
Also find the image of/the pointin the line. Ans. \/ﬁ N=(1,2,3),I=(0,5,1)

X -1 z-2
2. Find the image of the point (1, 6, 3) in the line k) =yT =3 - Ans. (1,0,7)
. . . x=15 y-29 z-5
3. Find the foot and hence the length of perpendicular from (5, 7, 3) to the line 3 8 .5 -
0 ; : x-5 y-7 z-3
Find also the equation of the perpendicular. Ans. (9,13,15);14; 5 3 6
23. Angle Between A Plane And A Line:
. . X=X YY1 Z7Z
(i) If O is the angle between line /. " m - n and the plane ax + by + cz + d = 0, then
. al/+bm+cn
sin 0 =
\/(a2+b2+c2) \/€2+m2 +n’
y . . } b.i
(i) Vector form: If 0 is the angle between aline; =(3 +Ap)and; .5 =dthensin 0 = T
n
m n _
(iii) Condition for perpendicularity — =——=— b xn =0
a b ¢
(iv) Condition for parallel al+bm+cn=0 b.i =0
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24. Condition For A Line To Lie In A Plane
XX YTH 274

(i) Cartesian form: Line = would lie in a plane
m n
ax+by+cz+d=0,ifax, +by,+cz, +d=08&al+bm+cn=0.
(i) Vector form: LineT =a + A b would liein the planeT .7 =dif b.fi =0&a.n =d

25. Coplanar Lines:
x-o y-B z-y x-o y-Bp z-y

(i) If the given lines are 7 " m a0 and 7 = o = " , then condition
a-o' BB y-v
for intersection/coplanarity is| ¢ m n | =0 & plane containingthe above
A m' n'
x—o y—-B z-vy
two lines is| { m n | =0
A m' n'

(i) Condition of coplanarity if both the lines are in general form Let the lines be
ax+by+cz+d=0=ax+by+cz+d &
ox+Py+yz+0=0=a'x+Py+yz+d

a b ¢ d
Th I if ¥ boe g 0
ey are coplanar i X
y p o By 5
(XV Bl ,Yl 6!
i j k
Alternative method: get vector along the line of shortest distance as t-mn
o omon
Now get unit vector along this vector
0 =0li+mj+nk
let vV =(a—a)i+(B-B)j+ly=y)
S.D. =u.v
Example : Find the distance of the point (1; 0, — 3) from the plane x —y —z = 9 measured parallel to the
i X-2 y+2.2-6
ine — 3 “6."
Solution Givenplaneisx-y-z=9 ... (1)
. \ . X-2 y+2.z-6
Givenline AB.is 5 3 = 5 e (2)
Equation of aline passing through the point Q(1, 0, —3) and parallel to line (2) is
X-1 y _ z+3
5 3 - =" e (3)

Co-ordinates of point on line (3) may be taken as
P(@r+1, 3r,—6r—23)

If P is.the point of intersection of line (3) and plane (1), then P lies on plane (1),
(2r+1)—3r)—(-6r-3)=9
r=1

or, P=(3,3,-9)

Distance between points Q (1, 0,—3) and P (3, 3, - 9)

PQ= (38-12+(3-0)2+(-9-(3))> = y4+9+36 = 7.
B

Q(1,0,-3)
A /

/

P

X+3 -1 z-2
Example: Find the equation of the plane passing through (1, 2, 0) which contains the line 3 = y4 = 5 -
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Solution Equation of any plane passing through (1, 2, 0) may be taken as
a(x-1)+b(y-2)+c(z-0)=0 ... (1)
where a, b, c are the direction ratios of the normal to the plane. Given line is

Xx+3 y-1_ 2z-2

3 1 o e (2)
If plane (1) contains the given line, then
3a+4b-2¢c=0 . (3)
Also point (— 3, 1, 2) on line (2) lies in plane (1)
a(-3-1)+b(1-2)+c(2-0)=0
or, -4a-b+2c=0 L. (4)
Solving equations (3) and (4), we get,
a _ b __¢
8-2 8-6 -3+16
a_b_c 5
or, 6 2 13 = (say). . (5)

Substituting the values of a, b and c in equation (1), we get,
6(x—1)+2(y—-2)+13(z—-0)=0.
of, 6x + 2y + 13z - 10 = 0. This is the required equation.

Xx—1 +1 z-3

Example : Find the equation of the projection of the line 5 y_1 =2 onthe plane x +2y + z=9.
Solution A—13B

Letthe given line AB be

x-1 y+1 z-3

5 T 14 e (1)
Given plane is
X+2y+z=9 4 . (2) D C

Let DC be the projection of AB on plane (2)
Clearly plane ABCD is perpendicular to plane (2).
Fquztéc)m of any plane through AB may.be taken as (this plane passes through the point (1, — 1, 3) on
ine

ax—-1)+b(y+1)+c(z-3)=0" ... (3)
where 2a-b+4c=0 ... (4)

[+~ normal to plane (3) is perpendicular to line (1)]
Since plane (3) is perpendicular to plane (2),
a+2b+c=0 < . L (5)
Solving equations (4) & (5), we get,
a _b_c¢

-9 2 5°
Substituting these values of a, b and ¢ in equation (3), we get

9(x—-1)-2(y+1)-5(z=-38)=0
or, 9x—-2y—-5z+4=0. L. (6)
Since projection DC of AB'on plane (2) is the line of intersection of plane ABCD and plane (2), therefore
equation of DC will be

Ix—-2y-5z2+4=0 ... (i)
and - oyiz-920 .. @l (7)
Let 7, m, n be the direction ratios of the line of intersection of planes (i) and (ii)
9¢-2m-5n=0 .. (8)
and f+2m+n=0 . (9)

0 __m _n
-2+10 -5-9 18+2
) x=3 y+1 z+2 X=7 'y z+2 .
Example : Show that the lines 5 T3 1 and 3 1 o are coplanar. Also find the
equation of the plane containing them.
Solution Given lines are
x-3 y+1 z+2 ]
5 T3 1 =r(say) ... (1)

X=7_y z+7
and 3 1" 5 = R(say) ... (2)
If possible, let lines (1) and (2) intersect at P.
Any point on line (1) may be taken as

(2r+3,-3r—1,r—2) = P (let).
Any point on line (2) may be taken as

(-3R+7,R,2R—-7) =P (let).
2r+3=-3R+7
or, 2r+3R=4 . (3)
Also -3r-1=R
or, -3r-R=1 (4)
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and r—-2=2R-7

or, r-2R=-5. . (5)
Solving equations (3) and (4), we get,
r=—1,R=2
Clearly r = -1, R = 2 satisfies equation (5).
Hence lines (1) and (2) intersect. lines (1) and (2) are coplanar.

Equation of the plane containing lines (1) and (2) is
x-3 y+1 z+2
2 -3 1

=0
-3 1 2
or, x=3)(=6=-1)—-(y+1)(4+3)+(z+2)(2-9)=0
or, - 7x=-3)-7(y+1)-7(z+2)=0
or, Xx—3+y+1+z+2=0 or, X+y+2z=0.
Self practice problems:
. . . Xx—-2 y+3 z-6 |, .
1. Find the values of a and b for which the line =Ty T o s perpendicular to the plane
3x -2y + bz +10 = 0. Ans. a=3,b=-2
. x-1 y-2 z-3 x—-2 y-3 z-4 , .
2. Prove that the lines > 3 3 and 3 4 5 ae coplanar. Also find the equation
of the plane in which they lie. Ans. x-2y +z=0
-2 -3 z-4 X +1 -1 —z+1
3. Find the plane containing the line X2 = y3 = 7§ and parallel to the line = y_2 =
Ans. 13x+3y-72-7=0
-1 -2 -3 «x-4 -1
4, Show that the line X2 = y3 = 24 & 5 = y2 = z are intersecting each other. Find thire
intersection and the plane containing the line. Ans. (—1,-1,—-1) &5x -8y +11z-2=0
5. Show that the lines ; = (i —3] =5k )+ A (3] —5] =7k) & 7 (27 +4] +6k) +p (] +4] +7k) are
coplanar and find the plane containing the line. Ans. 7. (f—2]+|2) =0
26. Skew Lines:
(i) The straight lines which are not parallel and non—coplanar i.e. non—intersecting are called
o-a B—p y-y
skew lines. IfA=| ¢ m n | #0,thenlines are skew.
A m n
(i) Shortest distance: Suppose the:equation of the lines are
x—=a y-pB. z-vy x=a' y-p z-v
2 = and Al = 1 = '
/ m n l m n
SD. - (a—a') (mn'=m'n)+(P-P") (n/—n'l)+(y—7v") (/m'—('m)
\/ Z(mn‘—m' n)’
oa—o P-B -y
_| m no| \/Z(mn' — m'n)’
r m' n'
(iii)  Vector Form: For linesa, + Ab, &4, + Ab, to be skew
(b, X by).(a, —a,)# 0 or [b, b, (a, — a,)]# 0.
(iv)  Shortest distance between the two parallel linest =2, + Ab &
— — — (52 _al) X B
Tr =a 1 ==
2’ + },lb isd bl
Example : Find the shortest distance and the vector equation of the line of shortest distance between the
lines given by
- - e v - 27 — — - -
r:3r+81+3k+7{3r—1+kJ and r=—3r—7_j>+6z+u[—3i+2_j>+4kJ
Solution Given lines are
- e g 4 N
r=3r+8j+3k+7{3i—j+k] _____ (1)
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- - 7 7 - 7 = A t
and r=-3r-7j+6k+p|-3i+2j+4k| (2) 90°
Equation of lines (1) and (2) in cartesian form is

x-3_y-8 z-3 90
AB 3 - _1 - 1 =7\, C M D

1
and CD: ( 3 ) =u

Let L=BA+3,-A+8,A+23)

and M=(—3u—3,2u—-7,4u +6)

Direction ratios of LM are
BA+3u+6,—A—-2u+ 15 A—4u-3.

Slnce LMLAB

- B3BA+3u+6)—1(—A-2u+15)+1(A—-4p-3)=0

or, MMA+7u=0 ... (5)

AgamLMLCD
-3BA+3u+6)+2(-A—-2u+15) +4(A—-4u-3)=0

or —-7A-29u-0 ... (6)

Solvmg( ) and (6), we get A=0,u=0
L=(3,8,3),M=(-3,-7,6)

Hence shortest distance LM = \/(3 +3)2+(8+7)2+(3-6)2

= /270 =3./30 units

Vector equation of LM is

- - - - — - -
r=3 i+8j+3k+t(6 i+15j—3k)
x-3 y-8_ z-3

6 15 =8.°
Example : Prove that the shortest distance between any two opposite edges of a tetrahedron formed by

Note : Cartesian equation of LM is

theplanesy +z=0,x+2z2=0,x+Yy = 0x+y+z—\/_a|s\/_a
Solution Given planes are y+z=0 ... (i) x+z=0 .. (ii)

Xx+y=0" .. (iii) x+y+z=+3a .. (iv)

Clearly planes (i), (ii) and (iii) meet at O(0, 0,.0)

Let the tetrahedron be OABC

Let the equation to one of the pair of opposite edges OA and BC be
y+z=0,x+z=0 ~ ./ . ... (1)

x+y=0,x+y+z=\/§a ..... (2)

equation (1) and (2) can be expressed in symmetrical form as
x-0 y-0 z-0

iy 3D Y INE (3)

_ _ - 0,0

and, x10=y 10=Z S/S_a ..... (4) "/33)
d.r.of OAandBCare (1,—1) and (1,-1, 0).
Let PQ be the shortest distance between OA and BC having direction cosine (¢, m, n)

PQ is perpendicular to both OA and BC.
f+m-n=0
and {—-m=0
Solving (5) and (6), we get,

L
_:m:ﬂ — k(Say)
1 1 2
also, 2+m2+n=1 A O
1
2 2 2 _ - —
kk+k®+4k?=1 = k_\/é
1 1 2
(=T M="J""=J6 B C
Shortest distance between OA and BC
i.e. PQ = The length of projection of OC on PQ 0 =3 A
= (%, =X)L+ (y,—y)m+(z,-z)n]| RN
1 1 2
=0.—=+0.—=++8a.—| - /o
76O | - Ve a0
Self practice problems: C Q B
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Xx-1_y-2 z-3 Xx-2 y-4 z-5

1. Find the shortest distance between the lines > 3 7 and 3 4 5 - Find also
1
its equation.  Ans. ﬁ ,6x—-y=10-3y =6z-25
2. Prove that the shortest distance between the diagonals of a rectangular parallelopiped whose sides are
o bc ca ab
a, b, c and the edges not meeting it are \/bz o2 \/02 a2 \/az b2

27. Sphere: General equation of a sphere is given by x2 + y2+ z2 + 2ux + 2vy + 2wz + d = 0 (—u,

—v, —w) is the centre and /2 + v2 + w2 _q is the radius of the sphere.
Example : Find the equation of the sphere having centre at (1, 2, 3) and touching the plane x4 2y + 3z = 0.

Solution: Given planeisx+2y +3z=0 ... (1)

Let H be the centre of the required sphere.

Given H=(1,2,3) H

Radius of the sphere, T

HP = length of perpendicular from H to plane (1) / 3 /
[1+2x2+3x3]|
= iz =14
Equation of the required sphere is (x=1)2+(y—-2)%+(z—3)2=14
or X2+y2+22-2x—-4y—-62=0
— - - -

Example : Find the equation of the sphere if it touches the plane ' .(2i=2 j—K) = 0 and the position

. . — hd —
vector of its centreis 3i+6 j—4k

- - - -
Solution Givenplaneis r-(2i-2j-k) =0 . .. (1)
Let H be the centre of the sphere, then

— — - - -
OH=3i+6 -4k =c (say)
Radius of the sphere = length of perpendicularfrom H ot plane (1)

- - - -
lc.2i-2j-K)]

- - >
[2i-2j-k|

- - - - - >
[(3i+6j-4Kk).(2i-2j-K)]

= — - -
|2 i=2j—k|
|6-12 44| 2
= g ~g-a (say)
Equation of the required sphere is
Y-¢cl =a
PO A S s N N - % 4
or |X|+YJ+Zk—(3|+6J—4k)|=§ or | (x=8) { +(y=6) ] +(z+4) k[P =75
4
or (x—3)2+(y—6)2+(z+4)2=§ or 9(x®+y?+22-6x—12y+8z+61)=4
or 9x2 + 9y? + 922 - 54x — 108y + 72z + 545 =0
Example : Find the equation of the sphere passing through the points (3, 0, 0), (0, -1, 0), (0, 0, — 2) and
whose centre lies on the plane 3x + 2y + 4z =1
Solution Let the equation of the sphere be
X2+y2+22+2ux +2vy +2wz+d=0 .. (1)

Let A=(3,0,0),B=(0,-1,0),C=(0,0,—-2)
Since sphere (1) passes through A, B and C,

9+6u+d=0 (2)
i-2v+d=0 L. (3)
4—-4w+d=0 L (4)

Since centre (— u, — v, — w) of the sphere lies on plane
3x+2y +4z =1

-3u-2v—-4w=1 (5)

(2)-@8)=>6U+2v=-8 L (6)

3)-4)=>-2v+4w=3 (7)
—2v-8

From (6), u = 6 e (8)

From (7),4w=3+2v (9)
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Putting the values of u, vand win (5), we get

V+8 o _3_ov=1
= 2v+8—-4v-6-4v=2= v=0
0-8__4
From (8), U= "6 =73
3
From (9), 4w=23 =7

From(3),d=2v—-1=0-1=—1
From (1), equation of required sphereis
X2 2 ZZ—H—EX 22_1_0
Ty 6 3 "> =
or 6x2 + 6y? + 622 —16x +92—-6=0

Example :

Find the equation of the sphere with the points (1, 2, 2) and (2, 3, 4) as the extremities of a diameter.
Find the co-ordinates of its centre.
Solution

Let A=(1,2,2),B=(2, 3, 4)

Equation of the sphere having (x,,y,, z,) and (x,, y,, Z,) as the extremities of a diameter is
(x=x) (x=x,) + (y=y) (y=y) +(2-2)(z252) =0

Herex,=1,x,=2,y.=2,y,=3,2,=2,2,= 4
required equatlon of ?he sphere is
X=1)(x=-2)+(y=2)(y-3)+(z-2) (z-4) =0

or xX2+y2+22-3x—-5y-62+16=0

Centre of the sphere is middle point of AB

35 3
Centre is 55

Self practice problems:

1. Find the value of k for which the plane x + y + z = y[3k touches the sphere
X2+y2+22-2x—-2y—-2z2-6=0.
Ans. /3 *3

2. Find the equation to the sphere passing through (1, — 3, 4), (1, = 5, 2) and (1, — 3, 0) which has its

centre in the planex +y+z=0
Ans. x?+y?+22-2x+6y—4z+10=0

3. Find the equation of the sphere having centre on the line 2x —3y = 0, 5y + 2z = 0 and passing through
the points (0, — 2, - 4)and (2, - 1,—1).
Ans. x2+y2+722-Bx—-4y+10z2+12=0

4, Find the centre and radius of the circle in which the plane 3x + 2y —z—7 /14 = 0 intersects the sphere
X2 +y2+ z2=81.
Ans. . 442 units

5. Aplane passes through a fixed point (a, b, c) and cuts the axes in A, B, C. Show that the locus of the
centre of the sphere OABC is

—F+—=+— _
Xy 2_2‘
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