Calculus and Trigonometry Problems

Assignment 1 June 10, 2021

Problem 1:
Evaluate " (9021
/ sm(. x) I
0 sin
Solution:

Let us assume,

I, = / Sne) e N
0

sin x
Now let us find 7,, 5. We have

dx

T sinnx cos 2x + cos nx sin 2x
In+2 = :
0 sinx
Using the formulae,
cos(2z) = 1 — 2sin’x

and
sin(2x) = 2sinz cosx
we get
Tsinnx (1 — 2sin? :z:)
S _ + 2cosnxcosx
0 sin
—

= [0 = / 2cos(n + Vade + 1, = 1,
0

Thus we have
]n+2 - [n, Vn c N
Now plugging in n = 1,2, 3.. we get



T .
SIinx
12021:]1:/ dl':ﬂ'
0

Sin x
Thus
Ip21 = 7

Problem 2:

Given that sin 6 + sin? @ = 1, find the value of

cos'?20 + 3cos'? 0 4+ 3cos® O + cos® 4

Solution:
When sin # + sin” § = 1 we have
sinf = 1 — sin’ 6

=  sinf = cos’0

_—
cos'? 0 = sin® 0
cost’ § = sin® 0
cos® @ = sin* 4
cos® = sin® 6
Then we get

c0s'?0 + 3cos' @ + 3cos® 0 + cos® @ = sin® 0 + 3sin’® § + 3sin O + sin’® 4
= cos? 0+ 3cos™’ 4+ 3cos®f + cos’ § = sin® O(sin @ + 1)°
—
cos'? 0 +3cos™ 0 +3cos® 0 + cos® O = (sinﬁ + sin? 9)3 =13=1

Thus
cos'?0 4+ 3cos'®0 +3cos®O + cos®0 =1



Problem 3:

If tan’ = 1 — @2, then find
sec 6 + tan® @ cosec

in terms of a

Solution:

We have
1 sin® 0 1
cost)  cos®O 8 sin
1 sin® 0
cos 0 * cos® 0
sin? 6 + cos® @
cos3 0
= sec 6 + tan® 6 cosec 6 = sec? 0

secf + tan® @ cos =

= secf + tan® 6 cosec § =

= secf + tan® 6 cosec § =

3
2

= secf + tan® 0 cosec = (sec2 0)

3
= secf + tan® 6 cosec § = (1 + tan? 9) 2

[\eI[9N}

= secf + tan® 0 cosec § = (1 +1— a2)
Thus finally

V|

sec 0 + tan® 0 cosec = (2 — az)

Problem 4:
If # oot — Then prove that
sin® 6 N cos® 0 B 1
& B (atbp



Solution:

Dividing both sides by cos* § we get

tan'f 1 1 4
+ - = sec” 0
a b a+b

tant0 1 1 9
= 1+ tan®@
. T3 a+b( + tan” )

tan*f 1 B 1+ tan*0 + 2tan? 0

a b a-+b

Y 1_ 1 _2tan29+1_ 1
a a-+b a+b b a+bd
btan*d 2 tan?6 a

ala+b) a+b +b(a+b)

=  b’tan*@ — 2abtan’0 +a> =0
2

=0

= (b tan® 6 — ) =
a
= tan®f = —
an ;
=  sec’f = ath
b
b
= cos’f = ——, sin’f = ¢
a+b a+b
sin®0  cos®H a? b*
+ = +
a? b ad(a+0)r  b¥(a+b)*
sin® 0 N cos® @ B a N b
a3 B (a+b)?*  (a+b)
Thus finally
sin® 0 cos® @ _ 1

a3 + b3  (a+b)3

Problem 5:

If ©sa 4 si ~a _ 1 then find the value of

cos sin?f

sin o + sin? 3
2

sin? asin? 3



Solution:

Let us assume

Now we have

So we get

Hence we get

a = sin «

b=sin
cos*a = (1—a2)2,0082ﬁ:1—b2

cost N sin'a o N (1 —a2)2 B
cos?3 sin’p b2 1—0?
a4—2a2—|—1_b2—a4
11— b
= a'b? — 2a** + 0> = b* — b — o + a*b?
= a'+b'=2a%’
4 b4
%:2
a?b?

sin* a 4 sin* 3 5

sin® acsin® 3

Problem 6:

Find all real values of m such that

sin 2z — 2m(sinz + cosx) +2 =0

T
0< < —
TSy

has at least one real solution.

Solution:

The given equation can be converted to:

_ sin2x + 2
2(sinz + cos x)

2sinxcosx + 2

= =
" 2(sinx + cos z)



Now let us assume that ¢ = sinx + cosz —

a:\@sin <x+%)

a€(1,V2], Vre (0,%)

Also we have

sin®x + cos’z + 2sinx cosz = a’

2sinzcosx = a® — 1

So we get
a®+ 1
m o
2a
Now by AM > GM we get
2
a”+1 !
2a
Also if )
a‘+1
fla) =
We have

f’(a):1<1—i> =~ 0.Ya> 1

2 a?

So the function f(a) is strictly increasing and since a < v/2, the maximum
occurs at a = /2. Thus we have

a’+1 (V2)2 41
= e |1, ———
2a 2v/2

Thus the given equation has at least one real solution if

m € (1%]

m




