Module - 4 Analytic Functions

Definition of Analytic Function - Cauchy Riemann equations - Properties of analytic functions -
Determination of analytic function using Milne Thomson’s method - Conformal mappings:
Magnification, Rotation, Inversion, Reflection - Bilinear Transformation - Cauchy’s integral theorem
(without proof) - Cauchy’s integral theorem applications - Application of Bilinear transformation and

Cauchy’s Integral in Engineering,.

Analytic function (or) Holomorphic function (or) Regular function.

A function is said to be analytic at a point if its derivative exists not only at that point but also in some
neighbourhood of that point.

Entire (or) an Integral function.
A function which is analytic everywhere in the finite plane except at z = o« s called an entire function.
Example: e? sinz, coshz.

Necessary conditions for f(z) to be analytic.
The necessary conditions for a complex function f{z) = u(x,y) + i v(x,y) to be analytic in a region R are

Li] = @ and @ = _a_u (i.e) C — R equations.

ox Oy ox oy
Sufficient conditions for f (z) to be analytic.

: sl Ou Ov Ov Ou : : g . i
If the partial derivatives —,—,—,— exist and continuous in D and satisfies the conditions
éx dy ox Oy

ou Ov ov ou
S SN 4 i d —m—— . . .. 3
o an . Then the function f{z) is analytic in a domain D.

Harmonic function.

Any function which possess continuous second order partial derivatives and which satisfies Laplace
2 2
o’r & f
—_— + —_—
axl 2

equation is called a harmonic function. (i.e) If =0 , then fis harmonic then

Show that the function u = 2x — x* + 3xy? is harmonic.
Solution: Given u =2x — x* + 3xy’

Upy=2 = 3x? + 3y? u, = 6xy
Uy =—=6x u,, =6x
Uyy +Uyy, =—6x + 6x=0

Hence u is harmonic



Show that the function u=%log(.1rJ +y’)is harmonic and determine its conjugate. Also find f(z).

. 1 2 2
Given u = 2 log(x‘ + y‘}

ou |1 1 X

ox 2 x1+y1(2x]mJr1+_]y'2

ou 1 1 y
T 2 2y)= 2

oy 2x'+y'(y) X +y
ou (x3+ 3 —x(2x)= y-x
ox? (13+y1)1 (x'+y‘

Hence y is harmonic function
To find conjugate of u

ou X%
é (x, )-3,\'_.1'2+y2
1
0)=—
(z.0) =1
_Ou__y
¢1(x’y)_6y 2+y2
@(z,o)zO
By Milne Thomson Methods

f'(2)=¢(z,0)=id,(z,0)
jf’(z)dz=j'£dz+0

=logz+c
f(z)=log re”
f(z)=u+iv=logr+i6
u=logr v=60
_ ¥ o o2 ri=x*+y!, O=tan" Z)
u Iog«./x +y |: re=x"+y an [x]

v:@"[l] . Conjugate ofuis tan"(-‘f]-
X

Conformal transformation. .
A mapping or transformation which preserves angles in magnitude and in direction between every pair of
curves through a point is said to be conformal transformation.
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Isogonal transformation.
A transformation under which angles between every pair of curves through a point are preserved in
magnitude but altered in sense is said to be isogonal at that point.

Bilinear transformation (or) Mobius transformation (or) linear fractional transformation.

; az+b
The transformation w = %
cZ+

transformation. This is also called as Mobius or linear fractional transformation.
Cross Ratio.

. ad — bc# 0 where a, b,c,d are complex numbers is called a bilinear

(ZI —Z Xzs _24]

(2, -2,z - 2.)

The cross ratio of four points z,,z,,z,,z,is given by

Show that f (z) = z|2is differentiable at z = 0 but not analytic at z=0.

Solution: Letz=x+iyand z=x—iy

2 = 2 2
=zZ=X +Y

z
f(z)=|z| = (x* +y*)+i0

u=x’+y*, v=0

u, =2x , v, =0

u =2y , v,=0

So the C-R equations ux = vy and uy= - vxare not satisfied everywhere except at z = 0.

So f(z) may be differentiable only at z = 0. Now ux = 2X, vy = 0 and uy= 2y, v« = 0 are continuous

everywhere and in particular at (0, 0). So f(z) is differentiable at z = 0 only and not analytic.

-1
Obtain the invariant points of the transformation w = z—“
Z

y z-1

Solution: Given: w=——
z+1

The invariant points are obtained by replacing w by z.

Z—I 3 i
ie,z=— =z +1=0 . .z=2i

Canv =tan™ (:—V-] be the imaginary part of an analytic function? If so construct an analytic
X

function f(z) = u + iv, taking v as the imaginary part and hence find u.
Solution:

Letv= tan"(zJ
X



(
e (i]_ -y, | EEeho-yen | 29
. 2 2 A 2 2‘ b o 2 - 2
1.,.[2] x x“+y k (x2+y2) {xz+y2)
X
(
1 (1) x P +yH0-x2y) | 2xy
V}’_ 2 ; _x2+y2‘ v_'r‘}'__ 5 2 2 = 5 5 3
l+(l) L (x +y ) (x +y )
X

Vi +V,, =0 = v is harmonic and hence v can be the imaginary partof an analytic function.

By Milne’s method, f(z)= j {v,(2.0)+iv,(z,0))dz +c

—‘P
v, =————; v, (2,0)=0;
X _"2+y2 X
1
vy =i v (z0)==
xT+yt z

f(z)*—-j.%+c=logz+c= logr+i@+c, +ic, (-z=re’)

=[%log(x2 +y2)+c,)+:'tan“ (l) [r =’ +)’ & O=tan”" [1] ]
X X

v v

u v
(c; =0)
1
Su= Elcmg(r2 +y%)+¢
Prove that u=x2-y* & v= 2-y 5 are harmonic functions but not harmonic conjugate.
x“+y
Solution:
2 2 -y
u=x"-y v=
x2+y?
2xy
u,=2x Ve = =
(x*+5?)
u-.-=—2y Yy = }.: _'i
(x*+57)
Uy =2 xx =2y(-|y _31; )
(x*+7%)
2 3 2_ .2
uﬂ' = _2 L) = y(., = ){l )
N (.r‘ +)°
Uy Hu, =0 vxx+v”,=0



Hence u and v are harmonic.

But u, #v, & v, #-u,

C-R equations are not satisfied. Hence u+iv are not an analytic function. So they are not harmonic

conjugate.
Prove that w= —— wherea # Ois analytic whereas w= ——isnot analytic.
z+a Z+a
Solution:
e —2 x+iy _  x+iy _ x+iy (x+a)—iy
z+a x+iy+a (x+a)+iy (x+a)+iy\(x+a)—iy
_(x+iy)(x+a)-iy) Jr(Jvc+.:z)-+-y2 +,,(x+a)y—xy
(x+a)’ +y° (x+a)+y" (x+a) +y2

2
w=x(x+az)+y2+i aJ; .
(x+a)"+y" (x+a)"+y

u Vv

"= x(x+a)+y2 .

l(.\'+|a)2 +y2 ’
. _((x+a)’ +)*)2x +a) - (x(x+a) + y*)2x +a))
! ((x+a)* +y*)?

_ 2.r(x+a)+2xy2 —2x2(x+a}—2xy2 —Zax(x+a)—2ay2
(x+a)* +y?)?
_(Jr+a:1)l(2x2+2a.1a:+mr+ir17'—2.1r2—Ziru')—ay2
(x+a)* +y*)?
_a(x+ay’-yh)
U = > 22
((x+a)"+y7)

(x+a)* +yH)2y) - (x(x +a) + y)(2y)
(x+a)’ +y%)?

_2y((x+a)* + y* = (x(x+a) + %))

- (x+a)* +y?)?

2

y

_2y(x2+ax+a2+y2—x —a.r—yz]
(x+a)? +y?)?
2av(x+a)
= cesl(2
S Grarerr




NP, | L)
(x+a)z +y2
o (x+a) +X0) - (ay)2x +))

' (x+a)? +y?)?
—2ay(x +a)
x - ...(3
(x+a)’ +y%)? )

L _(x+a) +y @) —(a)2y)
5 ((x+ a)2 + y2 )2

_ a((.r+a)2 +y2 —2y2)
(x+a)* +y*)?

L _alx+a)’-y?)
SR

(4)

From(1)and (4), u = vy

From(2)and (3), wu, =-v

¥ x

Also u,u,,v,,v, are continuous functionsin xand y.

Hencew= is analytic.
z+a
Now w=_z __x-y __x-ly __x-iy (x+a)+iy
Z+a x-iy+a (x+a)-iy (x+a)—iy\(x+a)+iy
_(x=i)(x+a)+iy) _x(x+a)+y? (x+a)y+xy)
(x +1a)2 +y2 (.1r+{a')2 +y2 (x+a)2 +y2
.1r(x+.:1r)+y2 ; —-ay
s ) 2, 2
(x+a)"+y°  (x+a)"+y~
u v

u___x(x+a)+y2_
(x+a)2+y2’
a((x+ a)2 —yz)
= ...(5
“ararey Y

_ 2ay(x+a)
T4y

6)



_ —ay
Vo 2, 2’
(x+a) +y

2ay(x+a)

C((x+a)? +y?)?

(D)

_calx+a)’ -y o
Grap sy O

From(5)and (8), wu, # Vy

From (6) and (7), U, £V,

Hence w= —
Z+a

is not analytic.

Properties of Analytic function
Property : 1

The function f(z) = u + iv is analytic, show that u = constant and v = constant are orthogonal

Proof:

If f(z)=u+iv is an analytic function of z , then it satisfies C-R equations

U, =V, U, ==V,

By total diﬂ'erentiation

Ou
du-—-dx+—
. dy

Gy

ov ov
dv=—dx+—
Eattey?
Differentiate equation (1) & (2) we get du=0_dv=0
Ou ov
So—dy+— 0 d —air+— 0
o aydy and o At =
dy —Oulédx

dx  duldy

=m,(say)

= ar—m(sa )
avidy 2\ say
—O0u/dx —ov/ox
Somym, =— x (Cu.=v, u =-v)

ouldy  ov/dy £

Somym, =—1

The curves u(x,y)=Cand v(x,y)=C, cut orthogonally.



Property : 2
Prove that an analytic function with constant modulus is constant.
Proof:

Let f(z)=u-+ivbe analytic

By C.R equations satisfied

Le., u, =v, u,=-v,
.'.f(z)=u+iv
=>If(2)l= vuz +v2 =C :plf(z)l ;uz +v‘! =C'1
wW+vi=Chn.. (1)
Diff (1) with respect to x
2u5—“+2v@ =0

Ox Ox
uu +vv, =0........... (2)
Diff (1) with respect to y
Zua—u+2v@=0

ay oy
=k, A Wl S0 ssnnd 3)

@) xu+@)xv=>(u+v?)u, =0
=u, =0
(2)><v—(3)xu::>[u3+v1)v, =0
=v, =0

WK.T f'(z)=u,+iv, =0
f'(z):() Integrate w.r.to z
f(2)=C

Property : 3
8. Prove that the real and imaginary parts of an analytic function are harmonic function.
Proof:

Let f(z) = u + iv be an analytic function of z. Then by C- R equations we have,

au_o v __ou

ox oy @ ox oy (2)
Differentiating (1) partially with respect to x, we get
ou &’

it 3)
ox*  Oxdy

Differentiating (2) partially with respect to y, we get



o’u v

oy’ Oyox

Adding (3) and (4), we get |
o’u 6 u é’v v

ox? By axay 6yax

- u satisfies the Laplace equation.

Similarly
Differentiating (1) partially with respect to y, we get
o'v  o'u
o= ssssssasrs kD)
oy~ Oyox
Differentiating (2) partially with respect to x, we get
o'v o’u
ol S SO (6)
Ox Ox0y
Adding (5) and (6), we get

62v+ o'v _ O N o’u
ox* @y  oxdy oOyox

.. vsatisfies the Laplace equation.

Hence the real and imaginary parts of an analytic function are harmonic function.
Property : 4

9. The real part of an analytic function f(z) is constant, prove that f(z) is a constant function.
Proof:

Let f{lz)=u+iv

Given u = constant. =>u,=0and u,=0

by C-R equations, u,=0=vy;=0 anduy=0 =vx=0
f'(z)=ux+ivx=0+i0=0

Integrating, f(z)=c (where c is a constant)

&
10.1f f(z) i ic function, that
f(z) is an analytic function, prove tha { o ay

}If(z)i =4/

Proof:
Let f{z) = u + iv be analytic.
Then ux = vy and uy = -vx (1)

Also uxxt uyy =0 and vxxt vyy =0 (2)



Now [f(z)]> = u? + v? and f'(z) = uy + ivy

0
s—|f(2)[*=2uu, +2v.
6x| (2) | uu, +2v.v,

2

0° ) 2
Similarly F | f(z)| = 2[u; +uu +Vo+ VY },},] 4)
Adding (3) and (4)

2 az 5
[ +—]|f(z)|2=2[u: +ug +uu, +uy )+ Ve +vs V(v +v”)]

6x2 ayz

=2Ju? +v2 +u(0) +v2 +u? +v(0)]
= 4[ui + v:]

11. Find the map of the circle (i) |z| = 3 under the transformation w = 2z
(ii) |z|=1 by the transformation w =z + 2 + 4i
Solution (i) : Givenw =2z, |z =3
wl=2/2
|w|=2(3)=6
Hence the image of the circle |z|=3in the z-plane maps to the circle |w| = 6in the w-plane.
Solution (ii) :
Givenn w=2z+2 +4i

utiv=x+iy+2+4i=(x+2)+i(y+4)

u=x+2, v=y+4
2 Xx=u-2, y=v—4
° =1

x?+y?*=1 Hence(u—-2)y+(v-4)y>=1.
». The circle in the z-plane is mapped into the circle in the w -plane with centre (2, 4) and radius 1.

Find the image of the infinite strip %( < % under the transformation w=1
2

Solution:



1 u—iv u v

z= = Sx=—7 ) y=—— 2
u+iv u+v? u’ +v? —( )J’ u’ +v? 2)
; | 1 1
Givenstripis —< y<—when y=—
Ip 4 Y 2 y ”
1 v
4 i+ ©.2) |

uw+(v+2) =4........3)
which is a circle whose centre is at (0,—2) in the w-plane and radius 2.

1

When y=—
=3

L B

2 Wi+ 2

u+vi+2v=0
W@+ =l (4)
which is a circle whose centre is at (0,~1) and radius is 1 in the w -plane.

Hence the infinite strip %-: y<5 is transformed into the region between circles u” +(v+1)’ =1and

u? +(v+2)* =4 in the w-plane.
v &

v

.
-

z— plane

w— plane

1
Find the image of |z—2i|=2 under the transformation w=_

Solution:

: 1 1
Given w=—=z=—
z w

Now w=u+iv

1 1 u—iv u—iv
Z=—= = - 3 =
w u+iv (u+iv)(u—iv) u’ +v?
u—iv u -V
Le., x+iy= — . X= T ) y=—cceceens (2)
’ Y w’ +v u+v' u® +v*



Given |z-2i|=2

Ix+iy-2i|=2= |x+i(y-—2)| =2

.7cz+(y—2)2 =4 X +y" -4y =0..cueucn....... (3)
Sub (1) and (2) in (3)

2 2
u =V =V
-4 =0
[u2+v2J +[u2+v2) l:uz-fvz}

u’ v 4y
. — + - o +[ z 2:|=0
(u‘+v') (u +v) U +v
(u2+v2)+4v(u2+v:)
(u2+v2)1
(1+4v)(u2+v1)

2
(u2 -l-vz}

=0

1 2 2
l+4v=0:v=—z (u+v20)
which is a straight line in w -plane.

y L 3 A&

+(y-2) =4

(0.2)

v
Lt

z— plane

w— plane

Show that the transformation w =~ transforms in general, circles and straight lines into circles and
z

straight lines.
Solution:
| |
W=—=>z=—
z W
) 1 u—iv
=>x+iy=

u+iv ul+v

=Xx=

= 2cmdy= 5
u +v u - +v



Consider the equation

a(x?+y)+bx+cy+d=0 -———m(1)

This equation represents a circle if a # 0 and a straight line ifa=0

Under the transformation w= l equation (1) becomes
z

AU+ V) +bu—cV+a=0 memmmmemmeemen(2)

This equation represents a circle if d # 0 and a straight line ifd =0

Value ofa & d

Equation (1) and (2)

Conclusion

az0, d=0

Equation (1) and (2) represents a
circle, not passing through the
origin, in the z-plane and w-
plane

The transformation maps a circle not
passing through the origin in z-plane
into a circle not passing through the
origin in w—plane

az0, d=0

Equation (1) represents a circle
passing through the origin in the
z-plane and equation (2)
represents a straight line not
passing through the origin in w—
plane

The transformation maps a circle
passing through the origin in z—plane
into a straight line not passing through
the origin in w—plane

a=0,d=0

Equation (1) represents a straight
line not passing through the origin
in the z-plane and equation (2)
represents a circle passing
through the origin in w—plane

The transformation maps a straight line
not passing through the origin in the z—
plane into a circle passing through the
origin in w—plane

a=0,d=0

Equation (1) and (2) represents a
straight line passing through the
origin in the z—plane and w—plane

The transformation maps represents a
straight line passing through the origin
in z—plane into a straight line passing
through the origin in w—plane

; 1 . :
Thus the transformation w = — maps the totality of circles and straight lines as circles or straight lines.

b

Find the image of the circle |z —1/=1under the transformation w =z

Solution:

In polar form z=re”,




Given
|z-1|=1
|re” —1]=1
|rcos@+irsing—1|=1
|(rcos@—1)+irsin@|=1
(rcos@-1)" +(rsin@)’ =1’
r’—2rcosf=0
r=2cos@—---—(1)
Now, we have

2

w=z

Re% = (r e’ )2
Reri=r2 el’!ﬁ

R=r?, ¢=26

1=
r* =(2cos6)’
=4cos’ @
=4[l+cos 29]
2
r?=2(1 +cos 26)
R=2(1+cos¢@)

Find the bilinear transformation of the points —1,0,1 in z- plane onto the points 0,i,3/ in w- plane.

Solution:

Givenz, =-1, w; =0

z,=0, w,=i

zy =1, wy=3i

Cross-ratio

(w=w)(ws-w) (z2-2z)(z-2)

(w_ WJ)(Wz _wl) (z-za)(zz _zl)

(w-0)(i-3) _(z=(-1)(0-1)

(w=3i)(i-0) (z=1)0—-(-1))

w(=2i) (z+1)(-1)

(w=3i)i)  (z-1)1)




2w z+1

w=3i z-1
2wz —2w=wz+w-3iz-3i
w2z-2-z-1)==3i(z+1)
w(z-3)=-3i(z+1)
(z+1)

Sw==3——

(z-3)
Find the bilinear transformation which maps the points z=co,i,0into w=0,i,corespectively.

Solution:

Givenz, =co, w; =0

z, =i, w, =i

z,=0, wy=00

Cross-ratio
(W“"’l)(“'z_W3)=(Z‘zl](zz_23)
(w=w)(w,-w) (z-z)(z-=)

(“v’—W])Mt{:2 -1] ) zu[f—!}(za—zs)

!
3 1

w{f-l](wz —w) _(z—z,)z, [?-z,J

3 1

) [z

e (i)

(w=0)(0-1) (0-1)i-0)
(0-1)(i=0) (z-0)0-1)

. .2
w o i L |
—=—, w=—, S W=——

Iz z z

Find the bilinear transformation which maps the points z =1, i, -1 into the points
w=01, c0.

Solution:

(W_WI)(“’: -w) - (z—zl )(zz -z,)

(wy=wy)(wy = w) - (z,-2,)(z:-2)

Here, w3 =
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