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According to legend, two girls, Meena and Arial, once did a favor for a powerful king. The
king asked them to choose their reward. Both girls knew the king loved chess, and both
girls came from very hungry villages.

Arial asked to have one grain of rice placed on the first square of her chessboard. She
asked that each day thereafter, the king place an amount of rice on the next square of her
chessboard that was 10 more grains than the amount of rice placed on the previous
square. The king was a little surprised at how much Arial sought, but he agreed.

Meena also asked that the king place a single grain of rice on the first square of her
chessboard. She asked that on each day thereafter, the king place on the next square of
her chessboard twice the amount of rice he had placed on the board the day before. The
king quickly agreed, and congratulated her on not being as greedy as Arial.

On the second day, the king placed 1 + 10 = 11 grains on the second square of Arial’s
board and 1 - 2 = 2 grains on Meena's board. Arial teased Meena for getting so little, but
Meena didn't mind. On the third day, Arial chuckled as the king gave her 11 + 10 = 21

grains of rice but only gave Meena 2 - 2 = 4 grains. And so on.
— — 3 0
Which girl got the better deal? 6 gl é Ly T
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© Jump to Solution

In this problem we build functions to describe how much rice Arial receives on day 1 and how much rice Meena receives on day 1

The king paid Arial 1 grain on day 1. What is Arial's payment on day 2?7 On day 3? On day 107 Let the function .1(72) represent the
amount of rice Arial recelves on day n. Find A(n)

The king paid Meena 1 grain on day 1. How many times must he double this initial payment 10 determine Meena's payment on day
27 On day 3?7 On day 10? Let the function M (n) represent the amount of rice Meena receives on day n. Find A (n)

—

Which girl got the better deal?

© Jump to Solution

Consider the function f(x) = 2

Plot several points on the graph of the function by choosing various values of r. Make sure you use both negative and positive
values for x

Use your points from the first part to draw the graph of f(x)

What is the range of f(x)?

© Jump to Solution

5,32)

Use the graph from the previous problem to explain why we know that iz L)

Use your explanation in part (a) to solve the equation 3°° = 3°
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Problem 19.3

(a) Use the graph from the pravious problem to explain why we

(b) Use your explanation in part (a) to solve the equation 3°° = 37
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In this problem, we sclve the equati

(a) Write 16 as a power of two infthe equation 2!'%") = 16*™)

(b) Write each side of your equ{‘

D)

ion in part (a) in the form 2%, where a is
-

“
Yx 22

(c) Solve for x.
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Problem 19.5

Suppose that 2 = 6. In this problem we evaluate 2~

o3z—1

(a) Leta = 2. Rewrite2 as an expression whose only variable is a

(b) Use your expression from (a) to solve the problem

Z &
© Jump to Solution
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Problem 19.6

In this problem we find all solutions to the equation

Write all the terms with variables in their exponents as powers of 2

(a)
(b)

equation we know how to solve?

(c)
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What makes this problem difficult is that there are variables in the exponents. What substitution could we make to turn this into an

Solve the equation your substitution produces, then solve the original equation. Make sure you test your solutions!
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Exponentials homework vaengl = R
What are the domain and range of the function f(z) = 3 - 5* — 4?

Type your solution, notes and/or work here. oS- = 2 Sy O

Find all values of r such that 5”9 = 25,

Type your solution, notes and/or work here.

i1

Find all values of # such that 6°° = 36°

Type your solution, notes and/or work here.

Suppose 5° 3. Find 579 LM 4 'B

Type your solution, notes and/or work here
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Show Me the Money

You want to buy a brand new car. Unfortunately, the car costs $27,951, and you only have
a few thousand dollars. However, all is not lost. You can take out a loan! Through a loan, a
bank will give you the money you need for the car, and you agree to pay them back later. A
bank won't do this for free, of course. When you pay the bank back, you have to give them
some extra money in return for letting you borrow the money in the first place. This extra
money is the interest on the loan.

Interest is typically stated as a percentage of the loan amount that you must pay each year
in extra money. For example, suppose the bank loaned you $25,000 10 buy your car at a

10% interest rate. This initial amount of money you borrow is called the principal on the
loan. If you don't make any payments during the first year after you get the loan, at the end

of that first year you owe the original $25,000 principal, plus an additional

(0.10)($25,000) = $2,500 i, interest.  So you owe a total of
$25,000 + $2,500 = $27,500 at the end of the first year.

If the loan is a simple interest loan, then in the second year, the interest rate is only applied
to the principal. So, at the end of the second year, you will owe an additional

(0.10)($25,000) = $2-500, bringing the total amount you owe to $30,000, However,
most loans don't work this way!

For most loans, you are charged interest on the total amount of money you owed at the
end of the first year, including the interest from the first year. For such a loan, the amount

of interest in the second year is 10% of the $27,500 owed at the end of the first year, or
(0.10)($27,500) = $2-750-This brings the total owed at the end of two years to

$27,500 + $2,750 = $30,250_ when the interest on a loan is charged on both the
original principal as well as the interest that has accumulated in the past, we say that the
loan is a compound interest loan.

If you take out a compound interest loan, you need to know more than just the interest
rate. You need to know how frequently the interest is compounded. For example, if you
take out a $1000 loan at 6% interest and the interest is compounded annually, then at the
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end of one year, ($1000)(0.06) = $60 5 added to the amount you owe. So, at the end of
the first year, you owe $1000 + $60 = $1060.
However, if the 6% loan is compounded semi-annually, then interest is added to the loan

every 6 months. After the first six months of the loan, 1/2 the interest that you would owe
on an annual loan is added to the amount you owe. An annually compounded loan would

result in $60 interest in one year, so at the six-month point in the semi-annually
compounded loan, ($60)/2 = 330 5 added to the amount you owe. This means you owe
$1030 after six months. Over the next six months, the interest is charged on this new
amount, not just on the first $1000¢

The first full year of interest on annually compounded 6% loan of %1030 s
(0.06)($1030) = $61.80 So, for the final six months of our semi-annually compounded
loan, the interest is $61.80/2 = $30.90 Therefore, the amount you owe at the end of the
first year of the semi-annually compounded loan is$1030 + $30.90 = $1060.90.

In this section, you should feel free to use a calculator to perform routine arithmetic.
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Problem 19.7 <

Jayne puts $5,000 in an investment that eams 9% simple interest. How much will she have at the end of

(a) Oneyear? 60\’70( [.\/_9—_‘) < co \ _\' q ¥
(b) Two years? roo \CO

(c) Three years?

(d) nyears? (Answer in terms of n.)

Problem 19.8 ¢ 5 Ooo (

or e Id
Jayne puts $5,000 in an investment that earns 9% interest. If the interest in the investment is compounded annually”

have at the end of: _ ‘1/
(a) Oneyear? l9 OO D ( \- 0%)

(b) Two years?
(c) Three years? C ,
(d) nyears? (Answer in terms of n.)

How do your answers compare to the simple interest investment in the previous problem?

Problem 19.9 © Jump to Solution

Brad takes a $10,000 loan that has an interest rate of 14%. How much does Brad owe (including his initial $10,000) at the end of the
year if the interest is compounded: \ .G\M‘ W - /) U/,,

a) Annually? _7 ) 1

(b) Semi-annually? (Two times a year,) \OO w9 ( (. O

(¢) Quarterly? (Four equally spaced times a year.) O , q
+ .
(d) m evenly spaced times a year? (Answer in terms of m.)

(e) Investigate your answer to part (d) for higher and higher values of m. Does there appear to be a limit to the amount of money Brad m
can owe?

' m
e/"“?’“'_"om«w

o 0

Paula invests $10,000 for 5 years at an interest rate of 10 At the end of those 5 years, how much is her investment

the following cases rp\

(a) The interest is simple interest
(b) The interest is compounded annually.

(c) The interest s compounded quarterly
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| Problem 19.10 © Jump to Solution

Sayeed borrowed $2,300. The interest on the loan was compounded annually for 5 years, and the interest rate remained the same

throughout that time. At the end of the five years, Sayeed owed $3,301.95 (including the original $2,300). To the nearest tenth of a
percent, what was the interest rate?

Problem 19.11

| want to have $1,000,000 in the bank when | retire in 10 years. | can invest money today at a rate of 107, compounded semi-annually. |
will not invest any more money between now and retirement.

(a) Suppose | invest $ today. In terms of $.x, how much will this be worth in 10 years?
(b) How much should | invest right now to have §1,000,000in 10 years?

Problem 19.12 © Jump to Solution

© Jump to Solution '

1 take a three-year loan for $10,000. The interest rate is 6% compounded annually. At the end of each year, | make a payment right when
the annual interest is added to the amount | owe. For the following year, | am then charged interest on the amount | still owe after my
payment. All three of my payments are the same and my loan is completely paid off after the third payment.

(a) Suppose each payment is $iz. In terms of &, what is the present value of my first payment? Of my second payment? Of my third
payment?

(b) What is the amount of each payment?

oQ n >C el | OO
_ - -

_|_
|l co¢ (|_06)"~ (1.06)3

-+ —_

(. oc¢ (- od"“ (o3 —_—

c_
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We use an exponent to indicate that we multiply a number by itself repeatedly. For

What is a Logarithm?

example, 2° means the product of six twos. However, suppose we want to write "What
power of 2 equals 647" One way to write this is to let the exponent be T, and write the
equation2” = G4.Mathematicians so frequently refer to such exponents that there is a
special name for them: logarithms. For example, we can write & as® = log, 64, and this
means that = is the solution to the equation 2% = 64 . Therefore, the two equations
r = log, 64 and
log, 64 = 6.

2" =6dgare equivalent. Since 2° =64, we know that

Just as 2 is the base of the expression 2", we say that 2 is the base of the logarithm

log, 64 The base of a logarithm must be a positive number, and it cannot equal 1. When
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e -

° 5Iog5n = nIog[__’S =n
Just as 2 is the base of the expression 2", we say that 2 is the base of the logarithm
log; 64 The base of a logarithm must be a positive number, and it cannot equal 1. When * log,bc = loga.b + logac

speaking, we say log, 64 = 6 a5 *The logarithm base 2 of 64 is 6, and this means "The

Oéﬁ‘&

exponent to which we must raise 2 to get 64 is 6.7 o\
n //

,)) 4- Log."b = (1/n)log.b
) 0 o
~nZ M O @ % 55
Z
A Z > 4\
\ v
v ,\?\% \ f<8 N
As we will see, much of understanding logarithms requires being able te convert between o’ q r)/ M é
legarithmic form, 192, # = ¢ and exponential form, a” = b s,
R %7 © 5

Important: Ifa > Oanda % 1, then m }_/@% § \ﬁ%
' —ir “=b <

are equivalent.

Problems @/% § XN\
vV

Problem 19.13 © Jump

Evaluate each of the following:
(a) log, 81

(b) log,, 100000

LAC! logg, °

(*_ () log, V25 XC/
» 7 (e) log, 1 ,1-
v
h log,,.v2
//\@ /‘\(f Z

O Jump

/) C Pr@ﬁm 19.14
f{/ \ X /(@ Graph the function f(xr) = log, .

O (b) What are the domain and range of 7
{c) What is the xr-intercept of the function?

(d) How is [ related to the function gix) 37

AN o e

-

“

v
Kl
Problem 19.15 ’l/\ (2
MY~

In this problem we find the base n such that log 3 = —~3/2 -

(a) Write the equation as an exponential equation.

(b) Solve your equation from part (a) (l/( ')) ‘l\

MO
Problem 19.16 (b

In this problem we evaluate log s3(1/81).
(a) Set the logarithm equal to x and write the corresponding exponential equation. (\

(b) Solve the resulting equation.

555

In this problem we solve the equation i = 2 + 3 log, (22 + 1) for z interms of y u_of

(a) Isolate log,(2x + 1) //;

(b) Convert your equation from part (a) to exponential form. Q1 . B"J ( s

(c) Isolate x in your equation from part (b) L« 7\_ “’
B2 N Q)

Problem 19.18 e

3 = k.2"and 15 = k - 4", then what is r? 3 é.'l/ %/(L = [/‘9/8 5

7‘\//6 N (Ljh & v
], U = (‘L n L
o

MXQ/ ()/T\ /LQ’\/ <
v
e 9 . )
don -7/ = ‘@?/S ,.4 ~r C -
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Evaluate each of the following

(a) log, 64

Type your solution, notes and/or work here

(b) log, 1296

Type your solution, notes and/or work here

Evaluate each of the following

1

(a) lu:_ —
“16

Type your solution, notes and/or work here

(b) log, .27

Type your solution, notes and/or work here
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valuate each of the following

and

ution, not

(b) ll:‘,"\ 59

pe your s

Ty ution, notes and/or work

Evaluate each of the following

a) lugl:;z

ype your solution, notes and/or work here
(b) lnj_j, -0V 3
ype your solution, notes and/or work here
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Find r such that log, (2r — 1) = —1/2

Solve for x in terms of i in each of the following

(a) vy log.,(a 1)

> your solution, notes
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Is it true that the r-intercept of 1 1, () for all positive tants a (excep
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(a) Evaluate log, 1, log, 4 ’ log., 47, 1 o g

Type your solution, notes and/or work here

(b) Let a le E, b. Write this equation in exponential form
Type your solution, notes and/or work here

(c) Let y log, , b°. Write this equation in exponential form
Type your solution, notes and/or work here

(d) Use parts (b) and (c) to prove that log = b e le LN b
Type your solution, notes and/or work here

Review Problems
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19.27: nE

19.28: -

19.28: aE

19.30: nE
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19.23: Source: AHSME % (#

19.25:

Evaluate each of the ing
(a) log,243
71 4 I 1 e r ork t
(b) loy
]
y your | ar h
( | 1/o
( og, 4V?2
Y v 10t¢ ) rk he
(d loe. 27
(d) O8q & {
Type your t \otes ar k he
1
33
ype yc | t ] rk here
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19.32: il

19.33: - =
1

19.34: -

19.35: Source: AMC 12 % (&

Challenge problems
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19.36: Source: AHSME W% (#

19.37: L

19.41: i

19.42: Source: AHSME % ([
I
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