JEE MATHEMATICS

DPS-1

DAILY PRACTICE SHEET

Sets, Relations and

Functions

(b) : Using commutative law (A|B) U (B|A) = (B|A) U (A|B)
=(AUB)|(BNA)

(b): Given, A = {3,6,9, 12}

={x:x=3n,neNand 1 <n<4}

and B=1{1,4,9, .., 100} = {x: x=n*, neNand 1 <n <10}

(c) : A is a set of numbers. B is a set of sets.

So, A = B is impossible. Also, B  C since {2} ¢ C

A € Cis correct since {1, 2} € C.

A c Cis not true since A is set of numbers and C is a set of sets.

(d) : Let number of elements in S be x.
ie, n(S)=x

30 n
as Ja=UB;=s
i=1 j=1

= 5x30=10x

150
= x=—=15
10
= x=15 ..(i)

n n
and UBj=S:>Z(Bj)=9x
j=1 j=1
= 3n=9%
Putting x = 15 in (ii), we get
9x15
n=

..(ii)

=45=>n=45

(d):Let A and B be the sets of persons who can speak Hindi and
Bengali respectively.

n(A U B) = 1000, n(A) = 750, n(B) = 400.

Number of persons who can speak both Hindi and Bengali
=n(A N B) =n(A) + n(B) — n(A U B).

=750 + 400 - 1000 = 150

Number of persons who can speak Hindi only

=n(A - B) = n(A) - n(A N B) =750 - 150 = 600

Number of persons who can speak Bengali only

=n(B-A) =n(B) - n(BN A) =400 - 150 = 250

(d) : Any element of S has got three possibilities either it is in A or
in B or none. Thus each has 3 choices. For four elements we have
3*=81 choices. These are choices for ordered pair (A, B). Only one
pair is counted once, i.e., (§, §).

4

+1=41

The number of unordered pairs =

(c) : Let x be total number of families in the town. Let set P be the
families who own a cell phone and C be the families who own a
scooter.

n(P) = 25%, n(C) = 15%, n(P N C’) = 65% =n(PUC)=35%
= n(PNC)=nP)+n(C)-nPul)

= (25 + 15 - 35)% = 5%

10.

11.

12.

13.

5% of x = 1500
1500
X =T><100=30000
Hence, total number of families in the town = 30000.

(c) : n[(AN B) N A]
=n[(A" U B) N A]
=n[(A"NA)U (BN A)]
=n(A-B)=8-2=6.

[by De Morgan’s law]
[by distributive law]

(c) : Let U be the set of all consumers who were questioned, A be
the set of consumers who liked product P; and B be the set of con-
sumers who liked the product P,.
It is given that n(U) = 2000,
n(A) = 1720, n(B) = 1450.
n(A U B) = n(A) + n(B) - n(A N B)
n(A U B) = 1720 + 1450 - n(A N B)
=3170 - n(A N B)
Since, AUBC U
n(A U B) < n(U)
= 3170 - n(A N B) £2000 = n(A N B) 21170

(c) : n(A) = 1000, n(B) = 500, n(A " B) > 1,
n(A U B) = p, n(A U B) = n(A) + n(B) - n(A N B)
= p =1000 + 500 - n (A N B)
But 1< n(AnN B)<500
Hence, p = 1000 + 500 - 1 = 1499
and p = 1000 + 500 - 500 = 1000
1000 < p <1499

(c) : We know that every subset of A x A is a relation on A.
So, Statement-1 is true but Statement-2 is false.

(b): Given n(A) =4, n(B) =5,n(ANB)=3
n[(AxB)Nn (Bx A)]=n[(AnB)x (BN A)]
=n(ANB)xnBNA)=3x3=9

[.. n(A x B) = n(A) x n(B)]

(@):Given R={(x,y):x+2y=8 V x,y€ N}

8—x
xX+2y=8 = y= T

7 7
Whenx=1,y= - ¢ N (1, E) ¢ Relation (R)

2

Whenx=2,y=3€ N ~(2,3)eR
Whenx=3,y:§eN . (3,%)€R
Whenx=4,y=2€ N ~(4,2) e R
Whenx=5,y= 3 ¢ N (5,2) & R
2 2
Whenx=6,y=1€ N ~(6,1)€R

R={(2,3),(4,2), (6, 1)}
Range of relation (R) = {1, 2, 3}
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14.

15.

16.

17.

18.

19.

20.

21.

22.

(a) : Total number of relations from A to B = 2(A) xn(B)
= 25%X7 = 935

(d) : Given, n(U) =800, n(A) = 300, n(B) = 400, n(A N B) = 100
Now, n(A¢ N B¢) = n(A U B)° = n(U) - n(A U B)
n(U) - [n(A) + n(B) - n(A N B)]
=800 - (300 + 400 — 100) = 200
We know that relation from the set X to set Y = 2#(X) x n(Y)

Number of relations on A® A B¢ = 27(4°NB)xn(4°0B°)

200 x 200 _ H4x10* _ (40000) _ 110000
2 =2 =2 =16

(@: R z{(x,y):y=3x,x € A}

R={(13),(2.6), (3.9), (4,12)}
Domain of the relation = {1, 2, 3, 4}
and Range of the relation = {3, 6, 9, 12}.

(c) :We havea + 4b =15

. a=15-4b, now putting b = 1, 2, 3, we get
a=11,7,3. Alsoforb>4,a¢ N.
R=1{(11,1),(7,2), (3,3)}
Range(R) = set of second elements of distinct ordered pairs
= {1) 2) 3}

(a) :Given,R={(x, ) : y=2x-1;x, y€A}

= R={(1,1),(2,3),(3,5)} .. Domain (R) ={1, 2,3}

(c) : We know that flx + y) = flx) ly) = flx) =a*, (1) =2=a=2
flx) = 2%

if(k+m) = iz“m
m=1 m=1

=2k+1(1 424 .. 42771

=2k+1(n_ 1) = 16(2" - 1) (given) k=3
(d): f(x) is defined if x! > 0
log x!
logy s x! >0, >0,logx! <0
805 log 0.5 s

xI<el, x1<1
Domain of the function f(x) is {0, 1}

(c): f(x)=%—tan(%), —1<x<1

Since f (x) is defined in the given interval -1 < x < 1
Domain of f= (-1, 1) ..(1)

g(x)=\13+4x—4x2

Since g(x) is defined when 3 + 4x - 4x?* >0

= 4x?-4x-3<0 =4x>-6x+2x-3<0

= (2x-3)2x+1)<0

= _—ISXSE = Domain of g = |:_—1,§:| (i)
2 2 2°2

From (i) and (ii), we get

Domain of (f+ g) = [—%, 1).

(d) : f(x) to be defined

i x>0

(i) logyx>0=>x>20=x>1

(iii) log, (logyx) > 0 = logx > 1.7 x> 2
(iv) log, log, (logyx) > 0 = log, (log,x) > 1

= logyx>2 = x>22
log, log, log, ... logyx (1 times) > 0
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23.

24.

25.

26.

27.

28.

29.

2(n -1) times

2
= x=2
-2 (n=1) times

>
Df = 22 5 oo)
(a) : Clearly, flx) = g(x) forall x e R - {2}.
But, f{x) and g(x) have different domains.

Infact, domain of f = R - {2} and domain of g = R. Therefore, f # g.

(d): It is the sum of an infinite G.P. with common ratio x and

sum

1-x

1
Domain is (-1, 1). The range is (5 5 00).

(d) : Given, f(x) = 2x?
= f(3.8) =2 x 3.8 x 3.8 = 28.88
= fl4)=2x4x4=32
B8 - f(4) 28.88-32 3.12
38-4 3.8-4 0.2

=15.6

(c) : The point (1, b) is always on the graph of the function.

1
(a) : The equation implies (f(x) - 1) (f(;) - 1) =1

If g(x) = flx) - 1, then g(x) g(i) =1

=gx) = x", fix)=1xx" f(-2) =33
= 1+(-2)"=33

=n=5

L fl)=1-x,f1)=0

2

>0=4-x220,2+[x]>0

© : 4—x
2 +[x]
= x€ [-2,2]and x € [-1,) = x € [-1, 2]

On the other hand, 4 - x2< 0,2 + [x] <0

x€ R-[-2,2]and x € (-0, =2) = x € (-0, -2)
From (i) and (ii), we get (-o0, -2) U [-1, 2]

- ’nz 2
(b): f(x)=tan ?—x
2

f(x) is real valued function when % —x2>0

2
T T T
= xzs—:ncl: ,—]
9 3°3
Tt
3 3
2 2
= o<e< ™ 5T < <o
9 9
2 2 2
T T T T
= 0<— < — = 0<,[—-x><=
9 9 9 3

tan 0 <tan

1122
= 0<tan ?—xzﬁx/g

Range of the function = [0, NG} ]

(D)
...(ii)



30.

31.

32.

33.

34.

35.

2
©: f(x)=%,x #-1; f(a)=a

2

%W a= Ita_ l+1
a+l1 a a
(b,c) :Here, f(x)=x*and g (x) = \/; , therefore,
(fog) (1) = (g () =f(Wx) = (Vx)? =x
for all x, Dy, = Dy = [0, o)
( Rg = [0, 00) C Df> Dfug = Dg)
Also (gof) (x) = g (f (x)) = g(x?)
=V =|x]
for all x, Dgor= Dy=R.
(" Rg=[0,0) = Dy, .. Dgor=Dy)
x+2

= a=

(aad) : y:f(x):x—l
= yx-1D=x+2 =x(y-1)=y+2

= x=—— =x=f(y)

again f (1) does not exist as domain is R- {1}
dy 1
de (x-1)
x €R- {1}

Also fis a rational function of x.

1

bo) v f(x)= [E}

f(x) is not defined when [x] =0 i.e, when0<x< 1
Df=R~[0,1) = (=22, 0) U [1, )
Whenx =1, f(x) =1

= f(x) is decreasing for all

1 1
Whenx>1, 0<—<1 = |:—:|=0
[x] [x]

When -1<x<0, [x]=-1 = [L:|=—l
[x]

When —o<x< -1, [x] £ -2

= —1<i<0 = [L}=—1
[x] [x]

Hence, Ry = {0} U {-1} U {1}
(b,c) :Given x? + 16y% = 144

2 2
= E + ;}—2 =1 (An ellipse whose major axis is x-axis) ...(i)
and x2 + y? = 25 (a circle with radius r = 5 units) (i)

Y
A

A
%%@ of circle
X 0
'

»
< P X

Graph of ellipse

y
y

From the graph of A & B, we note that A N B have four points. We

can solve the equation of circle & ellipse to find A N B.

(a,b, ¢, d) : (a) *.* Periods of sin x and |sin x| are 21t and 7 respec-
tively.
Period of f(x) = LCM of {27, } = 21

36.

37.

38.

39.

(b) Periods of sinx, cosx, sec x and cosec x are 27t.
Hence, period of g(x) = 2n
(¢c) Period of h(x) = LCM {2m, 21t} = 21

1 2
(d) P(x)—[x]+[x+5]+|:x+5:|
[relera )
—|x+|x+—- |+ x+—-||+11
3 3
1 2
_11—{X}—{X+5}—{x+g}

Period of p(x) is 1.
(b,d) :Domain of f = R,
because -1<x<0=1+[x]=0
Domain of f— g = R - [-1, 0); since e* > 0
Now, (1 + [x])y > 0
Eithery>0=1+[x]>00ry<0=1+[x] <0
= ye R-{0}
(b,c) :As (0, 0) and (x, g(x)) are two vertices of an equilateral
triangle, therefore length of the side of A is

= J(x—0)? +(g(x)—0) = x* +(g(x))?

Domain of ¢ = R - [-1, 0);

The area of equilateral A= g(x2 + (g(x))z)

3
Also, area = T (Given)

3
e
= (g)P=1-x = g(x)=iﬁ
(a,¢c,d) : U={x:xe Nand 2<x< 12},
U=1{2,3,4,56,7,8,9,10, 11, 12}
A = {x: x is an even prime}
A ={2}
B ={x: x is a factor of 24}
B=1{2,3,4,6,8, 12}

Now, A - B is a set of those elements which are present in A but
not in B

A-B={2}-1{2,3,4,6,8,12} =0

A - B is an empty set is a true statement.

We get, é(ﬁc2 +(g(x))*) =

Again A - B means the elements of such set belongs to only A so
cannot be equal to BN A’

So, the statement A - B= B N A” is not correct.
Again, A" =1{3,4,5,6,7,8,9, 10, 11, 12},
B =1{5,7,9, 10, 11}

o A-B=A-(ANB)=1{3,468, 12} = B - A, which is
true and (A N B)’ = A” U B’ is the De morgan’s law, which is also
true.

()£ (A) - (), (B)- ), (©) - (@) (D) - (p)

(A) flx) =log(x(ax? + bx + ¢) + (ax? + bx + ¢))

=log(x + 1)(ax? + bx + ¢)

-, Domain of f{x) = (-1, ) as ax? + bx + ¢ >0 V x (since a > 0, A < 0)
(B) For In (tan™! (x - 1)(x - 2)(x - 3)x(e* - 1)) to be defined
x(e-Dx-1)(x-2)(x-3)>0
= x€ (1,2) U (3, =)
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=n(P)-[n(PNQ)+n(PNR)-n{{PN Q)N (PN R)}]

(©) y= f(x)— forx¢2 -3 =n(P)-[n(PNQ)+n(PNR)-nPNQNR)]
= 4000 - (500 + 400 - 200) = 3300
3y+ 1
and x= for y#land x 52=y—> E 42. (c) :Required number
1=y 1 =n(P’nQ NR)=n[(PUQURY]
Rangeoff(x)=R—{1,—} =n(U) -n(PUQUR)
5 =n(U) - [n(P) + n(Q) + n(R) - n(PN Q) -n(QN R) -n(RN P)
2 X x 5 x 1Y +n(PN QN R)]
(D) f(x)=1-cos Z+COSZ = Z—(COSZ—E) = 10000 - [4000 + 2000 + 1000 — 500 — 300 — 400 + 200] = 4000
5 43. (b):Dividing throughout by xy(x? - y?), we get
= -1 f(x)<—
4 ffp) _fxt+y)  fx=y)
40. (b):(A) - @), (B) - (5) (C) - (@ (D) - (@) xy x4y | x—y
(A) Given, f0)=2,f(1)=3 f(x)
and flx +2) =2f(x) - flx + 1) Let F(x)=7
Putx=0 ’
f2)=2f0)-f(1)=(2x2)-3=1 Then, F(0)= f(x) &=2
Putx=1 x—>0 X 1
f3)=2f(1)-f(2)=(2x3)-1=5 F(x)F(y) = F(x) + E(y)
Putx=2 Puty=0
f4)=2f(2)-f3)=(2x1)-5=-3 F(x)F(0) = F(x) + F(0)
Putx=3 = 2F(x)=F(x)+2
f(5)=2f(3) - fl4) =(2x5) - (-3)=13 = F(x).: 2 = flx) =
® T3>0 (I3 - -13 9 isan odd funtion
(©) Given, flx) + 2f(1 -x) =2 + 2,V x € R L@ M (@:fln2)=2In2=In4
Replace xby 1 - x f x) ) 2x
AL -x) +2f(x) = (1-x)2+2 i) 45 (b): lim e == Tim = =2
Multiply eq. (ii) by 2, we get
2(1 - x) + 4f(x) = 2(1 - x)* + 4 ~(1l) 46, (1) :|x| < —n Number of integers belonging to domain = 4
(iii) - (i) = 3fx)=2(1-x)>-x2+2 4
Putx =5, we get f(5)=3 47. (2): Puttingx =0,y =0, we get f{1) =1
4~ Puttingx =1,y =1, we get f(2) =
(D) We have f(x)=— £(10)
4 +2 Similarly, we get f(10) =10 . ST =2
1-x . 4
= f(l-x)= 4 4 4 2 48. (3):Now f(x) = Lx” = f)=22+x+1
4742 4 44247 4742 ¥ —x+1
4" 50, f(@")=0*" +o" +1=3
fl)+f(1-x)=1
0 (" o" =1, when #n is a multiple of 3).
(i
( ) ( : 28 x+k—[x+k]

9. (3): f(0)=[x]+ D,

) . :
f( ) ( ) : (i) = 2008
y

1
f() ( ...(iii) z["]+mk§(x+k—([x]+k))

Adding (i), (ii) and (iii), we get =[x]+L[2008(x—[x])]

6
g ( ) 1+1+1=3 = fl)=kl+x-[x]=x - f(3)=3

1-x
41. (b):Let P, Q and R denote the sets of families buying newspaper A, ~ 50. (5) : Replacing " by x, we have

B and C respectively. Let U be the universal set. Then,

n(P) = 40% of 10,000 = 4000, n(Q) = 20% of 10,000 = 2000, (1) 1

n(R) = 10% of 10,000 = 1000, &) f(x) N f(x)+f(x)

n(P M Q) = 5% of 10,000 = 500, 7(Q M R) = 3% of 10,000 = 300, D ) =tx 1 D)=+ 1 (= f3)=28)
n(R M P) = 4% of 10,000 = 400 10 10

n(P N QN R) =2% of 10,000 = 200 and n(U) = 10,000 Now z (f(n)-1)= 2 n3 =552 = 3025

Required number n=1 n=1

=n(PNQ NR)=n(PN(QUR))

=n(P) -n[PN (QU R)] [ n(ANB)=n(A) - n(A N B)] 605[2 (f(n)- 1):|

=n(P) -n[(PN Q) U (PN R)]
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JEE MATHEMATICS

DPS-2

Trigonometric Functions and
Principle of Mathematical

DAILY PRACTICE SHEET

Induction

@) : tan A 4 cot A

1-cotA 1-tanA
B sin® A N cos® A
cosA(sinA—cosA) sinA(cosA—sinA)
_ sin® A—cos® A
(sinA —cosA)cosA sin A

(sinA —cos A)(sin2 A+sinA cosA + cos’ A)
B (sinA —cosA)sinA cosA
1+sinA cosA

=————————=1+secA cosecA
sinA cosA

(a) : Angle traced by the hour hand in 12 hours = 360°
Angle traced by hour hand in 4 hrs 25 mins i.e.,

5 53 360 53) ’
4—hrs =—hrs =(—><—) =(1321)
12 12 12 12 2

o

60
0 %x25=150°

Angled traced by minute hand in 25 minutes =
. 1y 1
Required angle = (150 - 1325) = 175

4 5
(d) : Given that, tan 0 = 3 and tan ¢ = 7

In AABE, tanq) = % ET
X
150 150 2 60 | T
= =150x==60m
tan¢ 5 ed Ci150m
In ADCE, tanezg o l
4 h A d B
3 60

Now in ADCE, DE* = DC* + CE°
= x2=602+ 802 =10000= x =100 m
(d): sin? 5° + sin% 10° + sin? 15° + ... + sin% 90°
= sin? 5° + sin? 10° + ....+ sin? 35° + sin? 40° + sinZ 45°
+ sin? (90° — 40°) + sin? (90° - 35°) + ... + sin? (90° - 15°) +
sin? (90° - 10°) + sin? (90° - 5°) + sin? 90°
= sin? 5° + sin? 10° + .... + sin? 35° + sin? 40° + sin? 45°
+ cos? 40° + cos? 35° + ... + cos? 10° + cos? 5° + sin? 90°
= [(sin? 5° + cos? 5°) + (sin? 10° + cos? 10°) + ...
+ (sin? 40° + cos? 40°)] + sin? 45° + sin? 90°

(@) :f (x) = cos (log,x)
Now f ()£ () =5 [ £(x/) + ()]

1 x
= coslog, x - coslog I [coslog, —+coslog, xy]
Y

= coslog, x-coslog, y—
1 log, x/ y+log, xy log, xy—log, x/y
2 2cos — 5 X cos -5

=coslog, x-coslog, y —[coslog, x - coslog, y]=0.

. 2 4xy
(b) : Given that sec” 0= .
(x+y)
2
X+
0s* 0= (x+ ) is possible only when x = y. We have

(x + y)2 =(x- y)2 + 4xy. If x # y, we deduce (x + y)2 > 4xy. Now
+ y)2
4xy

if xy is negative, is negative and it cannot be equal to

Sl
4xy

cos®0, since 0 < cos®0 < 1. Also if xy be positive,

and it cannot also be equal to cos®.

(x+ y)*
4xy

If however x = y then (x + y)* = 4xy and hence =1

and cos’0 may have this value. It is also clear that x or y cannot
be equal to zero.

(a):2sinx= \/E"‘\/E
q p
—2s\/§+\/£sz
9 \p

= —2@Sp+qs2\/ﬁ
= 0<(Jp+ya) or (Vp-va) <0 = p=g

\/g _ sin20° -~ \/§C0820°

1
(d): Since, —— =—
c0s20° sin20° sin20°cos20°

1
—sin20° — ﬁcos 20°
2 2

(v -1<sinx<1)

_sin20°c0s60° — cos20°sin60°

1 1
Esin20°c0520° Z(Zsin20°c0320°)
_ 4sin(20°-60°) —4sin40°

sin40° sin40°

(d):u =(1+cos0)(1+ cos20) - sin 0 sin 20
=1+ cos 20 + cosO + co0s20 cosO — sin 26 sind
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10.

11.

12.

13.

14.

= (1 + cos 20) + (cos 30 + cos 0)

= 2c0s% 0 + 2cos 26 cosd

=2 cos 0 (cos 0 + cos 20)

Now, v = sin0 (1 + cos 20) + (1 + cos0) sin 20
= sin O + sin 20 + sin 6 cos 20 + sin 20 cos 0
= sin 20 + (sin 30 + sin 0)
=2sin 0 cos 6 + 2 sin 20 cos 6
=2 cos 0 (sin 0 + sin 20)
. u? +v% =4 cos%0 [(cos 0 + cos 20)% + (sin 0 + sin 20)?]

3 0 3 0
=4c0s>0| 4cos®> 20.cos> — + 4sin” =0 .cos> —

2 2 2 2

0 3 3
=16c0s>0-cos® —| cos> —0 +sin> ~0

2 2 2
u? +v* = 4(1+ cos 20)(1+ cos0)

(d):log sin 1°log sin 2°... log sin 90°... log sin 179°

= log sin1°log sin2°... logl ... log sin179° = 0
(@) : V2(1+cosB) =, |2 x2coszg = ZCOSE

\J2++/2(1+cosB) =, /2+2cos9

1+cos— ‘/2><2cos 2cos——2cos£2
V 2

and \/2+ A2 +4/2(1+ cosB)

0 0 0 0
= \/2 +2cos— = \/2 X2€08* ~ = 2€08~ = 2COS—
4 8 8 23
Continuing the process, we get, if there are n number of 2’

\/2+ \/2+ \/2+ ot +/2(1+ cos0) = 2COS%
2

1 1 2 4
d): ——+ >+ YOu
cos“ 0 l+sin“o 1+sin” o 1+sin80c
1 1 2 4
- S 2T FaNa 8
l1-sin“o¢ 1+sin“o 1+4+sin o 1+sin° o
4 4 8 8 8X%5
1-sin"o 1+sin” o l—sin1 o l—l 4

5

\/2+ 2+ 2(1+cos4x \/2+m

= = sec—

\/2+\/4 cos’ x \/2+2cosx \/4-c052;

(d) : sinx + 2sin2x — sin3x =3
sinx + 4sinxcosx — 3sinx + 4 sin’x = 3

(a):

=
= sinx{-2 + 4cosx + 4sin®x} = 3

=  sinx(-2 + 4cosx + 4 — 4cos?x) = 3

=  sinx{2 - (4cos?x — 4cosx + 1) + 1} = 3
= sinx{3 - (1 - 2cosx)?} =3

= sinx=1,2cosx-1=0

i T
= x=—andx=—
3 2

So, no common solution
There is no value of x which satisfies the equation.

DPS/M/2

15.

16.

17.

18.

(d):Let a = 2 sin*x + 18 cos?x
and b =2 cos*x + 18 sin%x
Now, a - b = 2(sin*x — cos*x) + 18(cos?x — sinZx)
= 2(sinx — cos?x) + 18(cos?x — sinx) = 16 cos2x

a + b =2(sin*x + cos*x) + 18(cos2x + sin%x)

=2{(1 - 2 sin%x cos?x)} + 18

=20 - sin?2x = 19 + cos?2x
The given equation becomes, |\/_ ~b |=1
On squaring both sides, we get

a+b-2Jab=1
= (a+b-1)2=4ab= (a+b)?-
= (a-b2-2a+b)+1=0
= 256 cos?2x — 2(19 + cos?2x) + 1 =0
= 254 cos?2x-37=0

2(a+ b) + 1 =4ab

37
cos?2x = —— = A(say) where |A| <1
254

So, cos 2x = i\/x
Since, x € [0, 2m]
4

. 2x € [0, 47t] hence, we have 4 values of x.

x + sinx = 2 cos(2x + m)cos(2x — T)
2sin%x cos?x = cos 4x + cos 21

(d) : Given, cos
= (cos®x + sin%x)? -

1
= 1- Esin2 2x =cosdx +1

1(1—cosdx 1 3
= ——| ———|=cosd4x = —— =—cos4x
2 2 4 4
1 242
= cos4x=—§ = sin4x=—f

Again, cos4x =——

.2 1 . _ 2
= 1-2sin 2x=—§:>s1n2x— g

X = nr + _(_1)” sin”! (\/EJ
2 2 3

(d) : We know, coto.—tanc, = 2cot2o
and 2 (cot 20 — tan 20a1) = 22 cot 220,

;2 (cot 2? o— tan2.2 o) = 23 cot 23 o
By adaing all identitieé, we get.
coto— tano —2tan20 — 22 tan2% o —
2" tan2" o = 2" cot2"
= tano + 2tan(2o) + 4tan(4o) +....+
2" tan(2" o) + 2" cot2" o = cota

() : On simplification, we get

\/gsinx+cosx=2c052x = —3sinx+lcosx=c052x
2 2
T
We have, cos(x—g)zcosbc
We have, 2x+(x——) 2kn,keZ
3

Then, x = (6k —1)% or (6k +1)5, keZ

The values of x in (-7, 1) are _E E 7_n _or

3’9’9 9
Their sum turns to be zero.



19.

20.

21.

22.

23.

tan3x —tan2x

: have, ——————— =
(a) : We have 1+tan3x-tan2x

= tan(3x-2x) =1

b
= tanx=1=tan(—)
4
T
= Xx=nn+—,ne’z
4
. T
But if x=nn+z,then

b
tan2x = tan2(n1t + ZJ = tan(ZnTc + g)

T
=tan| — |=o0
)

Thus, there is no value exist for which given equation holds.
Hence, solution set = ¢.
(b) : a, b, ¢ are roots of equation
xsin® + ysin26 + zsin36 = sin46
=  xsin® + y(2sind cos®) + z(3sin6 — 4sin’0)
= 4sin6 cosO cos26

+2 -
cosze—y— el

cosO + =0

z
= cos’0-=
2

2tanx

(b): k= =sin2x (0<k<1)

1+tan” x
= 2A=n-2B > C=§ and sinC =1
(b) : We have by cosine rule
(2 =12+ (2 +x+ 1) - 2x + 1)?
=2(x2 +x+1)(x2 —l)cos%
= (- 12+ {2+ 3x + 2)(x? - x)}

V3

=z(x2+x+1)(x2—1)><7

= 2-1)2+x+2)2-Dx=2+x+ 12 -1)3

= @-D2-1+2+20=02+x+ 12 -1)3
As x # 1, we have

2x2+2x—1:(x2+x+1)\/§
= 2(x2+x)—1:\/?_:(x2+x)+\/§

3+1

= (2—\/5)(x2+x):\/§+1 = x> +x=

&

\S}

= P +x=(\B+D2+3)
= P +x-(B+D2+3)=0
= x-(B4DHx+2+V3)}=0
= x=\3+1 or x=—(2++/3) (Rejected)
(b) : From given, we have
tan (A + B) = tan g

tanA+tanB=1-tan Atan B
tanA+tanB+tan Atan B=1
(1+tanA)+tanB(1 +tan A)=1+1

(by adding 1 on both sides)

NI

= (l+tanA) (1l +tanB) =2

24.

25.

26.

27.

28.

29.

B C nT—A
(a): tan(—+—)= tan( )
4 4 4

T A A A A
tan——tan— l1-tan— cos— —sin—
_ 4 4 4 4
T A" A A A
l+tan—tan— 1+tan— cos—+sin—
4 4 4 4 4
cos® é —sin® é cosé
_ 4 4 2
A A
1+2sin—cos— 1+siné
4 4 2
5 3
7
(d) : Given, P(n)= n_+n_+_n
5 3 15
1 1 7 15
Letn=1..P1)= —+—+—=— (a natural number, true)
5 3 15 15
32 8 14 150
n=2..PQ2)= —+—+—=— =10 (a natural number)
5 3 15 15

P(n) is true for n =2
Similarly, by induction, we say that P(n) is a natural number ¥V ne N.

(b): Let P(k) is true.
PO =Y kik)
k=1

(Note: k=1, .., ror, k=1, ..., n have same meaning as we have
consider r, n € N)

= (k+1-1) (k)
k=1
=Y (k+D)I= Y, (KN)fork=mn-1,.,1
k=1 k=1
=((n+D)-nl+nl-n-D+n-1)-n-2)!+..
+31-21+2!-1)
P(k) = (n+1)! - 11.

(a) : It can be checked by using PMI that statement-2 is true for
allne N.

So, statement-2 is correct.

Now, (n+ 1) -n"-1={(n+1)7"-m+1)}-{n” - n}

Using statement-2, {n + 1)’ = (n+ 1) and {n” - n) both are
divisible by 7. Therefore, (1 + 1) — n” - 1 is also divisible by 7.
So, statement-1 is correctand statement-2 isa correct explanation
for statement-1.

(d) : The first principle of mathematical induction states that if
the basis step and the inductive states are prove, then p(n) is
true for all natural number n < m. As a first step, it is often
p(m+1) in terms of p(n).

(b): P(n) : 22 < 31

Letn=1,P(1): 23 < 3!

i.e. P(1) = 8 < 3, false

Letn =2, P(2): 2% < 32

i.e. P(2) =16 <9, false

Letn=3,P(3):2°< 3?3

i.e. P(3)=32<27,false

Let n=4
P(4) =26 < 3*

ie. P(4) = 64 < 81, which is true.
P(n):2"*2<3"istrueforVn>3,ne N
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30.

31.

32.

(d): Statement 1

et

Forn =2, P(2)

Let P(n):

:—+—>\/§ is true

2

Assume P(n) is true forn==k ie.,

\/_ \/_ J‘ >k ()

For n = k + 1, we have to show that

1 1 1 1 1
—t—=+—=+..t—=+—=>Vk+1 ..(ii
JI+J5+J§+ +J%+ k+1> + (ii)

By assumption step, we get

TEr

. 1
Addlng\/m
LI N N
N RN TN N Jk+1

Statement-2

Forn =k, AJk(k+1) <k+1

= JEJk+1<Jk+1Jk+1:¢ JE<Jk+1

on both sides, we get

...(iii)

- Jk+1>4k For k> 2
Jk k
= 1> k> [Multiplying by\/k]
Vk+1 Vk+1
(k+1)-1 1
= JE>—————:$ J%>Vk+ -
Vk+1 Vk+1
1
= Jk+ >k+1 (iv)
Vk+1
From (iii) & (iv)
>k+1

1 1 1 1 1
— ettt ———
NIEENCINEY Jko Jk+1
hence (ii) is true for n = k + 1.
hence P(n) is true for n > 2.
So, Statement-1 and Statement-2 are correct but
Statement-2 is not a correct explanation of Statement-1.
(b, ¢, d) : For the system to have non-trivial solution, we have
sin® —2cos® —a

-1 1 1{=0

1 2 1
ie. sin® + 4cosO = 30 = —ﬁ< a< ﬁ
3
= a has three integer values.
1+si 1 i
(a,b,¢c,d): sin® = sin® =secO+ tan0
cos6 cos® cos
| 1+sin® (1+sinB)(1-sin@)  cos’@  cosO
50 cos0 cos0(1-sinO) cosO (1—sin®) 1-sin0O
( 0 . 9)2
. cos— + sin—
Again 1+sin6 _ 2 2
cosd cos’ Q —sin? g
2 2
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33.

34.

35.

36.

6 .0
cos— +sin—
2

= = 2—tan(E+9)
e .0 06 4 2

cos——sin— 1—tan—
2 2 2

(a,b,¢c,d) : Astan(2m - 0) >0and —1<sin@ < —?,

3n 51
Hence, 7 <0<—

Now 2cos0 (1 —sin@) = sin? @ (tang + cotg)coscp -1

= 2cosO(1 - sin@) = 2sinBcos@ - 1
= 2cosO + 1 = 2sin(6 + @)

AsBe (32“ 53 ) 1<2sin(0 + @) <2

51 13n 17w
ASG+¢€(E ?)0 (6+ ) ( p p )

3 2 21T 7
We have (pe(__n,__n)u(_n,_n)
2 3 3 6

(b,c) : For n =1, we have

4" 1 4 1 2
He———=l-——-=-Z=

3 3 3 3 3

4" 4t 1 3
n+ ——:1+———:—

3 3 3 4
1[1-4" 1(1 4]
— n=— +1=
3 3

1 4 1 5

3 3 3 3 4
Also, for n = 2, we have

47" 1 1 127 15 27
netLop L 127 4ng 2 1527

3 3 48 3 16 4 16 16
(c,d) : Forn=1, wehave

n(n? - 1) = 0, which is divisible by 24 and 6.

For n = 3, we have

n(n? - 1) =3 x (9 - 1) = 24, which is divisible by 24 and 6.
For n =5, we have

n(n? - 1) = 3 x (25 - 1) = 72, which is divisible by 24 and 6.

6
©d: Y ! S NG
m=1 sin(e + (m—l)Tt) sin(G + mTE)
4 4
6 sin(6+nzc—9—(m—1)2) .
= Y =42
sin—

mzl{sin(9+(m_l)n)sin(6+mn)}
4 4

3
= \E{cote—cot(6+§)+cot(9+%J—..-.—cot(9+7n)}:4\/§
= ﬁ{cot@—cot(@#—%)}:%ﬁ
= cotO +tan® =4 givingtan6=2= V3

_n sn
12° 12



37.

38.

39.

1
(a,b) : tanze—sinzezsinze{ 5 —1}
cos“ 0

=sin? 0 {sec? 0 — 1} = sin? O tan? O
1
and sec’ O cosec’ 0= VU
sin“ 0 cos“ 0O
sin’ 0 + cos’ 0 5 5
= = sec 0 + cosec” 0
sin“ 0 cos“ 0

[+ cosec? B + cot? B # cosec? O cot? 8]

(a,b) : f(cos40) = 3
2—sec” 0
Let cos40 = ¢

t+1
= 2c0s220-1=1=cos?20= T

1 2
For ¢t = 5 we have cos? 20 = 5

2 2
cos 20 = \/: orcos 20 = —,/—
3 3

2 2c0s*0  1+cos20 1
f(cos 40) = __“2cos _1TCOsSY
2_; 2c0s?@—1  C0s20 cos20

cos’ 0

Hence f(l):n.\/g orl—\/g
3 2 2

(a): (A) - (g, 1), (B) - (1), (C) - (p, 5), (D) - (p)
(A) We know that range of both functions sin 6 and cos 0 is
[-1, 1], therefore, 0 < sin? 0 < 1 and also 0 < cos? 0 < 1.

1
(B) 1
sin(90° + 0) sin(90° — 0) sec™ O

4
1 cos” 0
= =cos’ 0

cosBcosOsect® cos’O

(C) Let tan 0 = x, then
tan 0 - tan? 0 = x — % = — (x% - x)

2

1 1 1 1 1

:——(xz—x+— :——(x——) <—for all x € R
4 4 4 2 4

1
Hence, maximum value of tan 0 - tan20 is T

(D) sin® 0O + cos® O
= (sin? 0 + cos? 8)3 - 3 sin? O cos? O (sin? O + cos? B)

3
=1-3sin?0cos?B =1 —Z(sinze)2
As0<sin?20<1,

Therefore, 0> — >sin?20 > — >
4 4
3 3
& 1>1-Zsin?20>1->
4 4

1
4 12sin66+cos6OZZ

.. . .1
Hence, minimum value of sin® 0 + cos® 0 is Z

40.

41.

42.

43.

(@) : (A) - (x), (B) - (r), (C) - (s), (D) - (p)

b 3 . 5m 1
(A) sin—sin—sin—=—
14 1 14 8
. m . 3w 5t 7n 1 (__.7n,1t)
= sin—sin—sin—sin—=— s sin—=sin—=1
14 14 14 14 8 14 2
1. ©# . 3t 50, 70 1
= —sin—sin—sin—sin—=—.
2 14 14 14 14 16

(B) We know that

sin A sin (60° — A) sin (60° + A) = i sin3 A
Put A = 10° to obtain

sin 10° sin 50° sin 70° = i sin 30°

1 1
= sin10°sin 50°sin 70°=— X —
4 2
= sin 10° sin 30° sin 50° sin 70°
1
=—sin30°=lxl=i.
8 2 16
(C) \/5 (cos 20° cos 40° cos 60° cos 80°)
= /3 (cos (90° - 70°) cos (90° — 50°)
X cos (90° - 30°) cos (90° - 10°))
3
=/3 (sin 70° sin 50° sin 30° sin 10°) = %.
(D) 2sin 6° sin 42° sin 66° sin 78°
=2 (cos 84° cos 48° cos 24° cos 12°) (- sin 6 = cos (90° - 0))
=2 (- cos 12° cos 24° cos 48° cos 96°)
(. cos 84° = — cos (180° — 84°) = — cos 96°)

sin 1920 sinl6 9
=2 —————— | (- cos O cos 26 cos 40 cos 80 = —)
2%sin12° 165in 6
5 sin (180° +12°) 2 1
- 16sin12° | 16 8
(b): e y=2x*+1
y =cosx
>x

o

Only one point of intersection

Number of solutions = 6

(b) 44, (¢ 45, (b)

(43 - 45) : Clearly 8; and 6 lie on cos®  sinb =

2 2
sin® | - cosO
sin6, cos0,
2

sin” 0 14

1

cosB, sin6,

cos’0  2cosO

sin’ 0, cos® 0, cos 0,
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cos’ 0 3 2cosO

l—cosze_
cos0,

.2
sin” 0,

2
cos“ 0,
+

1
= > > cos>0—
cos“0, sin”0,

which is a quadratic equation in cos®.
It has two roots cos0, cos0;

1—

cosO+1— =0

Cosb, sin’ 0,

1

2
sin“ @
= cosel.coseozl—z1

2 .2
cos“0, sin“0,

w(d)

2
_ —cos“0,

4
=—cos 0
1 2

2
cos” 0,

jsin2 0

+
cos” 0, sin’ 6,

Similarly, [
1

cos” 0,

.. (i1)

=0

- sin@+1-
sin®,

=  sin@;sind, = —sin*0,
From (i) and (ii)

cos0; cosO, sinO,.sinO .
1 0 1 0 = _cos?0, - sin?0, = -1

2 )
cos” 0, sin“ 0,

@: [+ -2 -n+1] =[\2] =2

@:|x|+y|=2 = |x|. [yl € [0,2]

46.
47.

2 2
Also sin ™ =1 = 71-'i=(4n+1)£ = x2 =(4n+1)i
3 3 2 2

x| € [0, 2], then only possible value of x? = 3/2
Jx] y p

3 3
Solx| =4, =2—,/-
1= 12

Hence, total number of ordered pairs is 4.

4 4
48, (8): € O sec B
tan’p  tan’ o
Let tanZo. = a, tanzﬁzb
2 2 2 2
1+ 1+b +1 b°+1 b
i+a) +( Y _¢ + +2 242
b a b a b a
a b
7+7
Since b a>1
2
a?+1 b +1
1 1
= b 4 > la+=|[o+-
2 a b
1 1
a+—22; b+—22
a b
4 4
Min Secza —SeCZB =4+4=8
tan“f tan” o
49. (4):|tanx|:m; 0<Z<1
n n
Yy
A
: B m
: \\/ N
9 pis n n 2"
2 2
50. (8):(tan20° + tan80°) - (tan60° - tan40°)
_ sinl00° 3 sin20°
€0820°c0s80° cos60°cos40°

_ sin80°c0s60°cos40° —sin20°cos20°cos80°

c0520°c0s40°cos60°cos80°

1
—sin40°
Zf= 8sin40° Then ) = 8

16
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Complex Numbers, Quadratic
Equations and Linear Inequalities

L @:0+i3) +(0=i3)"

. n . n
_2” l_i_ﬁ +2” l_ﬁ
2 2 2 2
T Y n T .. mY
=2"] cos=+isin= | +2"| cos=—isin—
3 3 3 3
nm nm
=2" (cos+zsm+cos—zsm)
3 3 3 3
(Using De-moivre’s theorem)
=21 ¢cos
2. (¢) : (14 )1 +2i)(1+30) .. (1L + i) =x + iy ()

= (14 1)1+ 20)(1+ 30)....(1+ni) = (x + iy))

= (1-i)(1-2))(1-30)..(1-ni)=x-iy .. (ii)
Multiplying (i) and (ii), we get

2:5:10... (L +n?) =x*+)2

a
3. (d):z[i+L)+L=2_ ()
817 2161 | 4141 b!

Consider

(1 1) 1 1|:2!8! 218! 8!:|
2| —+ + =— + +

81 216! 414! 8!lo018! 216! 414!

[2-8¢,+2- 8¢, + %¢, |

_1
-

81[ Co+ 5Cy+8C, + 8cg + ¥¢, |
81![ Co+5Cy +8C, + 8¢+ 8¢ | =§[28‘1] (i)

Equating (i) and (ii), we have

XL

—=— = a=7,b=8

8! b!
Again, x =3 + 5i
=x-3=5{ = x*-6x+34=0 ... (iii)
Lx3-8x2+46x-60=x(x2-6x+34) - 2(x2-6x+34) + 8

= 8 = b (using (iii))

z— T
4, : Given, z = iy and arg| — |=—
(c) : Given, z = x + iy an g(z+l) > (i)
. z—l_x+iy—1x(x+1)—zy _{(x2—1)+y2}+i{2y}
CzHl x+ip+l (x+D)-iy (x+1)% + y*

Now,

arg(z__l)zarg —(x 7D l(—zy )
z+1 D242 L+ +)?

T _ 2
= —=tan ! #
2 x4y -1

T 2 1 2
= tan—= ) =>-= )

Cryt-1 0 Kyl

=x2+y*=1

(d): Letz=sinX+i|1—cos~
5 5

LT T .
Putting sin—= ~cos® and 1- cos < = +sin®

1- c:osE 2sin? K2
10

. T . T T
sin— 2sin—cos—
5 10 10
= ’tane=’cam£:>6=1
10 10
(c) :Letz=x+1iy
z-1=x-1+iy,z+1=(x+1)+iy

When |z-1|<|z+ 1| (orx>0) y

= || =|z-1]
=>x2+yr=(x-1)%*+)?
= (x-12-x*=0

[Using (i)]

(1)

A(z)

= x=1/2

1
Now, Z+2=2x=2(5)=1:w3

Again, when [z - 1| > |z+ 1] (orx<0)

e =zl = P2y =+ D)+ = x=-1/2

_ 1 2
Lz+z=2x=2 _E =—1=i

Thus, Z+Z=® or i’

1 i
(@):cosA=——=A=—
N 4
CBTA BT A G (m/4)
2721 2277

4 4
3”2 \/E in
= = e
Z,— 74 V3+1

- (2%
-2 ) NG

100
@:5=3 (L

n=0
s=<z')@+<i>u+(i)B

=it+i+i®+i®+i* 1)L+(z)L

A(-1,0) |o (1,0)

IR Z 95495
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10.

11.

12,

13.

14.

(a) : A(5, -4), B(-3, 2) subtends an angle T at C(z) on the circle.
4

T
Hence — at centre.

AB

_64+36 10 ‘L
2 2

Radius = 25+ 25 = /50 =52

1
(a) : z+—=2cos15°
z

= 22 -22zc0815°+1=0 = z=cosl5°+isinl5°
. z=cos15° +isin15° or z=cosl5°-isinl5°
Consider z = cos15° + isin15°

. 22017 0)2017

_ o ..
—22017 (cos15°+isinl5

1
(cos15°+isin15°)

+

2017

= [cos(15 x 2017)° + isin(15 x 2017)°]
+ [cos(15 x 2017)° — isin(15 x 2017)°]
(Using (cos0O + isin0)" = cosn6 + isinn0)
=2c0s15° [+ 15 % 2017° =30225° = (360 x 84)° + 15°
and cos(2nm + 0) = cosO]
J3+1

3+1
= [ coslS°=cos(45°—30°)=\/7 :|

V2 /)

2017 1 _ \/g‘l‘l
22017 \/5

(@) :|32+9-7i|= |32+ 6 - 3i + 3 - 4i| <|3(z + 2 - i)| + |3 - 4i

=3Jz+2—i[+V32+4% =3(5)+5=20

(0) : Z, =cis (l)
2r

T T
. Z -Zz...oo=Ci5(5+—2+...°°)=cisTC=—1

2
(d) : In the equation x* + 2x + 3 = 0, both the roots are imaginary.
. a_b ¢
Since g, b, c € R, we have 1773

Hence,a:b:c::1:2:3
X2 -1

—(x>-1) V -l<x<l

5 V x<-1or x21
(c) : We have, |x°—1|=

2ox—2 V x<-lor x=>2

andf0r|x2—x— 2|=
—(x*-x-2) V -l<x<2

. Set of values of x are -1, 1 and 2 for which four intervals are

possible like x<-1,-1<x<1,1<x<2andx>2

Case I: When x < -1 then from 2|x? - 1| - |x? - x - 2| = 0, we have
22-1)-(x2-x-2)=0 = x(x+1)=0

* x=0, -1 (rejecting 0 as 0 ¢ (- o, -1])

So x = -1 is the only solution.

Case Il : When -1 < x < 1, we have from the equation
232 -1D+x2-x-2=0 = x(x+1)=0

. x=0,x=-1butx=0is the only solutionas -1 <x < 1

Case ITI : When 1 < x < 2, then we have from the given equation
203 -1 +x*-x-2=0 = 3x’-x-4=0
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15.

16.

17.

18.

19.
20.

21.

=x=-lor x=4/3

butx=-1 ¢ [1,2) so x = 4/3 is the only solution in this case.

Case IV : When x > 2 then from given equation, we have
2(x2-1)-(x2-x-2)=0 = x2+x=0

=x(x+1)=0

= x=0 or x=- 1Dbut these values ¢ [2, ©). So in this case there

is no solution.

Now, from above four cases, we note that the values of x = {-1, 0, 4/3}

satisfies the equation 2|x? - 1| - [x¥2 - x - 2| =0

.. 'Thus, required values of x are x = -1, 0, 4/3

(a =log4{log2(\/x+8—\/;)}=0
= 40=log2(x/x+8—\/;) = 2 =Jx+8-x
= 4=x+8+x-2Vx" +8x

= 2Wx’+8x=2x+4 = x*+8x=x>+4+4x
=4x=4 = x=1
(c) : Wehave, x>+ bx-1=0
and x> +x+b=0
On subtracting (i) from (ii), we get
x(1-b)+1+b=0= xzﬂ-
b—1
On putting value of x in (ii), we get

2
b+l + b+l +b=0
b-1 b-1
=S0b+1)2+b+1)(b-1)+bb-1%=0
=b0+3b=0 = b(b*+3)=0
Butb#0, .. b2=-3

= b=t\3i = |b|=3

~

(D)
...(ii)

(b) : Let roots be am and bm

am+bm=—Lo am-bm="
p p
’12 r
= (ﬂ+b)2m2=—2&abm2:7
p
e e qs ﬂb T pz pr
On dividing, we get s=—=5

(©) :f(0)-f(1)>0
=k-1-3+k)>0

= k(k-2)>0

= k<0 or k>2

. Number of values of k is infinite.

(c) : Only option (c) is always false.

(a) : ax? + bx + ¢ =0 has two complex conjugate roots only, if all the
coeflicients are real. If all the coefficients are not real, then it is not
necessary that both the roots are imaginary.

Hence, statement 1 is true.

Now, equation x> — 3x + 4 = 0 has two complex conjugate roots.
If ax? + bx + ¢ = 0 has all coefficients real, then there will be two
common roots. But if there is only one root common, then atleast
one of a, b, c must be non-real.

Thus, both the statements are true and statement 2 is correct
explanation of statement 1.

(b) : We have, (cos 6 + i sin 0)%° = (cos 30 + i sin 30)!/°

= [cos(2rm + 30) + i sin (2rm + 30)]Y/5, where r =0, 1, 2, 3, 4
i(2r7t+36)

=e\ > /,r=0,1,2,3,4

Hence, product of all values of (cos 8 + i sin 0)>° is



22.

23.

24.

25.

26.

27.

30 i(2n+39) i(4n+39) l(@) i(8n+36)
- — 5

eSer 2 JeN 2 e es ?

= 30+ 4mi = 430 — ¢os 30 + i sin 30
Also, product of roots of the equation x> - 1 = 0 is 1. Hence,
statement 2 is true, but it is not a correct explanation of statement 1.

(d) : Since o is a root of a?x% + bx + ¢ =0

= a’?+ba+c=0

oo bo+ c=—a?o? )
B is a root of a?x* —bx —c=0

=aB-p-c=0

=aB=bp+c ..(ii)
Now, f(x) = a?x? + 2bx + 2¢

o f(o) = a?0? +2(bo+ c)

=a’0? + 2(- o?a?) = — a*a2 <0 (From (i))
Similarly, f () = 3ap?>0

Now f(cr) and f(f) are of opposite sign and 0 < <3 (given)

..  exactly one real value between o and {3 say y such
that f (y) = 0.

(a) :Asgiven, a+B=p, of=¢q, &’ +B'=p’, 'B’'=94’
Now, (00— 0)> + (B —a)* +(o.—p)> + (B B>

= 2(oc2 + [32) + 2(oc’2 + B’Z) —20/(oe+B)— 2B (0o +B)

= 2{(0( + [3)2 =203+ (o + [3’)2 —20/f = (a+PB) (o + B’)}
=2{p* —2q+p"* -29' - pp'}

(c) :o?-ao=B>-aPf=-(a+b)
S U S
o —ao P -af a+b

(b) : Given equation is

(2ol

X
which is quadratic in (—) ,
z
D =(q - r)*+ 4p* = + ve quantity > 0
Now, D can not be equal to zero, so can't have equal roots.
Again, D > 0 means both roots are real but distinct.

(b) : Given, 4 ~*+(172) _7. (2% _4<0

= 2.4%_7.(27%-4<0
=2-2%2-7.27%-4<0= 2%-4)(2-27%+1)<0
= (1-4-2902+1-2%<0= (1/4-2%(2+25<0
= (2*-1/4)(2*+2)>0

S0,2¥>1/4 or 2*+2<0

But 2* + 2 < 0 is impossible V x € R,as2*>0V x € R.
Thus, 2> 1/4 = x> -2.Thus,x € (- 2, )

(a) :Casel:|x-1|=x-1,x>1

| x—1] x-1 x-1
—<

1 = <l = -1<0 = <0
x+2 x+2 x+2 x+
= > 0 which is possible when x > —2
x+2
But x> 1 so common solution is x > lor x € [1,00) (1)
Casell:|x-1]=-x+1,x<1
P e RN e PNl S P SN L B
x+2 x+2 x+2 x+2

1
= x<-2o0r x>——

Butx<ls0xe(—oo,—2)u(—%,l) ..(ii)

28.

29.

30.

31.

32.

33.

.. From (i) and (ii), x lies in the interval
1 1
(—w,—Z)U(—E,l)U[I,w) or xe(—oo,—2)u(—§,oo)

(©) :|rj]<1=>r>-1o0r r<1

5—a

a=5(1-r) = a=5-5r= rETs
5—-a .
zT>—l = 5-a>-5 = a<10 ..(1)

5_
andTa<l = 5-a<5 = a>0 ...(ii)
From (i) and (ii) ,0 < a < 10

4x -7

(b) : We have, 2x —5<
=6x—1554x-7 = x<4 = x€ (—oo,4]
(a) : A

0, 1)
x+ty=1

o (1,0)

0,-1)

Pair of points are {(1, 0), (0, 1)} and {(-1, 0), (0, 1)}
(x—a)(x—b)

(x—c)
= x-cy=x>-(a+b)x+ab
=x>-(a+b+y)x+ab+cy=0
Here, A= (a+ b+ y)? - 4(ab + cy)

=y?+2y(a+b-2c) + (a-b)?

Since x is real and y assumes all real values,
~. A =0 for all real values of y
=2 +2y(a+b-2c)+(a-b)?>0
Now, we know that the sign of a quadratic is same as that of coeff.
of y? provided its discriminant

B*-4AC<0
This will be so if, 4(a + b - 2¢)* - 4(a - b)* < 0
=4(a+b-2c+a-b)(a+b-2c-a+b)<0
=16(a-c)(b-¢)<0
= 16(c-a)(c-b) <0 . (d)
Now, If a < b then from inequation (i), we get

ce(a,b) = a<c<b
If a > b then from inequation (i), we get c € (b, a)
=b<c<a ora>c>b

(a,d): Wehave,a + B=-p,oaf =g, ot + B*=rand oa’p* =
Therefore, o + B2 =(o+ B)2 —20B= p2 —2g, so that
4 4 2 252 2p2 2 2 2
r=o +B" = (0" +p)" -20P" = (p" —29)" —2q
272 2 2
e, (P7)"—4q(p7)+2q" —r=0
This shows that p? is one root of x? - 4gx + 2¢*> — r = 0.
If its other root is ¥, we have y + p? = 4q, i.e., y = 4q - p>.
Further the discriminant of this quadratic equation is
(49)* —4Qq* —r) = 8¢° +4[(p* - 29)* —2¢°]
=4(p? - 29)*=0
So that both roots, p? and —p? + 4q are real. Since 0. and {3 are real
P> -4q >0, ie, —p*+4q<0. Thus the roots of x* - 4gx + 2g> =0
are positive and negative.

B+i_B

1 .
N2 l-7=em/6
2 2 2

(c,d) :Let y=

(,d): w=

DPS/M/3



34.

35.

36.

37.

inm

wh'=e 0
nt 1
For z1, we have COS? > 5 and

For z,, we have cos@ < —l
6 2
zl:\/g+i,\/§_i, 1 zy € {wy, wip, il
2 2 zy € {ws, wg, Wy}
- | —J3—1i 5t 2n
Zy =—1, 3+l, 3-i AN Llezzzili
2 2 6 3
(b, ¢) : Since, a, b, ¢, are in G.P
=bl=ac
= ax’+ Jacx+¢=0
e+ [ac)’ —dac
2(a)
—Jac +=3ac = —Jac +i\3ac
x:—; -_——
2a 2a

.. Roots are imaginary.

o —ac +iv3ac _(iv3ac —ac)®
B —Jac —i3ac
—3ac+ac—2i\/§ac _ —2—21'\/5
4ac 4
-1-i3_

1
o =—
2 (0]

ac+3ac

(a, ¢, d) : The given P(2) Z
statement implies that z is on 'V./é
the line segment joining A A
and B.

z=(1-t)z; + tz

Now z3, z, 2, are collinear, so Arg( 74 ) =0 giving
Zy —Z
Arg(z - z)) = Arg(z, - z1) 2

Z—z Zp—Z
Also, 771 = % = complex slope of the line which can be
zZ—Z ) — 1

rearranged as (z—2z))(Zp —Z1)—(zy —z1 (2 =Z;) =0
. z—Z zZ— El
ie. =0

-z

|

(a, ¢) : z=sin0 - icosb = cos(g—e)—isin(g—e)

z" =008(ﬂ—n9)—isin(ﬂ_ne)
2 2
z "= cos(ﬂ—ne)ﬂ’sin(ﬂ—ne)
2 2
= Z"+z7" =2005(n—;—n9)
and Z” _Z—n :_2isin(%_ne):2isin(r[e_%)

(a,b,c):a+b-2c=(a-c)+(b-¢)>0
= mouth opens upwards

Now x =1 is a root.

Hence both roots are rational.

DPS/M/4

38.

39.

40.

41.

42.

43.

3 (b+c—2a)
2(a+b—-2c)
@0): (x=3)(x3-1)<0

= x lies between L and \/5

V3

1
= Both tanA and tanB lie between T and \/5 .
3
= Both A and B lie between 30° and 60°.
= 60°< C<120°
1 > +02-% 1
= ——<——<—
2 2ab 2
() : (A)-(p> g, 1), (B)-(p> g, 1), (C)-(p, @), (D)-(p, g 5)
(A) Consider the polynomial
P(x) = ax® + bx® + cx
and use Rolle’s theorem on [0, 1].
(B) Consider the polynomial

Vertex = >0 = vertex >0

1 1
P(x)= —ax® +—bx® +cx
3 2

and use Rolle’s theorem on [0, 1].
(C) Let P(x) = ax® + bx + ¢
Note : P(-1)P(1) < 0
= P(x) vanishes at least once in (-1, 1)
= P(x) = 0 has real roots.
(D) Let P(x) = ax* + bx + cand

Qx)=x* +éx+£
a a

b
Since, 1+U+£<0,we get Q(-1) or Q(1) <0
a a

Since Q(x) — oo as x — *oo, we get Q(x) =0
or P(x) =0 has a root in (= oo, —1) or (1, o).

(a) : (A) - (s), (B) - (x), (C) - (p), (D) - (q)

A) |z-1P2+|z+1]?=4 = 2 +y*=1
=r=1

(B) Extremities of diameter are (0, 2) and (0, -2)
= radius = 2

(C) zz—2z(1-2i)—z(14+2i)—4=0
=>x2+yP-2x-4y-4=0
.. Centre (1,2),r=3

(D) |z+3| =2|z—3| = 2+ -10x+9=0

=r=4
(b) : The curve S; is x* + y*> < 16 %Y
S, turns out to be \/§x+y>0
And S3is x>0 L)

1 - N > x

Area=—r"0 o 4,0)

1 2 y=—3x
:7x16x5—n:%

2 6

(c) : Min |1-3i —z | denotes the length of perpendicular from (1, -3)
zeS

to the line \/§x+y=0.

V33| _[V3-3_3-43

B+1 | 2 | 2

(@) :f(x) = x> = mx + 1 and & < [ are the roots of f (x) = 0.

Now, oo < B < 1 implies that f (1) and the coefficients of x?

And this is




44.

45.

46.

have the same sign. This gives 1 —m + 1 =f(1) >0
=>m<2

42>0.

Therefore, m< -2 or m>2

From (i) and (ii), m < -2.

Also, note that if m = -2, the roots are -1, -1.

(d) : Let f (x) = x> - 6mx + 9m? - 2m + 2.
Let B > o > 3 be the roots of f (x) =

Then 6 < o + = 6m and hence m > 1.
Also, 9m? -2m +2=0f >9

Therefore, 9m? - 2m -7 > 0

S Om+7)(m-1)>0

Also, discriminant is m? -

This gives, m < %7 or m>1

Also, f(3) and the coefficient of x> have the same sign.

Therefore, f(3) > 0. This gives
9-18m+9m*-2m+2 >0

= 9m?>-20m+11>0

= 9m-11)(m-1)>0

11 11
= m<l or m>;,weget;<m

(d) : Let c, B, where o < 3, be the roots of 4x? - 2x + m = 0.

1 m
Then -1 <o, < 1and OH—B=E,OLB=Z

Now, f (~1) and the coefficient of x> have the same sign.

Therefore, f (~1) >0 and hence 4 +2 + m > 0.
Thatis m > -6

Also, f(1)>0 = 4-2+m>0.

This implies m > -2

The discriminant is 4 — 16m > 0.

Therefore, m < 1/4

From (i), (ii) and (iii), we get -2 <m < l
4
If m = 1/4, then the given equation is
4x? —2x+l=0 or 16x? - 8x+1=0
4

Therefore, the roots are 1/4, 1/4 € (-1, 1).
If the roots are distinct, then -2 <m <1/4.

(1) : Let cot™'p = 6, then cotf = p

Now,
20 (icote +1 )m _ 26 l:i(cote— i):|m
icotf—1 i(cotO+1)
_ 2mif [cosﬂ—isine]m
cosB+isin®

(i)

(i)

. ()

. (id)

... (i)

47.

48.

49.

50.

.\
—i
e 0
zeZsz — =e2m19(e Zze)m
e

— e2mzee—2m19 _ eO -1

(7) : For the equation px? + gx + 1 = 0, to have real roots D >0
= g?>4p

Ifp=1theng’>24 = ¢g=2,3,4

Ifp=2theng*28 = ¢q=3,4

Ifp=3theng’?>12 = q=4

Ifp=4then’?>16 = g=4

". Number of required equations = 7.

(1) :]z-3i|=3 = |re®-3i|=3

|rcosB + i(rsin® - 3)| = 3

= 1% cos’ G+(rsin9—3)2 =9 :>sin6=§

6
cotf— —l= 1
re'
(0) : Since, cubic polynomial is divisible by both x> + ax + b and
x* + bx + a.

2 + ax + b and x2 + bx + a must have a common root.

Subtracting x> + ax + b= 0 and x? + bx + a = 0, we get
x(a-b)y=(a-b) = x=1

Therefore, roots for x2 + ax + b=0are 1 and o
=1l-a=b = a=>

And roots for x> + bx + a=0are 1 and

=>1-f=a = P=a

= roots of cubicbe 1, a, b

=lxaxb=-72
anda+b+1=0 (fromx

72

=a-2=-1 = a*+a-72=0
a

=@+9)@a-8=0 = a=-938

Therefore, roots are 1, -9, 8. Alz))

(3): ]z —2, | =25~ 1243
3x
|Z2—Zs | =x, |21—23|=Z

Therefore, x

2+ax+b=0putx=1)

C(Z3) B(Zz)
9 3
= |z,—2, f=x +i—i cos = =25-1243
16 2 6
=x=4
1 1
. Area = —-4-3-—=3 sq. units
2 2
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Permutations and Combinations

(b) : In 10-digit number, each place can be filled by either
lor2.

There are equal no. of 2 ways at each place.

Required ways = 2 x 2 X..... upto ten times = 21°,

(b) : Number of ways to choose the first flag = 5

Number of ways to choose the second flag from the rest of four
flags =4

Hence, by FPC total number of ways =5 x 4 = 20

X5 _ s,

(c) : The number of newspapers is

(d): () IfG<4then B>8 (ii) f G>4 then B< 8
(d) is true.

(@) : (i) Number of 3 digit nos. =7 x 6 x 5 =210

(ii) Number of 2 digit nos. =7 x 6 =42

(iii) Number of 1 digit nos. =7
Total number of such nos. =210 + 42 + 7 = 259

(b) : We have, T, = +1+r=r=( +1)r=r-D|r
= T =rlr+1-(r-1|r

T, =12-0

T, =2[3-12

T, =314-23

Tyo =10[11-9[10

10
Y +1|r=10[11

r=1
() : In a nine digit numbers, there are four even places for the
four odd digits 3, 3, 5, 5.
4! 5l

Required number of ways = 20 2'—3' =60
(c) . L(ann ):L(@)
2" 2"\ n!
_@nm)(@2n-1)2n-2).....3-2-1
2" xn!
_ 2"(n(n—1)........ 3-2-1)(1-3-5.....2n—1))
2" (n!)
JEXEDNA3 5 2nmD) s xan- 1)
2™ (n)

9.

10.

11.

12.

@@: - 17=1)(2)-(3)...(9)-(10)-(11)-(12) ... (17)
It must be divisible by 9 and 11.
For divisibility by 9, sum of all digits must be a multiple of 9.
3+5+5+6+x+y+4+2+8+9+6=48+x+ymust
be a multiple of 9 for which
x+y=6 orl5
For divisibility by 11, we know that difference of sum of odd
place digits and sum of even place digits must be either zero or
a multiple of 11.
Let a=3+5+x+4+8+9=29+x
and b=54+6+y+2+0+6=19+y
a-b=10+x-y
x - y = 1 is possible only
But, x + y =6 and x - y = 1 cant give integral value.

Hence, x + y = 15 only.

(b) : We can have the following distributions :

B, B, B
Casel 1 1 3 —>L-l=1o
Lz 2
Casell 2 2 1 —)L~l=15
221 |2

Total number of ways =25 X |3=25x6=150

(d) : The number of words starting from E are = 5! = 120
The number of words starting from H are = 5! = 120
The number of words starting from ME are = 4! = 24
The number of words starting from MH are = 4! = 24
The number of words starting from MOE are =3! =6
The number of words starting from MOH are =3! =6
The number of words starting from MOR are =3! =6
The number of words starting from MOTE are = 2! = 2
The number of words starting from MOTHER are = 1! = 1
Hence, rank of the word MOTHER
=2(120) +2 (24) + 3(6) + 2 + 1 = 309
() :f(n)=8""P, 4, 4<n<6
Putting n = 4, 5, 6, we get
f@)=87%P,_4="Py=1
f(5)=8"P5_4="P = ; =
f(6)=37%Pg_4=2P,=2!=2

Range = {1, 2, 3}.

DPS/M/1



13.

14.

15.

16.

17.

18.

19.

(c) : There are two possibilities :
(1) Thedigitsusedare1,1,1,1,1,2,3.

N

The number of numbers formed = = =42

fov

(2) Thedigitsusedare1,1,1,1,2,2,2
7 7-6-5
The number of numbers formed = L =—=35
43 6

The total number of numbers = 42 + 35 = 77.

(b) : First we fix the alternate position of girls and they arrange
in 4! ways and in the five places five boys can be arranged in >Ps
ways.

Total number of ways = 4! x °P5 = 4! x 5!

(b) : M, EEE, D, I, T, RR, AA, NN
R--E
Two empty places can be filled with identical letters. [EE, AA,
NN] in 3 ways. Two empty place can be filled with distinct
letters [M, E, D, I, T, R, A, N] in 8P, ways.

Number of words formed = 3 + 8P, = 59.

(a) : We can think of three packets. One consisting of three
boys of class X, other consisting of four boys of class XI and
last one consisting of five boys of class XII. These packets
can be arranged in 3! ways and contents of these packets
can be further arranged in 3!4! and 5! ways, respectively.
Hence, the total number of ways is 3! x 3! x 4! x 5!.

(d) : A flight of stairs has 10 steps. A person can go up the steps
one at a time, two at a time or any combination of 1s and 2s.
Letx+2y=10
where x is the number of times he takes single steps and y is the
number of times he takes two steps.

Cases Total no. of ways

5!
[:Whenx=0andy=5 ;=1(22222)

II:Whenx=2andy=4 ﬁ:15(112222)

!
III: Whenx=4and y=3 47'_.;)':35(1111222)

8!
2 —28(11111122)

IV:Whenx=6andy=2 6l

9!
V:Whenx=8andy=1 5:9(111111112)

VI:Whenx=10andy=0 1(1111111111)
Hence, total no. of ways= 1+ 15+ 35+ 28 + 9 + 1 = 89.

(c) : The number can be formed by the figures 4, 5, 6, 7, 8 which
is greater than 56000 in two cases.
Case - I : Let the ten thousand place digit be greater than 5. The
number of numbers = 3C; x *C; x 3C; x 2C; x 1C;
=3x4x3x2x1=72
Case II : Let the ten thousand digit number be 5 and thousand
digit number be either 6 or greater than 6.
Then, the number of numbers = 3C; x 3C; x 2C; x 1C;
=3x3x2x1=18
Required number of ways = 72 + 18 = 90

n(n—1)

(b) : "Cy — n =54

= n*-3n-108=0 =>n=12

—-n=>54
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20.

21.

22.

23.

24.

25.

26.

27.

(@) : "Cs + "Cy > "1C,
= n+lC4>n+lC3 ( nCr+nCr+1=n+1Cr+l)

n+1 S
= 451 —Z>1 =>n>6
n+1C 4
3
(@) : "Cy +2"Cy + ... + n"C,= 2n?
n o k(n!
= anCkZan = 2%22712
o1 k=1k-(”_k)-
i k-n(n—-1)! L n—1)!
I RN I O U (R
kzlk(k—l)!(n—k)! kzl(k—l)!(n—k)!
n
= Z n_ICk_l =2n
k=1
=2""1=2p

n = 4 satisfy the above equality
Hence, n = 4.

(b) : We have to find the number of integral solutions of
X1 + X + X3 + X4 + x5 = 6 and that equals >*°-1C;_, = 10C,
Thus, Statement-1 is false.

Number of different ways of arranging 6A’s and 4B’s in a row
o
“loxla

the six ice-creams.

= 10C4 = Number of different ways the child can buy

Statement-2 is true.

(d) : The number of divisors of ab2cde
=1+1)2+1H)C2+1H)A+1)A+1)-1
=2-3-3-2-2-1=71

(b) : There are 9 balls in the box out of which three balls can
be drawn in °C; ways. But these ways also include those ways
in which 3 black balls are drawn. Total number of ways when
black ball is not drawn is °Cs.

Hence, the number of ways in which atleast one black ball is
included = Total number of ways of drawing 3 balls from 9 balls
- Number of ways of drawing 3 balls from 6 balls = °C; - °C;
=84-20=064

() : Using the principle of inclusion and exclusion, we have the
number of ways in which card number 1 be placed in envelope
number 2

=51—{*C,-4! - *C, .31+ *Cy 21 -, -1
=120-{96-36+8 -1} =53

(© :x1+x+x3+x4=10

The number of positive integral solution is ® *4~1C, _; =°C;
It is the same as the number of ways of choosing any 3 balls
from 9 different places.

(b) : Required number of ways

5 + x16)4

+ x12)4

= Coefficient of x10in (3 + x* + x° + ...

= Coeflicient of x10in x'2 (1 + x + x% + ...
= Coeflicient of x*in (1 - x13)* (1 - x)™*

= Coefficient of x*in (1 - 13x° +...)

X [1 +A4x 4.+ (r+ ;2)(r+3) x’]
_ (4+1)(4+2)(4+3) 35

3!




28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

(d) : We have, 32P¢ = k (32Cy)
320 32
(32-6)!  6!(32-6)!
(b) : Since, each student receive atleast one toy. Then, firstly
we give each student one toy and the remaining 7 toys can be
distributed in three students in 7 ~1C3 _ | = °C, ways.

= k=6 = k=720

Hence, statement-1 is false and statement-2 is true.
(a) : Here T, ="C;
Now Tn+1 - Tn = n+1C3 - nc3 = 10= nCz

n(n—1)

=10=>n(n—1)=20

n-n-20=0=>n*-5n+4n-20=0

nn-5)+4(n-5)=0

(n-5)(n+4)=0

n=>5

(a,b,d) : (a) 21~ 1C5_, = 4845

(b) Coefficient of x2! in (x2 + x> + ...+ x13)°
=1C,; =1365

(c) 2*C4=10626

(d) '8C, x7C, =336

(¢, d) :Required number = Number of selections of one or

more out of three 25 paise coins and two 50 paise coins

=4x3-1=11=12p, -1

Lyul

(- n#-4)

n
(a,c) : Total number of ways = 2 Z"Cn i
r=1

2 2 L o 2
=C, .t "C2n=5(2"— "C,)

— l (22” _E)
2

nln!
(a, ¢) : The required number of selections of 4 letters = coeff.
of x*in the expansion of (x* + x1)(x? + x1)(x® + x! + x?)
(29 + x1 + x2) (6% + x1) = coeff. of x*in (1 + x)3(1 + x + x2)2 =18

(b, d) : In 1%t round all the integers, which leaves the remainder
1 when divided by 15, will be marked Last number of this
category is 991
Next number to be marked is (991+15 - 1000) = 6
Again, second round of integers which leaves the remainder ‘6’
when divided by 15 will be marked.
Last number of this category is 996.
Next number to be marked is (996+15-1000) = 11
Thus, third round of integers which leaves the remainder 11
when divided by 15, will be marked .
Last number of this category is 986.
Next number to be marked is 986 + 15 - 1000 = 1 which is
already been marked.
Thus, unmarked numbers are = 1000 — (67 + 67 + 66)

=800

(a, ¢) : The number of times the digit 3 will be written in the
unit place is 100. Similarly in the tens place and hundred place.
Required no. of times digit ‘3’ will be written is 300.

(a,c):r-120,r<n+1 = 1<r<n+1

38.

39.

40.

41.

42.

43.
44.

45.

1
— <k*-8<1 = 8<k*<9
n+1

= ke[-3,-22) or ke(2y/2,3]

(¢, d) : Divide 8 objects in 7 packs and distribute them.

7! 7! 7!
1><—+3C1><—+3C2><—
3! 4! !

=1596

(b) : (A) - (98), (B) - (g:8), (C) - (p), (D) - (r)
(A) Non-negative integral solutions of
R+B+G+Y=8is8"*"1C,_ =11C;
Dy +Dy+D3+Dy=9,D;#0
Dy-14+Dy+D3+Dy=8

8+4-10, | =11,

Select ‘3’ places out of 21 places = 21C;

1
[—7]+ 7l _s41-6
3 32

() : (A) - (), (B) - (p); (C) - (g), (D) - (r)

(B)

©

(D)

(A) Required number of ways =8-1C;_
7! 7.6
215! 2.1
(B) 'The number of choices available to him
8Xx7 8X7X6
5C4X8C6+5C5X8C5=5X +1X
2 3x2
=5 %x4x7+8x7=140+56 =196
(C) The number of ways to sit men = 5!

and the number of ways to sit women = °Ps
Total number of ways = °P5 x 5! = 6! x 5!
(D) "C,1+"C,_1+2"C,="C, 1 +"C,+"C,_ 1 +"C,
=n+lcr+1 +n+1Cr:n+2Cr+1
(c) : Considering CC as single object, U, CC, E can be arranged
in 3! ways.
xUx CCxEx
Now, the three S are to be placed in four available places.
Hence, required number of ways = *P; x 3! = 144.

(d) : The alphabetic order is C, E, S, U. The number of words

!
beginning with C is 6—' =120 and number of words beginning
6! :
with E is — =60
213!

!
Number of words beginning with SC, ;—' =60,

5!
Number of words beginning with SE, o 30 and number of

o . St_
words beginning with S, A 60

After which the next word is SUCCESS.
Thus, the rank of SUCCESS is
120+ 60 + 60 + 30 + 60 + 1 = 331

(b) : Required number of ways = °P,

(a) : Each prize can be given in 5 ways.
Required number of ways = 5-5:5-5 = 625
(b) : All prizes can be given to one student in 5 ways

= Required number of ways = 5% - 5 = 625 - 5 = 620
DPS/M/3



46.

47.

48.

n
r

r!

(3) : We know that, "C, =
720 720
120=—=r!l=—=6=3!
r! 120
Hence, r = 3.
(1) : 1! +2!'+ 3! +4!=33
5!'=120, 6! =720, 7! = 5040, 8! = 40320, 9! = 362880
After 9! the other numbers will be divisible by 100 hence won't
make any contribution in tens place.
(3): 11421+ 31 +41 =33
5!'=120, 6! =720, 7! = 5040
8! =40320, 9! = 362880
Thus, the unit digitof 1! + 2! + ... + 9! =3

49.

50.

Also note that n! is divisible by 100 for all # > 10.
Unit digit of 10! + 11! + ..... + 49! =0
Unit digitof 1! + 2! + ...... +49!'=3.
(5) : Last two digits are 25, 75 remaining places can be filled in

°P, ways. Hence four digit numbers formed are = 40 = 8m
= m=5

(9) : The number of ways in which all the letters are in wrong
envelopes

1 1 1 1
=4Nl-—+———+—
2t 31 4!

1 1 1
=4l ———+— [=12-4+1=9
2 6 24

DPS/M/4
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Binomial Theorem

.

2 2

& JBx+1)

e o

=27(3—x+1)[(1+\/my—(1—\/my]
Now, (14+Bx+1) —(1=Bx+1)

:[7co+7cl (3x+1)+7C2(4/3x+1)2+....+7C7(,/3x+1)7]
"¢, - e Bxri+ e, (Y ) -7C, (Vaxr) |

:2[7q (Bra1)+ 7¢5(Bar1)
e () + ey (\/3x+1)7:|

=2 3x+1><[7+35(3x+1)+21(3x+1)2 +(3x+1)3]

Now, putting above value in (i), so the given expression

1
becomes —~ [42 +105x + 21(3x + 1)2 + (3x + 1)3]
2
Degree of a polynomial is the highest power of x.
So, degree of given expression is 3.

2 3
2. (b):Letl+ l.(l}rﬁ(l) +1'3_'5(l) .
wla) 2rla) a4

n(n—1)
2!

=1+nx+ 2+ .=(1L+x)"

1 —1/2 1
Sum:(l+x)":(1——) = -

2 V1/2

3. (0):(1+ax)"=1+"Ci(ax) +"Cylax)* + ... + a™x"

. . 27
On comparing coefficients,"C,a = 6,"Cya’ = 5 we get
= an=6 ..(i)andn(n-1)a%=27
From (ii), (n® - n)a? = 27
= na?-nat=27=36-na*=27 =>na*=9

) 3

Dividing (iii) by (i), 22~=2 = a==
v g (iif) by (i) an 6 2

Putting the value of a :% in (i), n = 4.

(a):1+%-n+l-n(n_1)+ -

21 n+l
S P T Gt L UL ot S
n+l 2! 3!
1 1 1 1 1
_m[”+ C+"C +"Cy e+ MIC, ]
1

=—["Cy+"C +"C, 4t IC, 1 [ UG, = 1]

n+1
Cn+1 [ 1
n n n
©: Y (r+)"C. =) r-"C,+3."C,
r=0 r=0 r=0

n n
no,— _
=Y =" Y "C =27 (n+2)
r
r=1 r=0
Thus, Statement-1 is true.

n n n
Again Y (r+1)"Cox" =Y r-"Cox" + ) "Cox”
r=0 r=0 r=0

n n

=0 "0, + 3 "C = x4+ %)+ (14 %)
r=1 r=0

Substitute x = 1 in the above identity to get

Y (r+1)'C =n-2""+2"

r=0

Statement-2 is also true and explains Statement-1 also.

5 10
): P=Y ¢, = "C,+°C, +"C, +...+ C, =27=z9
r=0
3
0= dy .1 =dy+dy+ds+d;
r=0

7
:7C1+7C3+7C5+7C7=27:26

L —=27=8
0
(c) : 72" 4+ 23n-3.3n-1 = 49n 4 2471 = (50 - 1)" + (25 — 1)*!
= Multiple of 50 + (- 1)" + multiple of 25 + (- 1)"~!
= a multiple of 25, since (- 1)" + (- 1)" 1 = 0.
(b) : We make use of the fact that
(?),(g),(g’),,(:_l) are divisible by n for any prime n.

7 nS 2113 n

Let f(n) = %+?+T—E,f(1)=

1 2 1
+-4+Z-—— =
5 3 105

DPS/M/1
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10.

11.

12.

(n+1)7 —n’

fn+1)-f(n)= -

+=((n+1)" —n’)——
3(( ) ) 105

(n+1)5 -
5
= a natural number + f(1), since 3, 5, 7 are primes.
Thus, f(1) = 1, f(2) - f(1) = a natural number, f(3) - f(2) =a
natural number, f(n) - f(n - 1) = a natural number.
Adding these, f(n) = a natural number.

(@) (r) __n 6
(T+3) (m=0)r! (r+3)r+2)(r+1)
_ 61! _ 6 _(n+3)
T =n)\r+3) (n+)m+2)(m+3) \'3

The given series is

(n+1)(niz)(n+3)'[(ngs)_(n‘;s)Jr(n5+3)_"']

:m_[(ng3)_(nl+3)+(g+3)]

['.' Co— Cl +C2 20]

:6[1_(n+3)+(1’l+3)(7’l+2):|
(n+1)(n+2)(n+3) 2

_ 6 '(n+1)(n+2)_ 3

T (n+1)(n+2)(n+3) 2 Cn+3

@ (V2+1)" =[x + [ Let (ﬁ_l)” =f,0<f <1
[ +f = = (V2 +1) - (V2-1)'

nl n-3

=2 (’f)z 2 +(§)2 2
[x] is an even integer and f" = f

But xf” = (\/E+l)n(\/§—1)n =Lor ([x]+f)f=1

1 _1-f?

i

(©) :(1-3x+3x2-x)"=(1-x3)2"=(1-x)"
Concept : Index = 6n which is even so most middle term is

+... |, which is an even integer.

= [«], an even integer.

th
(@ + 1) i.e., 3n + 1)M term is middle term,
2

6n!
3n!3n!

Tsp41 = *1C3 (- %) = (- x)*"

13
. 1
(@:7.,.,1n (ax2 + —)

bx
13—-r

13 2z (1Y 13, a
=1¢ (ax —| =Bc. 2 —
(@) (bx) T

For coefficient of x8, we have 26 - 3r=8 = r=6

263"

;
. a
= Coefficient of x* = C, W

1 13 53 13 1 7
T 1in(ax——) ="C,(ax) _r(——)
o bx? ' bx?

DPS/M/2

13.

14.

15.

16.

. @ 3, r
=°C —x -1
T =D
For coefficient of x™3, we have 13 -3r=-8 = r=7
6

Coefficient of x™* = — C, a_7
b

7 6
=— B¢, L Sab=—1=ab+1=0
»° 4
@:Q-x+x2-x)* =(1-x*1+x2)*
=[*Cy (=) + *C () + *C,(—x)* + *C,(—x) + “C,(—x)*]
X[*Co(0)° + G () + 1 () + G () + *C ()]

Coefficient of x* =4C0 Ao+, e+ ey - 4C0 =31

a
NOW, 13C6 -

X\ 1 1
®:[1+Z | =1+0C.>.x+1%C,. = .&?
2 2 4

1 1
+19¢C,. = + 1%, =t + ...
8 16

By inspection, 1OC3 l is the highest coefficient.
8

Power of x is 3.

.
(a) : The general term in second bracket is SCr (2x2)8 - (—l)
x

General term for combined is,
1Y 1 1Y
8C, (2228 (——) =8¢, (—)
x x x
1Y
+3x° SC, x4 (7)

— SCr 28—7’ (_l)r x16 -3r _ SCr 28—7 (_1)rx15—3r
+3-8C, 28T (1) xH7
For independent term,
16-3r=0,15-3r=0=r=521-3r=0=r=7
r=5,r=7 isin 2" term and 3" term respectively.
Term independent of x

=-8C523(-1)5-3.8C, -2 =448 - (6 x 8) = 400
() : Let S = (1 + x)2016 4 x(1 + x)2015 4 x2(1 + x)2014 4
R x2015 (1 + x) + x2016 (1)

x2017

(—x )S=x(1+x)2015+x2(1+x)2014+...+x2016+

1+ x 1+x

Subtracting (ii) from (i), we get ...(ii)

i:(1+x)2016 L S = (14 x)207 _ 2017
I+x I+x

. 2017!
a,, = coefficient of x!7 = 2017C17 =

"~ 1712000!

17. (c) : By Binomial theorem,

1-2vx)*" = 3¢, - ¢, @Vx) + *0C,2x)?

Foeeeeen +0C5, (2/x)*°
1+2vx)*0 =%0¢, + ¢, (2Vx) + *°C,2x)?
Forvn +°0C,, (2vx)*°



18.

19.

20.

21.

On addition, we get
1+ 2% + (1= 2V =2(°C, + *°C, (Vx)?
+30C,2Vx) + ot 20C5 24x)%0)

Set x =1 to obtain
3%0 + 1 =2 (sum of coefficients of integral powers of x)

1
Sum of coeff. of integral powers of x = 5(350 +1) 22.

. 10
sin o

x J
General term = 19C, x10 -7 (cosot)10 = 7. (sinot)"- x7"

— IOC, xlO -2r (Cosa)lo -7, (sinoc)’

For the term independent of x, put 10 -2r=0 = r=5

(b) : Given expansion is, (x coso+

The term independent of x is,

1 .
10C; (cosar)® (sina)? = 3 . 10C5 (sin2a)’

So, the greatest value of the independent term is LS 10C5 23.
2

(d): Co+ Cix+Cox? + Cx® + ... = (1 + x)*"
Differentiate to get 1-C; + 2-:Cyx + 3-C3x? + ... = 2n(1 + x)?" 1
Further, Cox?" - C;x*" =1+ Cux? =2 - ... = (x - 1)*"

Multiplying above two and considering the coefficients of
2n-1 2n-1
x

—2n(1 + %)% 1 (1 - x)2"=2n(x - 1) (1 - x2)2n-1
or the coefficient of x*" ~2in 2n (1 - x%)27 -1

=2n(- 1)?’1—1(271 1) - (- 1)n 1 '((}217’1_)'1)'

6
(b): t;in |:§/§\/§+%] - "c (21/2 3l/eyn=6 [311/3]

n
7 term from the end in [f 342+ T]

-6
il Le _n | (106 512\0
_t71n|:%+\/§\/§:| c6(31/3) (3722)

6
1/2 1/6q-6| 1
"Cel27377] [31/3} 1 25,

n—6
n 1/2 171/6+6
Cs [31/3] [277377]

n-6 n=6 n6
223637 1 22 1 1
- W_E T e P 6
3 23.3! 32
n-6 26.
2 53.33 n=6 n-6
2 =2 3 - 22 .32 =22X32
6-n 6
32
Comparing the powers of 2 and 3, we get
"8_5 o =10
2

(c) : Given expansion is (2 - 3x%)%°
te1 = 20C 220- (- 3x3)r

Putting r = 9, 10, we get ;9= 2°Co 2! (-3x%)°,

, we get the desired series as the coefficient of x in 24.

ty = 20C10 210 (—3X3)10

Lho 45 10 (2) 1 45
e I i
4 22 11 \1 )33 22

200, _10}
20~ 11
Cio 11

2x 3/2
(a) : (1 + ?) (32+45x)7"°

—1/5
= 1+3(2x) (32)° (1+ > J
2\ 3 32
(neglect higher powers of x)
=[1+x]2™ 1—l(i)x
5132

1 x 1+x)(32—x) 32+31x
=—(1+x)|1-—|= =
2 32 64 64

(neglect higher powers of x)

(neglect x? term)
(d) : We have, 5! =120
If n > 5, the digit at unit place in n! is 0
Also 7291 = (7472 . (7)3 = (7%)72 - (343)
The digit at unit place in (74)72 =1
ie.,in 72" is 3
The digit at unit place in 583! +
(d):Let ab = x,bc = y,ca =z

19
o (o2 |os
(X] b(l] bO’Q C(lz C(X3 a(X3
g% 0 potay 02t 0
. Coefficient of a®b®’ is obtained by substitution
O +03=50;+0,=6,0,+03=7.
=0=2,0,=4,03=3

7¥1=-0+3=3

Since general term is ¢, | | = x% y%2 %

N
Coefficient = BINE =1260
(C)! (1+x)}’l= 1+nx+n(n_1)x2+ i’l(l’l—l)(n—Z)x3+

2! 3!

3x 34 , 345, 3456 , 34567 ;
=l+—+——x"+ X+ X+ X+
1 2! 31 4! 5!
4.
Coefficient of x —3:4 21

(b) : Coefficient of (r - 1), 7'M and ( + 1) term in expansion of
(1 +x)"are "C,_,, "C,_1, "C, respectively.

= "C,,:"C,,1:"C,=1:3:5

= G 1 gpg 26 3
"C,, 3 "C, 5

= r=1 _1 und r 3
n-r+2 3 n-r+1 5

= 3r-3=n-r+2and 5r=3n-3r+3
= 4r-n=>5..(i) and 8r - 3n = 3....(ii)
Solving (i) and (ii), we get r=3 and n=7
DPS/M/3



27.

28.

29.

30.

31.

10
(d) : The given expression = Y. A, (BB, — Cj4,)

r=1

10
3" 4,B, = coefficient of x* in the expansion of
r=l1

{1+ +1)2-1=Cyy-1=Cp-1 and

10
Y (4,)* = coefficient of x'® in {(1 + )10 (x + 1)1%} — 1
r=1
=Bjp-1
We have the given expression = B;((Cyy - 1) - Cyo(Bjp- 1)
=Cyo-Bio

(a) : 450 = 2! x 52 x 32

Sum of all positive divisors

=(1+2)(1+3+9)(1+5+25)=1209

(a) : Given expansion = (x + A)"

T, ="Cuxl"-TA"
Puttingr=2, 3,4
T3="Cyx" -2 A>=84
T,="Csx" 3 A3=280
Ts="Cyx"~* A* =560

T3 84 _ HCZXH—ZAZ

N , = —— =
T, 280 o3l

8 _ 3 x_ 33 x o
T 280 n-24 10 n-24 e
and 5 _n=3 A_2 (i)

T, 4 x 1
Now, multiplying (i) and (ii), we get n =7
Now, putting n =7 in T5 and T4, we get
T5="C, x°A% = 84

7 6
EI XSA2=84 = x5A2:4

and T, ="C3 x* A3 =280

ZEE 443 =280

32
= 35x%A%3=280 = x%43=8
Now,mzﬁ

(x4A3)2 82
= =1 =x=1
Now 2x =4

A=2

(a) : As sum of the coefficients in the expansion
(x -2y +32)"is 128 (1-2+3)"=128
= n=7,whichisodd.
Greatest coefficient are 7(37_1 & 7C7+1 ie, ’Cy & 7Cy
whose value is 35. Ty B
(a, ¢) : Since, t, is numerically the greatest term,
|ts] <|ty|and [ ts5] <[ ty]

t t
=|2|<1and |2|<1

ty ty

DPS/M/4

32.

33.

34.

3x 2 3x 4
10C2(28)(?) 5 t 10C4(26)(7) -
But-2 = 3 andt—5 e
4 3x x 4 3x
8 8
t 2
Now, |2 <1=|=|<1
ty X

(c,d): C3+3C}+5C5+...+ 2n+ 1)C?
= (C3+C}+Ci+..+CH+2(Ct+2C3+...+nC?2)

=2C, +2(C} +2C% + ... + nC?) ..(0)

(1+x)"=Cy+ Crx+ Cox? + C3x3 + ... + Cx"
Differentiating both sides w.r. to x, we get

n(1 +x)"1 = Cy +2Cx + 3C3x% + ... + nCyx*!
and (x + 1)" = Cox" + Cix™ 1 + Cx" 2 + .. + C,
Multiplying eqns. (ii) and (iii), we get
n(l + x)?"1 = (C; + 2Cyx + 3C3x% + ... + nC,x"*1)

X (Cox™ + CixX" 1+ Cx" 2 + ...+ C,)

Comparing the coefficients of x*~! in both sides, then
C?+2C3+3C}+...+nC2=n?"1C,_,
From (i) and (iv), we get
C§+3CE+5C3+...+(2n + 1)C2 =2"C,, + 2n->""1C,_,

(i)

..(iv)

2n
— 7 .2n—1Cn_l + 2],1,271—1Cn_1

=2(n+1)-2"1C, =2(n+ 1) 7C,
=2-1C. 1+ (2n+1)-2"-1C,
=21C + 2n+1)-2+1C,_;
(a, b, ¢) : We have,
(x+a)" = "Cox" + "Cix"la + "Cyx" % a® + ... + "C,a"
=["Cox" + "Cox" 2 a?+ .. ]+ ["Cix"™ La+ "Cax" 3 a’ + ..
or (x+a)"=P+Q ..(1)
Similarly, (x - a)"=P-Q ...(ii)
Multiplying (i) and (ii), we get P> - Q% = (x* - a?)"
Squaring (i) and (ii) and then subtracting (ii) from (i), we get
4PQ = (x + a)*" - (x - a)*"
Squaring (i) and (ii) and then adding, we get
2PP+ Q) =(x+a)* + (x-a)*"

(a, b, ¢) : We can write S as
1 1 1 1
S=aj+-a,+-a;+..+-a, +..+—a, where
2 3 r n
a,=(-1)"1(C, = Cry + o + (1) Cp)
=" (G- G+ + (DG,
But for k>0, Cy— C, + C, — ... + (=1)kCk
= coefficient of x¥ in (Cy - Cyx + Cpx® — ... + (-1)"C,x")
(I+x+x2+..)

[Use C, = C,]

= coefficient of x¥ in (1 - x)" (1 - x)~!

= coefficient of x¥ in (1 - x)""! = (-=1)k ("1 C})
Thus, a, = (-1)"(-1)""(""'C,_,) = (-1)"' (*"'C,.y)
Now,

_q\n-1
S =m1¢,- %(”’1C1) + % ("1Cy) —..+%(n_lcn—1)
= J.Ol (n_lco - Cx +171 C2X2 =t (C1)IC, X dx

1
= j -2 lde =—2a-x =t
0 n n



35. (a,d): 3*"=81"=(1+80)"=1+80ALe N
3341 _ 31+ 80) _ 3.380%
=3 (9)4* =3(10 - 1)40*
=3(1+10u)=3+30u
Last digit of 33*" + 1 is 4.

"C n! r12!

36. (b,c): — 2n)

_ 2 (n+2)!
T m+)m+2) r+2)[(n+2) = (r+2)]!

_ 2 n+2
C (n+1)(n+2)

Thus, § = i(_z)r (&J

r+2
r=0 Cr

r+2

_ 2 C _ A\ nt2
_(n+1)(n+2)§‘)( R

n+2

=2 N () 2nt2 [Putting r + 2 = s]
(n+1)(n+2)sz:(’)( 2) < 8

n+2

_ 2 n+2 S
_4(n+1)(n+2)§) G2

40.

v
2n+1)(n+2)

n+2
2 n+2 CS (_2)S _n+2 C0(2)0 _I1+2 Cl (_2)1
s=0

1
= |a=2"142(n+2
2(n+1)(n+2)[( ) (n+2)]
:;[2n+3+(—1)n]
2mn+1)(n+2)
2(n+2)if nis even,
— n:
But2n+ 3+ (-1) {2(n+1)jfnisodd
if nis even,
Thus, S = ”+11
if nis odd
n+2
1\
.3
37. (b,c).(ﬁ+%)

— (41/3 + 6—1/4)20 — (22/3 + 6—1/4)20

T,y = ZOCr (22/3)20 - r(6—1/4)r — 20Cr 2(160 - 111)/12 , 3-r/4 41.
For r=8,20; T, is rational. 0
Only two terms are rational.

So, 21 — 2 =19 terms are irrational.

38. (a,b,¢):(101)°° - (99)°0 3.

= (100 + 1)°° - (100-1)>°
=2{°0C;(100)*° + >°C; (100)*” + >0C5(100)* + ...}
= (100)° + 2{°°C5(100)*” + *°C5(100)** + ....} > (100)>°

= (101)°° - (99)*% > (100)>°

or (101)°° - (100)*° > (99)*° a

999 999
Also, (@) = (1 + L)
1000 1000

C, rn-nlr+2! (r+2)ln-r) 39,

2
=14 Cl(L)+999 Cz(;) +.o.<l+1+1+..+1
1000 1000

= 1000

999
1001
(ﬂ) < (1000)
1000

= (1001)%%° < (1000)1000

(@) : (A) - (s), (B) - (), (C) - (p), (D) - ()
1729 = (18 - 1)?° =1 - 20- 18 + multiple of 182

= - 35 + multiple of 9% = 46 + multiple of 81.
X=x+3,Y=y+2,Z=z+1,U=u=X+Y+Z+U=09.
The number of positive integer solutions is (g) =56.

(1+ (x+2)°

:1+(f)(x+2y)+(§)(x+2y)2 +(g)(x+2y)3 F..

©

The coefficient of x?y is (2)-32 = 60.
10

10 10
3 G ZZ,,M{(H_”
Cr_l r=1 r r=1

(D)

r=1

10-11
=10+9+8+...... +2+1:T:55'

(b) : (A) - (r), (B) - (s), (C) - (q), (D) - (p)
(A) Coefficient of x! in

11
(14010 + (140 4.4 (14220 =(1 + g0 ¥~

X

= coefficient of x!! in (1 + x)?! which is (f%) = (%)
® (i) +(io)+ () +--+ (1) (1) (o) + (i)
e ) 1) 1) e 1) 1)
=(3)+ () () +-+(11)=(B)=(3)
© (0= () +(R)re () +..
e 0= () (3 + (351

Multiplying and considering the coefficient of x°, we get

(18)(1?)+(1?)(12)+... = coefficient of ¥” in (1 +x)20whjchis(28)~

(D) The number of non negative solutions is (10+118 __11 ) = (13) .

(c) : Setting x = 7 in the given expansion and taking the real
parts, we get the sum = Re (1 + )10 = Re (2/)8 = 28,

(d): Co+Cy+Cy... =21

Co-Cr+Cq-...=28

Adding, Co+ C4 + Cg + ... = (215 + 28)/2 =27(27 + 1).

(b) : Setting x = 1, ®, »? in turn and adding, we get
3(Co+C3+Cg+ Co+Crp+Cy5)

=1+ D+ (1+wl+(1+0?)®

=216 4 (—?) 10+ ()10 =21 1 2 +

=261,

(©) : (xp + %0+ X3+ . + %)%
1+X+ X3 n

=X )™ (6720334 .. ()

ARy A LA
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where, A; + Ay + A3 + ... + A, = 4 and Ay, Ay, ..., A, are whole o
> > > > C 2 _1_
numbers i.e., A;, > 0. LAl n _[2n [n2n-1-n _2n_,

B_2n—1cn_|g|g' 2n-1  n

Thus, number of distinct terms in the expansion of

ey + %y + X3 + oo + X))t 48. (7):3'=3 = unit’s place = 3
= number of non-negative integral solutions of 32=9 = units place =9
M+ +A3+..+A, =4 33=27 = unit’s place=7
:4+n—1Cn_1:n+3Cn_1:n+3c4 34=81 = unit’s place = 1

3°=243 =  unitsplace=3

45. (©):(1+x-y+2)°

1 Continuing this process 3183 = (34)45.33
S . Y Y O P
A Ay 1A, ! Unit’s place=1x7=7
91 v ow N Unit’s place of 183! =0
=YXy 2 () Hence, unit’s place of 183! + 3183 =0+ 7=7.
AL, ISR, P 9
Here, Ay =3,A3=4,24=1 49. (7) : In expansion of (E x* - i) , the general term is
and}\,1+}\,2+}\.3+}\.4=9 = }\4121 2 3x
91 3 9—r 1 r
Required coefficient = 3141l -1* T..,=°C, (_xz) (__)
9.8:7.6:5 o 2 3x
T 161 ! 377 gy,
=(-1)°C, 5«
=9.8.7.5=2520 27T
46. (4): (1-x)° (1 +x+x2+23)4 Now, 20 = x!8 =37 (for independent term)
=(1-0[Q -1 +x+x2+x3)]* s 18-3r=0 = r=6
=(1-x)(1-x%* s T, ,1=Tyis the term independent of x
= (1-2)(1 - 4x* + 628 - 4x12 + x16) 50. (1) : Sum of the coefficients in expansion of
Coefficient of x'% is 4. (ax® - 3x + 2)% = Sum of coefficients in (x> - ay?)?®
47. (2): Coeff. of x*in (1 + x)*"is 2"C, = A & Coeff.of x* in s Puttingx=y=1, we get
(1+x)*1is?n-1C, =B @-1)»¥=0-a* = 2a-1)¥=0=>a=1
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JEE MATHEMATICS

D PS - 6 Sequences and Series

DAILY PRACTICE SHEET

1. (a): Let A = first term and d = common difference

= F-9=10-d% = F=9" > d:i%

|4
Then, S, = S12A+(p=Dd]=a - Numbers in A.P. are 15, 6, -3, ~12 or -12, -3, 6, 15
2a . ~. Sum of their numerical values
?=2A+(p—1)d () = [15] + |6] + |-3] + |-12| = 36
1-x X
Similarly, 2_b =2A+(q-1)d (i) 5. (b):Wehave, 2log,(3"" +2)=1+log,(4x3" - 1)

2 = 2%10g3(31_x +2)=log; 3 +log;(4x3"-1)
—=2A+(r-1d ...(iii)

r 3 2=12x3"-3
Multiplying (i), (ii) and (iii) by ¢ — r, r — p and p — g respectively = 3 +2=

and adding, we get 12 =5y -3 =0 [where 3* = y]

=
a 1 1
T=(q-r)=0 o oy=—13 L x__13
p 3°4 3°4
2. (C) : Let tl) tz, t3, ...... N t12 be in A.P. But Sx ” _1
Then, g(t1+t6):5~g(t7+t12) 3 3 3
=t +(t +5d) = 5[(t; +6d) +(t; +11d)] 3=y = x=log (Z)=1—10g34
(where d is common difference) w l<log,4<2 so-1<x<0
= t1+10d:0:>t11:0 = [X]z—l
3. (c) : Let d be the common difference of the given A.P. 6. (d) : Since the given numbers are in A.P.
2014 1 1l 4 d d s 28 =132sin26 -1 34-2sin20
- =—t— in26
oA d ;e ag 801492015 _ ogo gsm 81
r T3 gsin28
U mma a=a L Sa015 ~ B0 5 sin 26
d| aa, a,5 D14 - Bors = x*-84x + 243 =0, where x =9
_lpl_i+l_i+ . 11 = (x—-8)(x-3)=0..x=81 or 3
A\, a) \a o) 77 \apu %o s x=9%"20 =81 30r 9% 912
11 1 1l a —a o sin20=2or 1/2
=gla ] = d[ AU 1:| Since sin20 cannot be greater than 1 so we choose sin 20 = 1/2
:“1 015 015 Hence the terms in A.P. are 39, 14,27 i.e. 1, 14, 27.
_1al+(2015—1)d—a1] o Ts=a+4d=1+413=53
dl h%015 7. (c) : Let d = common difference
2 2,2 2 2 2
- 2014 = 2014 (Given) Now, a; —a5 +a3 —ay +..+a;, | —a5,
Mayg5 2013 o
a|a)ois = 2013 = (_ d)[al +ta .+ a2n] = (_ d) (?) [al + a2n]
Also, ayg1 + dazgs + asgg + A1s07 + d1711 + Ar915 = 6042 = - nd(a, + as,)
= (a; + 100d) + (a; + 304d) + (a; + 508d) + (az0;5 — 508d) oy —a as ay, = a; +(2n—1)d
+ (2015 — 304d) + (az015 - 100d) = 6042 =—n| =L (a, +ay,) _
= 3((11 + (12015) = 6042 2n—-1 d = azn (11
= dap+axs5 = 2014 _n " 2n—-1
Equation having roots a; and a5 is = —(agn —alz) = _(“12 - a%n)
%~ 2014x + 2013 = 0. -1 -1
4. (a):Let the numbersin A.P.area - 3d,a-d,a+d, a + 3d. 8. (c¢):Letr be the common ratio.
@-3)+@-d+@+d)+@+3)=6 = a:% o ox=2 ey
and, (a-3d)(a+3d) =10 (a-d)(a+d) Now, a+c=x—l+z—lzl—£+yr—L
x z r y yr
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10.

11.

12.

13.

a c
= —+—=r+-
b b r
But,rzlz—also .
X oy z X
a
(b): As S, = 1—;a:ﬁrst term, » = common ratio
*. According to question,
S, = 1 =r+1
1-——
r+l
n
> 5,=2015 = S, +5,+S;+...+S5,=2015
r=1
= 2+43+4+..+(n+1)=2015
= g{2x2+(n—l)-l}=2015 = n(n + 3) = 4030
= n’+3n-4030=0
= n=62 or -65 Butn<0
= n=62

: Let three numbers in A.P.bea-d,a,a +d.
(a-d)+a+(a+d =21

= a=7

Also,2 + (a -d),2 +a, 14 + (a + d) are in G.P.
C+a)l=Q+a-d(4+a+d
81=09-d)(21 +d) [
& +12d - 108 =0
d=6or-18
d =6 (. d=- 18 makes 3rd no. negative)

* Three numbers are 1, 7, 13.

: Let a, ar, ar?, 7~ ! be n terms of G.P.
s S=a+ar+ar+ard+ .. +ar" lie nterms
1-7" ,
= g-al-r) ..
(1-r)
P = product =a - ar - ar*.

anr1+2+3+4+5+ .An-1

. P2 _a2nrn(n 1)

ve)
-
=

a=7]

'UUUU

2 m,n—l

= g D)2

.. (i)

(n terms)

= g% (by (i) and (ii))

" [S/R]" = gD = p2 (by (ii))

(c) : Let three numbers in G.P. be a, ar, ar?, then according to

question, a + ar + ar® = x-ar

o, +r(l-x)+1=0,risreal

A>0ie, (1-x)2—4>0

= x2-2x-3>0 =

= x<-1 or x>3

(d) : Let the G.P.is a, ar, art,

Given, I, =T, .1+ T, 1 »
a=a(r+r)

x+1)(x-3)>0

DPS/M/2

1445
2

is rejected as terms are positive)

J5 -

1
Now, r=2 - T =2 sin 18°

14. (d):Given,a, b, ce GP. . b*=ac
3b
and log ( ) log( ) log(:—b) are in A.P.
3b 5 a
= 2lo ( )—10 +lo =lo (— —)
8 5¢ g( ) g( b) °8 a 3b
3b Y _5c a _5
:> —_
5¢ a 3 3b
or (3= or 222 o (=2 ()
c 3 5
2
or b—zzE or a_2c=§ (. a, b ce GP)
c 9 c
a 25 25 25 3b 5 B
= —=—ora=—c=—X—==b ..(ii)
c 9 5 3
5 3 . . ..
Numbers are gb, b, gb or 25,15, 9 (Using (i) and (ii))
which do not form any triangle as sum of two sides is less than
the third side.
15. (C) s As bl’ bz, veny bn € H.P.
e AP
. d‘= bi=b, by=b, _ b~
byb, byby b,_1b,
N _ bl — bn
bb, +bby +...+b,_ib,
1 1
bb |——-— bb + 1)d-—
— ln(b” bl) — ( "y bl)
by +byby+..+b, b, bb, +bb,+..+b, b,
= b1b2 + b2b3 + ...+ bn—lbn =(n- 1)b1bn
16. (c) : Asay,ay,as, ..., a, are in H.P.
l,i,i ,,,,, i are in A.P.
h 4y a3 4
Multiply each term by (a; + a, + az + ..... + a,), then subtracting
1 from each term, we get
Ay +ay+...ta, a+az+..+a, ay+ay +..+a, 4
a ’ a, T a,
are in A.P.
al az .....
Ay +ay+ta, 4, +ay+..+a,
a, .
are in H.P.
ay+ay,+...+a,
17. (a) : As, ay, ay, as, ay, as € H.P,

_9_’_’_ I
a, a, as a, 4s

1 1 1 1 1 1 1 1

a, a a3 a, a, a; ds d



18.

19.

20.

21.

= a; - ay=dayay, ay - az = dayas, az — ag = dazay,

a, - as = dayas
Now, by adding all above relations, we get
a; - as =d[aya, + aaz + aza, + auas)

a,—as _dlaa, +a,a; +aa, +a,as]
a4 - a4
(Dividing both sides by ajas)

- 1 1 _ dlaya, + a,a, +aza, +a,as]

as  aq a,as
- 1 +ad 1 _ dlaa, +a,a, +asa, +a,a:]

@ @ a,as
=  4dajas = a1a, + ayas + aza, + auas

= 4dayas = zajaj+l
j=1
which is the root of equation x* - 6x + 8 = 0.

(c) : As hy, hy, hs ... are in H.P.
11 1 b
Pl are in
hy "y "y
1 1 . .
————=common difference = d(say) ...(4)
hr+1 hr
Also, ! l+(r+1 1)d:>i—i rd ... (ii)
hr+1 hl hr+1 hl
1 1
2014 h+h,, 2014 n n
Now, 2 127’( ) Z( 1)" T+l
r=1 hr hr+1 1 l
hr+1 h
2014, 1yr
-3 & [1+1] [using (i)
r=1 d hr+1 hr

1 1 1 1 1 1 1
=—|-|—+—|+|—Ft— |- —F+— |+.ee....

d hz hl h3 hz h4 h3
+ +
h2015 h2014

:%-2014 d [Putting r = 2014 in (ii)]

_1[ 11
dl hyo15 My

=2014
(c) : Given, a, b, c are in G.P.
b ¢ b
;_E by/x_ b [ a _b]/_c]
-2 2y 11 1 1
= b *=b* = ———=——=
y x z )y
1 1 1
= 2 —=—+—
y x z

X, )y, z are in H.P.
(c): Asa, b, ce HP.and GM. > HM.

= “ac >b = ac>b*
Consider D = 4b” - 4ac = 4 (b* - ac) <0 (D)
Roots are imaginary and conjugate of each other.
Now, roots are imaginary and conjugate of each other, we know
thatz+Zz and zz is purely real, so our choice (c) is correct.

(a) : Sum of n A.M.s’ between any 2 numbers is 7 times the single
mean between the 2 numbers.

(HBJ g%(x+[3) a+p=3 ...(Q)

a+b+c=3(
2

22.

23.

24.

25.

26.

27.

1.1
and, L4 14 log @ B9 51,1
Xy z 2 4 2\a B
9+B_3 . ap=2 (using (i) (i)
of 2

From (i) and (i) = 1,f=20ra=2,p=1
But, 20 < 3B (given) a=1,p=2
1+10 (B + 1000) = 1 + 10 (2 + 100) = 1021

(b) : Given,a + b =24 (1)
and a, p, ¢, be GP.
p* = aq and ¢* = pb
= p’=apgand ¢’ = bpq
By adding, we get
P>+’ =apq + bpg=pq (a + b) =
(b) : As each root of the equation is 1
-Di=x'"-a+a?+bx+ 1
= xXFoadred-av+1=x"-a+axl +bx+1
= a=6b=-4
Again, let o, 3, y, 3 are the roots (each > 0) of the equation
oa+P+y+d=4and afyd =1
oa+B+y+0

24pq (from (i))

=1& (aByd)*=1

= A.M. of roots = G.M. of roots

= All the roots are equal

Now Statement-1 and Statement-2 both are true but Statement-2
is not correct explanation of Statement-1. So choice (b) is correct.
(d) : AM.>G.M. as a, b, ¢ are distinct real numbers

a® +b°
>

a’b? e, d® + b* > 2ab ()

(i)
...(iii)

Similarly, b* + ¢* > 2bc
and ¢ + a* > 2ac
Now by adding (i), (ii) (iii), we get
2a® + b* + ) > 2(ab + bc + ca)
= ab+bc+ca<l( ad+b+c*=1)
Statement-1 is false and Statement-2 is true.
(a) : If we write terms of all brackets in reverse order then it
becomes (1) + (4 +3+2)+(9+8+7+6+5) +.... Here, 15 term
of each bracket are in the form 12, 22, 32, .... and number of terms
in brackets are 1, 3, 5, ..... i.e., in (2n — 1) form.
Required sum of all the terms in the n'™ bracket of given series.

- 2"2_ Hon? 4 @i-1-160} = @i -1 - )
=2® -3 +3n-1=m-17°+n’
(d)!S:;:
1-(1/2)
_1-a/2"_, 1
" 1-(1/2) 21
5.5, = <« 1o 27151000
2111000

Now 219 = 32 x 32 = 1024 > 1000
n-1210 orn=11

Hence, the least value of 7 is 11.

(c) : We have

k(k+1) k+1

l(1+2+3+ ........ +k)=—
k k 2 2

Thus, S=%[2+3+4+ ......... +21]=§(2+21)=115

DPS/M/3



28.

29.

30.

31.

32.

33.

34.

(c) : We have l+l+i+ ........ upto oo
12 3% 5

11 1 1 1

TR

1 1 1 n® 1(n* | =®
——|1+=+=+.... =——-—|— ==
22 22 32 6 4| 6 8

(a) : We can write S as
S=(1-2)(1+2)+(B-4)B+4) + ccvererenn.

+ (2001 - 2002) (2001 + 2002) + 20032
= [1+2+3+4+ . +2002] + 20032

= —%(2002)(2003) +2003% = 2007006

(d) : We can write the sum upto (21 + 1) terms as
l[a+@+d)] (-4d)+ [(a+2d) + (a+3d)] (-d)

+ o [(a+2n=2)d) + (a + 2n - Dd](- d) + (a + 2nd)>
=(-dDa+@+d)+@+2d) + ... +a+ 2n-1)d] + (a + 2nd)?

=(- d)z—zn{aﬂz+(2n—1)d}+(a+2nd)2
= - 2nad - n(2n - D)d? + a® + 4n(ad) + 4n3d>
=a% + 2nad + n(2n + 1)d?

(b, d) : Let the sides be a, ar, ar?. If r > 1, then
(ar®)? = (a)? + (ar)? (since in this case (ar?) will be the
hypotenuse i.e., the largest side)

, 1445 (nrz_l—x@
bl - 2

= riz1+4rr == 5

2

If 0 < r < 1 then a is the largest side

¥5-1

2

is not possibleJ

La? =(ar)2 +(ar2)2 r=

(a, b, ¢, d) : On rationalizing each term, we get series

VNN TN T

7-3 11-7 15-11
= il:\/3+ 4n — ﬁ] which is equal to

*. (a) and (b) are correct

..... up to nterms

n
3+4n+3

n
© Braan"
(d) " n__n

< =—
VBan++/3 Jan 2

(a, b, ¢, d) : We have b3 > 4b, - 3b;

= bl?‘z > 4b17’ - 3b1

[ b >0]

= r2—4r+3>0 = (r-3)(r-1>0

= r>3 or r<l

And r = 3.5 and r = 5.2 are both greater than 3.

(b,c):Letx=tp=a+(p—1)d,

y=tg=a+(q-1)d&z=t=a+ (r-1)d wherea = 1% term

and d = common difference

Then,x_)’zp_q’z_xz”_P
y—z gq-r x=y p—q

Ps g, 1 are three distinct integers

= 2>4r-3
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35.

36.

37.

X—) z—x . . . .
. > both are rational and so, their sum is also rational.
y—z x—-y
—1++/3i
(1] =3, {e} =e-2, Re(a))zRe( 1—2\/31)};

Also, log,3 is irrational
Xx-y

+27% can't be {e} and log,3 which are irrational.
y—-z x-y
(b,d): Let 4, a;, ay, Bbein A. P.
B-A 2A+B
3 3
. 4, :A+2‘B_A _ A+2B
3 3

Also, A, g1, &, B are in G.P.
(B J1/3
= =r
A
. g =Ar=A(B/A)"

g, =Ar* = A(B/ A"

" g8, =A%B/A)=AB
Also, A, hy, hy, B are in H.P.

Hence,

g =A+

l,l,i,lareinA.P.

A h " h,”B

1 1 1(1 1 1 A-B

_—— - =— 4 —

hh A 3\B A) A 3AB

1 3B+A-B A+2B 3AB
= —= = = h1= and

hy 3AB 3AB A+2B
1_1,2(1 1) 3B+2A-B)
h, A 3\B A 3AB

1 _2A+B _ 3AB

h, 3AB 2 2A+B

Obviously, g1g» = AB = ajhy = ayh

(a, d) : Let the four numbers be

a,a +d,a+2d,(a+d)r2

where d is the common difference of A.P. and r is common ratio
of the G.P.

1
a=6and r= 3 (given)

a+d,a+2d, (a+dr?are in G.P.

= @@ PP o (6424 =(6+d)
= 6+2d:(6+d)-%
= d=-2 .. The four numbers are 6, 4, 2, 1.
2hyh
(b, ¢, d) s hy =—13 = Iyhy +hyhy =20y by ()
hy +hy
2hh .
h3=ﬁ = Iyhy +h3hs =20 s ...(ii)
2hzh
h4:ﬁ = hghy +hyhs =200 -..(ii)

Adding (i) and (iii), we get
h1h2+h2h3+h3h4+h4h5=2(h1h3+h3h5) = 2(2h1h5) [Usmg (11)]
4

= Y I by =4hhs =khh, (given)
r=1
k=4;x=1y=50r x=5y=1



38.

39.

40.

(abe): A =a+- (b a), 2:a+§(b—a)

= A1+A2=a+b

Now, L +L=1+1
, H, a b
H, +H, a+b A +A,
H.H, ab G,G,
GG, A+A,
HH, H;+H,
3ab 3ab 9ab(a+b)
Now, H. +H, = + =
TP727 0420 2a+b  (a+2b)(2a+b)
A +A, (a+2b)(2a+D)
H, +H, 9ab

GG, 5_2(a_ b

HH, 9 9\b a

(©) : (A)-(s), (B)-(r), (C)-(q), (D)=(p)
(A) 52+4+6 + ... +2x _ (25)28

N 5x(x+1) _ 556

(B) 2logsx= log\/— (1 1/1/2 )10g5(0 2)

1
, log (2)
a5 g
5
(C) logx=log, (%)log(o.w)

= logs) (1/2) log (2/5)* = log 4 = x = 4
2
1 1/3 1- 1/5 2 2
= x=3log,5

Thus,

= x> +x-56=0=>x=7asx>0

logs4=x=2

D)

(b) : (A)-(x), (B)-(p)s (C)-(s), (D)-(q)

2F(n)+1

(A) F(n+1)= =F(n)+%

- F(1), F(2), F(3), ..... is an AP with common difference 1/2.
B) aj+2d+ay+4d+a; +10d +ay + 16d +a; + 18d

= 5a; + 50d = 5(a; + 10d) = 10
ie. a1+10d—2

Now, Z a. =

© S:1+5+13+29+ ..... + o
S=1+5+13+ ... +tg + typ
Subtracting

tjp=1+4+8+ 16 + ... upto 10 terms
=1+(4+8+16+.... upto 9 terms)
= 2045

2a1 +20d ] =21(a, +10d) = 42

90
(D) Sum of all two digit numbers = 7 (10 + 99) = (45) (109)

41.

42.

43.

44,

45.

Sum of all two digit numbers each is divisible by 2
=22(10+99) = (45)(54)

Sum of all two digit numbers each is divisible by 3
= %(12 +99)=15(111)

Sum of all two digit numbers each is divisible by 6
=22(12+96) =15(54)

The required sum is
45(109) + 15(54) — (45) (54) — 15 (111) = 1620
(d) : AsAM.>G.M.
b ¢ c a a b 1
C+b+a+c+b+a>(c b ¢ a_a b)é
6 b c a c b a

b +c? Pva®
or, + + >6
be ca ab
or, a(b*+c?)+b(c* +a*)+c(a* +b?) = 6abc

Minimum value of

a(b? +c?)+b(c* + a®) +c(a® +b?) is 6abe
According to question, Aabc = 6abc
A=6
(a) : Asa, b, ¢, d, e, f are positive real numbers
@+ Hb+e)c+d)>0

So, x>0 (1)
As AM.>G.M.
(a+f)+(b+e)+(c+d)> 13
>[(a+ f)b+e)(c+d
3 [(a+ f)b+e)c+d)]
3
= x < 3 = *¥=l ...(ii)
From (i) and (ii), 0 < x <1
1 1
@:xy—x=———
X4 X3
2 2
2 (x3_x4) (—x)" 1
(x4%3) (xy=x3)"  (x3xg)
2
(x2+x1) —4dxx, 1
= 5 = .
(3 +x,)" —dxyx; (x3%,)
b —dac a®
On putting values, we get 5——— =—
q —4pr r
b): 2=Xa 0% _X4FXs
Xl X3 xl x3
2 2
Lbatn) ok xx
272
(x3+x,)" x5 X3%q

On putting values, we get g> = pr

(@): x, =x11,x3= xlrz,x4 = x1r3
— 2 — / .
XX, =x,r=cla ..(1)
— 4 25 "
X3Xy =X, 1" =r/p ..(ii)

DPS/M/5



46.

47.

1/4
4 Ta ra ,
Dividing (ii) by (i), we get 7' = ; = [_) —r

b 1-r 1

= b=3&a=bhencea=3

1 B 2k
2): Ytan™
@: San (H )

(> +k+1)(k* —k+1)

G (P Hk D) (kP —k+1)
g{tan (1+(k2+k+1)(k2—k+1)]

n
=Y [tan” (k> +k+1)—tan”' (k* —k +1)]
k=1
=tan"'(n>+n+1)—tan 1
When 1n — oo, then,

2k

itan_lﬁzz—zz
et 2+k+k* 2 4

| a

Hence, —XE =2
4

T

48.

49.

50.

(7) : Leta, b, c are the sides of triangle.
Here ZC=90°,A+B=90°¢? = a* + b*
Since a, b,carein AP. .. 2b=a+c¢
Since, ¢ =2b—a & c? = a* +b?

b 4
a

= (2b-a)*>=a®+b* or

3
sinB —éor sinB+sinA_Z b
sinA 3 sinB-sinA 1
or tanB- A1 ATB__7_
2 7 2 52 C
A-B
Also 5(sinA + sinB) = 542 cos =7

2

(9) : Let h be the total height.
According to question, total distance

2 2 Y 2 Y
=h+2><§h+2><(§) h+2x(§) h+... upto infinity

= h+2x§h(3)=5h=4500cm

= 102 =9000 cm =9 deca metres

(5) : Let last term is T,.

T, =E+(n—l) —14)_74-14n
23 115 115

Hence, for n = 5 last positive term is obtained

DPS/M/6



JEE MATHEMATICS

DPS-7

DAILY PRACTICE SHEET

Straight Lines

(a) : Let the slope of BA passing through the points B(2, 3) and 5.
A(=2, 1) is m;.

1-31 12| 1
2-2 _‘—_4 2
and, the slope of BC passing through the points B(2, 3) and
C(-2, -4) is m,, then
—4-3 |-7| 7

m, =|—— =—
—2-2| |-4| 4

Then, m, =

So, the angle between BA and BC is
m, —m

f=tan" || ——H
1+mm,

2
= 0=tan' |42 ||=tan™ (5)

(a) : Let A(-a, -b), B(0, 0), C(a, b), D(a?, ab)

2b b
Slope of AB = b , Slope of AC=—=—
a 2a a

ab+b bla+1) b
Slope of AD = = =—
a*+a a(a+1) a

All the four points lie on a line with slope 2 8.

a
(a) : Two point slope form is 227Ny
X mX
= :}ll_4=_—2 =>a-4=2 =a=6
-2-3 5 =5 5
2

a-4 -2

=

(b) : If the pair of lines ax*> + 2hxy + by* = 0 has slopes

my and m,, then
m, +m

2
=——,mm, =
1 2 [ )
b

(my = my)* = (my + my)* - dmy m, = B
Here a = tan? 0 + cos2 0, h = — tan 0, b = sin? O

(m,—m,)’= [tan? O - (tan? O + cos? O) sin? O]

4
sin* 0
4 1
=— > —tan’0 — cos’ 0
sin“ 0| cos“ 0

4 2
= 1-cos“0)=4
sin29( )

|m1 - m2| =2.

4(h - ab) 9.

(c) : Here,x; =g,y =bandx, =-a,y,=-b
Equation of the line through the given points is

—b-a
y—b= (x—a)
—a—a
= yb="Cen) = 2-2og
—h= X—a —_——_—=
4 —2a a b
8
375 1
(d): Slope of AB=—2 =~
-0 3
30-3 1
Slope of BC=——=—
82—-1 3

So, the points A, B, C are collinear.

(13
(a):Sls(z,l)

Slope of PS = -2/9

The equation of the line G-/ )
passing through (1, -1)
and parallel to PS is

P(2,2)

R(7,3)

2
Fl=—Z(x-1
y 9(x )

= 2x+9+9-2=0=>2x+9+7=0
(c) : Coordinates of A = (1, 2)
Slope of AE =2

1
= Slopeof BD = -3

= Equation of BD s

y+2 1
x+1 2
= x+2y+5=0
. 1 -8
Co-ordinates of D = (—, —)
33

(c) : Let OAB is the triangle and G be the centroid.

Since G = (xl"'xz"'xs’)ﬁ"')’z"')’s)
3 3
=(O+cose+sin6 0+sin6—c059)
- 3 ’ 3
=(cos6+sin6 sine—cose) 0(0,0)
3 3

Since G lies on the line y = 2x

sin@—cos® 2(sin®+cosB) 4 .
3 = 3 (cos0, sinB)

= sinBO - cosO = 2sinB + 2cos® = 0 =tan"1(-3)
DPS/M/1
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10.

11.

12.

13.

14.

15.

16.

(b) : Equation of line passing through (2, 0) and perpendicular
toax+by+c=0is

y—0=2(x—2)
a
= ay=bx-2b = ay-bx+2b=0

(c) : Let slope of incident ray be m.
Now angle of incidence = angle of reflection

m—"7 -2-7 9

1+7m| |1-14| 13

m-7_9 m-7 9

1+7m 13 1+7m 13 ©O.1) 7x-y+1=0

13m-91=9+63mor13m-91=-9 - 63m
50m = - 100 or 76m = 82

Lol

m=-2orm=—

38
Equations of incident line at (0, 1) are
y—1=-2(x-0)or y—1 =%(x—0)

ie, 2x+y-1=00r38y-38-41x=0

(a) C is the mid point of AB y
Coordinates of A and B 3
are (2x%, 0) and (0, 2y,) Clep 1)
respectively.
Equation of AB is . .
2x 2y ol A
X
1N
(d) : It is given that (1, 1) is the midpoint of line AB.
_a+0 ,_ 0+b X
= I==/1=== )
= a=2 and b:2 (1/1)
Equation of line AB is
X Y A
E+E=1 =>X+y:2 Ol (a,0) >X

(a) : Since bisectors are perpendicular to each other.
Given, one bisector is x + 2y — 5 = 0 then other bisector is
2x-y+A=0

According to alternative A = 0

then, other bisector is 2x — y =0

(b): d(x, y) =max {|x|, |y |} (i)
but d(x,y)=a ...(ii)
From (i) and (ii), a = max {| x |, | y |}

if |x|>|y| thena=]|x|

sox=+a
andif |y|>| x| thena=]y|
“ y=+a

Therefore, locus represents a straight line.
(d) : If 3, 4 are intercepts of a line L = 0, then
Y

. S X
equation of line in intercept form is =+ =1
3 4

3ta | 2
1 distance from the origin = _3 4 |-

SESIN

DPS/M/2

17.

18.

19.

20.

21.

22.

(c) : Let A (x, y1) and B (x,, y,) be two points at equal distance

) from (0,/3)
Then, (x, - 0)+ (5 =37 =22 ()
..(ii)

and (x, - 0)*+ (1 -3y =2
Subtracting (ii) from (i), we get

=33+ —V3) = (1, =\3) =0
= xf =3 +0f —9) - 24303~ 32) =0
On comparing rational and irrational parts on both sides
Y1-y2=0=y1 =y, = o (say)
and xlz—x%+(y12—y§)=0 or x12=x%=[32

X1 =% =+ [ (say)
Hence, points are (+ 3, o)
If B =0, then (0, o)

n<2

(c) : Slope of OB = § y
6 B(6, 8)

3

Slope of OC = 1

. (-4,3)

AOBC is right angled at O.

Circumcentre = mid point of hypotenuse = (1 1?1)
Orthocentre = vertex O(0, 0).

Distance = (l + EJ = ﬁ unit
4 2
(d) : We have,
k 2k 1
-1
3k 3k 1=0 = k= ?
31 1
So, the line passes through (-1, -1) and (3, 1)
Equation of line is, y+1_1 =>x-2y-1=0
x+1
-0-1
Distance of line from origin = —= unit
=ik
3 4 3
(b): tano==— = coso=%—, sino=%=
4 5 5

Equation : x cosot + y sinat = p

4 3 4 3

- x( 5)”( 5) 7 i(§x+§y)_
= 4x+3y*x25=0
(c) : Equation of the line 1 to 3x + y -
x-3y+k =0

k=4as(2,2)lieson thelinex-3y+ k=0
Now, x-3y=-4

X Yy

-4 43

x-intercept is - 4.

(c) : Length of L from O(0, 0) to 4x + 3y = 10 is
_|4(0)+3(0)-10| _ 10

h Jei 5

3 = 0 is given by

=2



23.

24.

25.

26.

Length of L from O(0, 0) to 8x + 6y + 5=01is
_[BO)+60)+5_ 5 1
o gtre 10 2
Lines are parallel to each other = ratio willbe 4: 1 or 1: 4.

(b) : The family of lines 3x + 4y + 6 + A(x + y +2) are concurrent
attheintersectionof 3x+4y+6=0andx+y+2=0i.e,at(-2,0)

A(2,3)

The line through (-2, 0) lying at the greatest distance from
A(2,3) is the line through B(-2, 0) perpendicular to AB.
Hence, its equation is

4
y—Oz—g(x+2) ie,4x+3y+8=0

(c) : Let coordinates of foot of perpendicular P are (h, k).
V)

L

P
, x+y=2

01(0,0)

’

y

Slope of OP = k/h
Slope of given line = -1

LM 1 OP

% x—-1=-1
Also point P lies on the given line

k+h=2

Solving (i) and (ii), we get h =1, k=1
So, coordinates of foot of perpendicular are (1, 1).

= k=h (1)

..(if)

(a) : The algebraic perpendicular distance from (2, 1) to the
32)-2()+1 5

————=——==1;(say) and
Jor+2? 13
the algebraic perpendicular distance from (-3, 5) to the line

3(=3)-2(5)+1 18
Ois =2 = — =, (say)
6P ey VBT

line3x -2y + 1 =01is

3x-2y+1=

Here, =L <0
Ly
Given points lie on opposite side of the line

3x-2y+1=0

Lx-0)

(d): Equation of ABisy — 1= >0
VA

or x+2y-2=0

|PA - PB| < | AB | thus | PA - PB | to
be maximum then A, B and P must
be collinear.

Hence, solving x + 2y -2 =0

and 4x+3y+9=0 0

we get, P(—%‘,H].

VINURY)

» X
B(2,0)

5

27.

28.

29.

30.

31.

32.

(c) : Given family of lines ax + by + c=0
4

2
also3a+2b+4c=0 = az—gb—gc

2. 4
Lax+by+c=0= (?b—gc)x+by+c:0

=>(—2x+y)b+(—ix+d)czo
3 3

C

()
= ——x+ty+|——x+1 0
3 3 b

2
= ——x+y+7u(—ﬂx+1)=0, where A = <
3 3 b

This is family of lines which is passing through point of

2 4
intersection of —§x+y=0 and —§x+1=0

1
Solving for x and y, we get x = 7 y= 5

So, point of concurrence of lines is (%,%)

(b) : The family of lines
(x+y-1)+A(2x+3y - 5) =0 passes through a point such that
x+y-1=0,2x+3y-5=0
i.e., (-2, 3) and family of lines
Bx+2y-4)+u(x+2y-6)=0
passes through a point such that
3x+2y-4=0andx+2y-6=0ie,(-1,7/2)

Equation of the straightline that belongs to both the families
passes through (-2, 3) and (-1, 7/2) is

7_3
y-3=2_(x+2)
—1+2
x+2
= y—3=T:x—2y+8=0
(b): We have |a(4—3+4)+b(2+6—3)|:\/ﬁ

JQa+b) +(a-2b) |

= 25(a + b)? = 10(54% + 5b?)

= 25(a-b’=0=a=bonlylineis3x-y+1=0
(d) : Equations can be written as

x + (cosecO - cot)y = a & x - (cosecO + cot@)y + a =10
i.e., (cosecO — cotB)y = a — x & (cosecO + cot@)y = x + a
On multiplying, y? = a? - x> = x* + % = a?

3L-5 5A+1

A+1 7 A+1

(a, ¢) : Co-ordinates of point P are (

3L—55A+1 A+1
1 5 1
7 2 1

Area of APQR= =12

L
A+l

N | =

. sz,ZS.
5

(byc) :x>-y*-4y-4=0
= xX*-(y+2)?=0
Linesarex +y+2=0
andx-y-2=0
Angle bisectors are
x=0andy=-2

DPS/M/3



33.
34.

35.

36.

37.

38.

39.

40.

(a,b,c):2]al <6 =a| <3

(a, ¢) : (a) is correct since slope =%= tan30° and also the

line given in choice (a) cuts x-axis at A(—5y/3,0) and y-axis at
(0, 5) with AB = 10.

(b) is incorrect since the line given in choice (b) is not inclined
at 30° (Indeed 150°).

Similarly choice (c) is correct and (d) is wrong.

(a, b, ¢, d) : The two lines will be identical if there exists some
real number k, such that
B-3=k(b-¢0,3-a>=k(c-a)
and a® - b3 =k(a-b)
= b-c=0 or b*+c*+bc=k
c-a=0 or Z+at+ca=k
and a-b=0 or a*+b*+ab=k
ie, b=corc=aora=>b
Next b2+ c2+bc=ct+al+ca=b*-a?=cla-b)
Hence,a=bora+b+c=0

2 oy? v

-y 2
Then, x2 - m2x2=xmx =>m?>+m-1=0
_—1+45

2
(a, ¢) : The intersection point of the given diagonals is

3 y-8x+7=0
P=|{-,5 D,
2

Equation of angular bisectors ... 8.
of the diagonals are
y+8x—17_+y—8x+7 A

V65 NG5

3
= x=7 and y=5

(a, ¢) : Equation of bisectors =
Put y =mx

m

y+8x-17=0

Let length of BC be a and that of CD be b

Then, tan9=M=E=8

b/2 b
Also,ab=8 = a=8b=1
So, equations of sidesare y=1,y=9,x=1and x = 2.
(a, ¢) : Shift (1, -1) at (0, 0), then
20 -12+5x-1)(y+ 1) +3(y+1)2=0
or 2x*+5xy+3y2+x+y=0

(©) : (A) = (p), (B) - (1), (O) - (@), (D) — (5)

(A) Using bisector equation, we get equation of side
BCas7y-5x=0

(B) Wehave, L; + AL, =0
Thus, line farthest from (1, -3) is 15y - 6x =7

(C) Using bisector equation, we get angle bisector of Aasy =1

(D) Equation of BD is 2y + x = 17

(@ : (A) - (P:,1); (B) — (@, 1), (C) = (), (D) — (g, 1)

a=b#0 =

6
) |xl+yl=—
a

represents a square (4 straight lines)
ab#0,a#b = alxl+blyl=6
represents a rhombus (4 straight lines)
la| +16|=0 = a=b=0

Equation is meaningless
a*+b*=13, ab=6 = a=3,b=2
a>b,a,b>0

It represents a rhombus (4 straight lines)

(B)
©
(D)

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

(d):A4=(1,-2),B=(0,-201), C= (B, B -3)

l+o+P=6-2-200+P-3=9

= a=-3,p=8B(-3,6),C(8,5)

Equation of BC is x + 11y = 63
ptqg=63+11=74

(b) : Slope of BP = -1

= 3+20‘2—1:>0L:—5
2-a
B-6 1
= =5 —=—=B=10
Slope of CP = 1/2 B2 2 p

B (-5, 10), C(10, 7)
Equation of BC : x + 5y = 45
p+q=>50.
(d) : Pair of straight lines
6x> +xy—y* =0 = Bx+y)(2x-y)=0
=y = 2x is the lines which coincides
Putting y = 2x in L), we geta =4
(c) : p1=6x8%+8x4-42=400
Pr=3x8-4x8x4+42=80

| p2 = p,} |= /400 —80% = /480 x 320 = 40

(¢) : Using centroid formula, G = (3, —

(4) : Solving 2x + 3y =1
x+2y=1,A=(-1,1)
Orthocentre = (0,0)

= slope of altitude AD = -1
Equation of BCisx -y =k
Solving, x - y = k and

3 3

1-k
Slope of OB = , slope of AC = -2/3
P 1+2k pe
= k=

x+ 2y =1, we get B:(H_Zk,ﬂ)

1-k 3

1+2k 2 8

-1

1
Equation of BC is x—y+§ =

= -8x+8y-1=0=>a=-8,b=38

(1) : Centroid, G= (_316,2) and Incentre, I = (-1, 0).
Thus, GI = %
(2) : abc + 2fgh - af? - bg> - ch* =0

Thus, - 36A +200 - 641 -75+75=0 = A=2

(2) : Transformed equation is
(y+2)?-8(x+1)-4(y+2)+12=0

= y»=8x = y’=dax = a=2

(5) : Let AC and BD intersect at P

1246+2_

J16+9

Area of AABD=AP><BP=%=12 = BP=3

AB=+v AP?> +BP? =5

AP =

DPS/M/4
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Circle and Parahola

(a) : A line parallel to 3x + 49 = 0is 3x + 4y + k =0
Centre and radius of circle x2 + y2 = 9 are (0, 0) and
3 units respectively. Since line is a tangent to circle, then
0+0+k

V3t +4°
For tangent to touch the circle in 1% quadrant, £ = -15
Tangent line is 3x + 4y = 15

=+3= k=%15

(a) : As the circle meet x-axis at two points so put y = 0 in the
equation of circle.

x*-16x-36=0

Let two roots of the equation are x; and x,.

= X +x,=16and x;x, = - 36

VA
Now x; - x, = \/(xl +x,)° —4xx,
=(16)2 +4x 36
= /400 N .
O Ao Bz 0)
=20 = intercept on x-axis = AB = |x; - x|
(a) : The equation of the circle is
¥ +yP-2x-4y+3=0 v (0)
and the equation of the lineis x + y =5 oo (i1)

We know that a line touches a circle if it intersects the circle in
two coincident points. Therefore, we solve the two equations
for their points of intersection. Substituting the value of y from
(ii) in (i), we get

P+ (5-x?-2x-4(5-x)+3=0

= x> +25-10x+x?-2x-20+4x+3=0

= x*-4x+4=0

= (x-2)2%=0

ie. x=2,2

So, the roots are equal. Thus, the given line meets the circle in
two coincident points. Hence, the line touches the circle.
Finally, when x = 2, from (ii), we get y = 3.

Therefore, the point of contact is (2, 3).

(a) : Given equation is x cosO + y sin@ + g cos® + fsin@ -k =0
this line will touch the circle if distance from (-g, -f) to the line

will be equal to the radius of circle 4/ g2+ fz_c

= g+ fi-c

_|—gcosB— fsinB+ gcosO+ fsinO—k|
\/sin2 0+cos” O

= 2tfl-c=k

= g+f2=k+c

(b) : The circle is
2 +y2-4x+6y-12=0

G

= (x-2%+@+3)?=25=5%

Distance between two centres (-3, 2) and (2, - 3) is 5\/5 .

Now, radius of s = y(5v/2)* +5* =50 +25 =543

(d) : Let Cbe the centre and T be the point of intersection of the

tangents
B

A
ZATC = 60°, LACT = 30°
AB =2 CA sin 30°=5

(a) : By observation, if K is a point inside the triangle, we see

that A, B, C are equidistance from K.
A

B C
K is circumcentre of the triangle ABC
K is origin.
Now, orthocentre, centroid and circumcentre lies in a straight
line and centroid divides the orthocentre and circumcentre in
the ratio 2 : 1.

2:1
orthocentre  centroid  circumcentre
(a, b) (0, 0)
a_5+13cos0+13sin6

3 3
= a=5+13cosO+13sin0
and b=12+13sin0®—-13 cos O

a+b-17 .
—————=sin0
26
and a—b—+7 =cos 0
26
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10.

) V)
= sin26+c0326=(a+b_17 + a=b+7
26 26

= (a+b-17)2+(a-b+7)*=(26)
. Locus of orthocentre is
(x+y-17)>+ (x -y + 7)> = (26)%.

(a) : Let P(h, k) beapoint on the circle 15x% + 15y — 48x + 64y =0.
Then the lengths PT| and PT), of the tangents from P(h, k) to
5x% + 597 — 24x + 32y + 75 = 0, 55> + 557 — 48x + 64y + 300 = 0
are respectively

PT, =\/h2+k2—%h+%k+15

& PT, =\/h2+k2—%h+6—54k+60

Since (h, k) lies on 15x% + 15y% - 48x + 64y = 0

R Ly —h——k
15
32
" PT, = \/ n- 8% ——h —k+15
15 15
32, 2, 15
15 15

PT, =\/ h——k——h+—k+60
15

\/h + iﬁk 60 =

L PT,=1:2

\/h + —k +15 = 2(PTy)

(a) : The centres of the two circles are C; (a/2,0) and
C, (0, 0), and their radii are lal and c. So, the two circles will

touch each other if C;C, = sum or difference of radii

2
= [ %-0] +0-02 =|c+"4!
2 2
I R TY N FIR P
2 2 2 2
lal lal lal Tlal
= c-——=—andc+—=—
2 2 2 2

= c=lal or c=0 = c=lal

(c) : We have by Pythagoras theorem
1+y2=(1-yP+1 = 4=1 = y=1/4

2\

DPS/M/2

12.

13.

14.

15.

16.

(b) : The centre of the circle lies on x-axis. Let a be the radius of
the circle. Then, co-ordinates of the centre are (a, 0).

The circle passes through (3, 4).
(@a-32+0-4>=a=>6a-25=0 = g:%

So, equation of the circle is (x - a) + (y - 0)*> = a®
= x2+y2—2ax:0 = 3(x2+y2)—25x=0

(a) : APQX and APRX are similar
PQ PX
* PR RX
APRX and ARXS are similar
PR_PX  PQ PR
"RS RX =~ PR RS

= (PR)2=PQ-RS = (2r)?=PQ-RS

(a) : Let the equation of the circle through (a, b) be
X+ + 290+ 2fy+c=0 (1)
a? + b+ 2ag + 2bf+c=0 ..(ii)

Since, the circle x> + y? = p? cuts the circle (i) orthogonally,
therefore 2g- 0 + 2f- 0= c - p> = c=p?
Substituting the value of ¢ in (ii), we get
a?+b*+2ag + 2fb+p*=0
Hence, the locus of (-g, -f) is
a? + b2—2ax—2by+p2=0

2 :3

(b): e ° °
(5,0) P(x, y) (10 cos®, 10 sinB)
_ 20cosO+15  20sin0+0
5 o 5

= 5x-15=20 cos, 5y = 20 sinO

2 2
=3I (2] o1
20 4
= (x-3)2+)? = 16 is the required equation of circle.
(b) : Centre of the circle (2,1); r = \/E =5

Distance of (10, 7) from (2, 1) is 10 units hence required
distances are 5, 15 respectively.

(a) : ABis a variable chord such ”m

that ZAOB = m/2 A

Let P(h, k) be the foot of the P(h, k)

perpendicular drawn  from B

origin upon AB. Equation of the

chord ABis Q\_/ ;
-h

y-k= PG h)

ie. hx+ky= W+ K2 (1)

Equation of the pair of straight lines passing through the origin
and the intersection point of the given circle

X+ +2gx+2fy+c=0 ...(ii)
and the variable chord AB is

2
x? +y +2(gx+fy)(h2+:z)+c(hx+ky) =0

...(iii)
"+ k2

If equation (iii) represents a pair of perpendicular lines, then

we have coeff. of x? + coeff. of y*> = 0 i.e.
2gh ch? 2 fk ck?
1+ + +| 1+ + =0
[ W+ k? (h2+k2)2J [ W +k* (4 k%)



17.

18.

19.

20.

Putting (x, y) in place of (h, k) gives the equation of the required
locus as x* + 1/ +gx+fy+%=0

(b) : Let A; = Area of triangle ABC

atf  2at; 1 £ ot 1
1 1
=3 ats 2at, 1=E(2a2) ot 1
at; 2aty 1 ot 1

=a’(t, - t,) (t,- t;) (¢, - t;)
Again area of triangle when tangents intersect at L, M, N then
L(att,, a(t, + t,)), M(at,t,, a(t, + t;)), N(at,t;, a(t, + t;))

atity, a(t;+ty) 1
A, = Area of triangle LMN = —|atyty a(ty +t3) 1
atity a(t; +t3) 1
h bt 1
= Eaz bty H+ty 1= —a(t 1) (6 -1) (4 -1)
Bt b+t 1
1
= Area of triangle LMN = 2 Area of triangle ABC
- 2 Area of triangle ABC w.r.t. vertices
1 Area of triangle formed by tangents at ABC
A
o 42 =A 1A, =21

(¢) : From the property of parabola, the perpendicular tangents
intersect at the directrix. The equation of directrix is x = -1,
hence this is the locus of point P.

(c) : Axis of the parabola is the line passing through the focus
(0, 0) and perpendicular to the directrix x = 2. So, its equation
is y = 0 i.e., x-axis. Axis and directrix intersect at (2, 0).

Vertex is the mid point of focus (0, 0) and (2, 0).

Hence, the co-ordinates of vertex are (1, 0).

(c) : For parabola y?
c=alm.
Equation of tangent to the parabola y* =

= 4ax the line y = mx + c will be tangent if

8xis
2

y=mx+ —
m

Now line to be chord of the circle x* + y* = 16 if distance from
(0, 0) to the line will be less than the radius of the circle

2
f VA

Mm__ <4

\/1+m2

= 1 <4m*(1 +m?)
Am*+4m2—-1>0 o
= m*+m?-1/4>0

(2,0)]/(4,0) x

U

21.

22.

23.

24.

= m2>——+—2 or m2>\/§_1
2 2 2

J2-1
2

)

(b) : Given equation of parabola is
X2+2y=8x-7 = x*-8x+20+7=0
= x>-8x+16+2y+7-16=0

9 . 9
-2l y—=] .. Vert t =
(y 2) ertex 1s al (4, 2)

(b) : To find common points of the 2 curves,

= |m|>

.

= (x-4)7° =

We have, y? = 4x y
andx?+1%2-6x+1=0 =t
X +4x-6x+1=0 >

= xX¥*-2x+1=0 NGO

=x-12=0

Putting x = 1 in either equation, we get y = + 2.

So, the curves touch each other at (1, 2) and (1, -2).

(c) : Any tangent to the parabola y* = 4x is

y:mx+i (va=1) ..(1)
m

It is a tangent to the circle
(x - 3)2 + y> = 9 if the length of the perpendicular from the
centre (3, 0) upon (i) is equal to the radius of the circle i.e., 3

1
3m+—-0
m —3

\/1+m2

1
= 9m2+—2+6=9(1+m2)
m
1 1
= —2+6=9 = —223
m m
1
= m2=—
3

= =+— Butm>0 ... m=—f4

Ny NG

Thus, the equation of the required line

1
=—x+\/§i.e.\/§ =x+3
Y \/5 Y

(a) : The given parabola is y2 =kx—-6= k(x - %)
6
= 2:4(E)X, here X=x——
y 1 W x P
. [k
= Focus of parabola is Z’O

= Equation of directrix is X=—-—

= x—éz—E = xzé—k,which coincide with the
k 4 k 4

line 2x—1=0ie, x=—
2
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6 k 1
===k +2k-24=0
kK 4 2

= (k+6)(k-4)=0=>k=-6 ork=4

a
25. (b): For y? = 4ax, the equation of tangent is y = mx + —
m
8
For y? = 4(8)x, the equation of tangent is y = mx + —
Now, using x> = 108y m

8
x2 =108| mx+—
m

= mx2-m?x108x—-108x8=0
Now, D = 0 = m* (108 x 108) = — 4 x 8 x 108m

;8 2)’
= M = ——=| ——
27 3

= m=-2/3

8
Required equation is y = mx + —
m

2x 8x%3
= y=—|—7*+——|=>3y+2x+36=0
3 2
26. (c) : The line y = mx + a meets the parabola y* = 4ax in two
points whose abscissa are x; and x;.
If x; and x; are roots of the quadratic equation ax?+bx + ¢ =0
then

- c
X1+t X)= — andx1x2= —.
a a
x1, X, are the roots of the equation (mx + a)? = 4ax.
= mx*+2am-2)x+a%>=0
= x +x, = -2a(m - 2)/m?
= x+x=0ifm=2

27. (c) : Wehave,)? —kx +8=0 = y2= (x—%)
8 k
Directrix,x—§=_£ = x_(___):()
k 4 k 4

But equation of directrixisx - 1 = 0.
Hence on comparing, we get
8 k
——==1 = K+4k-32=0
kK 4

= (k-4)k+8)=0= k=4,-8
28. (b):x+y=1=>y=-x+1
Using it to the parabola y? = kx, we get
-2x+1l=kx=x2-xQ2+k) +1=0
Now, D=0
= (Q+k?=4>=2+k=22=k=0,-4

29. (a) : Let a tangent to the parabola be

V5

= — 0
y mx+m (m #0)

As it is a tangent to the circle x*> + y* = 5/2, we have
(\/g):\/g\/1+m2 = 2 1+m?
m V2 m?
which gives mt+m?-2=0 = m*-1)m?>+2)=0
Asme Rm*=1 = m==1
Also, m = + 1 does satisty m* - 3m*> +2 =0
Hence common tangents are
y=x++5 andy=—x—\/g

DPS/M/4

30. (d): Normal at t; is y = —t;x + 2at; + at;>
The point t, lies on it.
2at, = —t; - aty” + 2at, + at,’
= 2a(t, - t;) = at;(t;> - t,%).
= i s = -2
L 17k 2 1 ‘)
31. (a,c): Wemusthave A2 +(A+1)% <1
= A2 +2A<0 = AMA+1)<0=-1<A<0

= Choice (a), (c) are correct as _71 € (-1,0)

32. (¢, d): Letd= (A, 2t;1) and B = (t%, 2t,) y
2, .2
H +t
The centre of thecircle = | 1—2 1, +1, J -
4

As the circle touches the x-axis thus

9] X
hth=%xr [\
Slope of AB = 2 iz

tl + Iz r
33. (a,c) : If P(cosB, sinB) be the variable point.
The tangent at P is xcos0 + ysin0 = 1 »
Tangent at Sisx = 1.
1-cos6 EXQ
Thus Ois [ L _) /
us Qs ( sin® R Sx

A line through Q parallel to SR is \O/
0

_1-cos6 _

sin 6 2

2tan(0/2)
— X
1-tan“(0/2)

_ 2
1—tan (9/2)’ k=tang

The normal at P is y = xtan =

We have, h =

1-k>

The locus is A= k* =1-2h ie., y2 =1-2x

34. (b,c): Let normal y = mx — 2am — am® meet the parabola

y? = 4axat P and Q. Then, the joint equation of the lines OP and
0OQ, where O is the vertex (0, 0) of the parabola is

) 4ax(mx_—y3)
2am+am
= (2m + m3)y? = 4mx* - 4xy
= 4mx® - 2m +m)y? - dxy =0
which are at right angles if sum of the co-efficient of x* and y?
is zero.
= Am-2m-m=0= m=12
35. (b,c): Let x=3y+ A =0 touch the circle at (x;, y;). Then
xxy+yy1 - 2(x+x1) +y+y; - 5=0and x - 3y + A are identical.
Hence, comparing these
-2 y+1 2% +y; -5
1 3 A
C2(x —=2)-Wy; + D)+ (-2x +y; — 5)
B 2x1-1x(=3)+A
-2 y+1  -10

1 -3 5+
-10 2A 30 25—A
B x1= +2= ’ylz —1:
5+ A 5+A 5+ A 5+ A

(x1, y1) is on the circle,



36.

37.

38.

39.

2 2
So. (22 VL (5-2Y (22 ), .25 o,
5+ 5+ 5+ 5+
On simplification, A2 + 10 -75=0 = A = 515
_10_ 220

xl_lo_l’yl_lo_2
or ¢ = 730 _ _25+15
1= N T 505 T

So, (x1,y1)=(1,2)o0r(3,-4)

(a, ¢, d) : Let a general point on parabola be P(#, 2¢).
The shortest distance falls along common normal. And the
normal to the circle passes through the centre.
Equating slopes of normal, we have, at P
2t-8
-2
Thus P is (4, 4). Equation of normal is y = -2x + 12

=t = 2U-8=-£342 = =2

. x y 1
ie., =—+-—=1.Slope of tangent at 0 = —
6 12 P gentat 0=

SO 2 1 5+1

0P 25-2 -1 4

(b, ¢) : The circles x* + y*> - 2x - 15 = 0 and x?> + y* - 1 = 0 has
the radical axis -2x - 14=0. .. x+7=0
Hence any circle orthogonal to them has its centre as (-7, -3)
Let its equation be
S:x?+y*+ 14x + 2By + A =0
Orthogonality with 2" circle gives
A-1=0. A=1
Again, (0, 1) lieson S = 1+2f+1=0. ..
Equation is x? + 32 + 14x -2y + 1 =0

B=-1

Radius = V72 +12-1=7
(a, b) : Let A(xy, y1), B(x5, ¥») be the points of intersection.
y x*=ay

On solving, x* = a(2x + 1)
= x*-2ax-a=0 5

X1 +Xx=2a,x1xp =-a A

AB = \/E 4\ O x

o

\/(xz_x1)2+()’2—)’1)2 =10
= \J(r, —x1)? + {2, — 2P =40

= 5{()62—)(1)2}:40 = (Xl +X2)2—4_X1XZ:8

= 4d’+4a=8 = ad*+a-2=0=> a=1,-2

(b) : (A)-(q), (B)-(p), (C)-(s), (D)-(r)

2

X _o2_Y
A x:utz, =2at => —=t"=—
(A) 2 y . 1
:>£:y—:>y2:4ax
a  4q°

(B) Locusofperpendicular tangents means equation of director
circle.

Director circle of x* + y* = a?

2 2

is x% + y? = a® + a* = 24°

(C) xcosO =y cotb =a= x=asech, y=atand

2 2
= secze—tanzezlz(x) _(y) -1
a a

40.

41.

42,

43.

44.

45.

S B
D) S=x>+y*-2ax=0

If midpoint is (x;, y1), then equation of chord with mid point
(xl,yl) is S] =T.
= x] + y%, —2ax; = xx, + yy; —a (x + x;)
= x%+y*=ax
(d): (A)-(q), (B)-(p), (C)-(s), (D)-(r)
3 5
A =—x+—=mx+c
A y PR
m=3/4,c=5/4 = a=15/16

. a
Since ¢c=—
m

5
Z=L = a=15/16

3/4
2 2
B) y=—x+2=mx+c ..m=—, c=2
3 3
c=i :>2=L .'.a=é
m 2/3 3

(C) LetP(x,,y,) beapoint on the parabola y? = 4ax and S is its
focus, then
SP=x +a
Also4a=8 = a=2 and SP=8
= 8=x+2 = x,=6
(D) y? = 4ax passes through (2, - 6)
36=8a = a= 2
So, latus rectum =44 = 4x9 =18
(d): If A, B, C are given by ¢, f,, t3, then
ti+t=3tHtr=2
= t; =1t =2= A(l,2), B4 4)
-~ AB =413,
(d) :Dis (t]i’z, t+ tz) =D (2, 3), Cis (9, —6)

. CD =+/130

(c) : OA and EB meets at one point A. Let B be the point
(r5 cosB, r,sin0).

Then max. BE = diameter of C, = 2r,

Again BE will be minimum when BE is tangent to the circle C;
at A.

= BE = B’E’ (in particular) = 2\/r22 - r12 .

(a): OA2+ OB? + BE? = 1 +1; +BE?

For lower bound, (OA2 + OB? + BE?)
= rl2 + ;’22 +4(r22 —rlz) = 57’22 —31’12

For upper bound, (OA% + OB? + BE?)

= rlz +r22 +4r22 = 5r22 + r12

(c) : If M(h, k) is the midpoint, then
_fy+rycos® . r)sin@
)

h k
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46.

47.

48.

49.

h-n ¥ (%Y
On eliminating 6, we easily get (2_—r1] + (Z_J =1
) n

2 2
= Locus of (h, k) is (x_gj +y2:%

(3) : The equation of tangent in slope form is y = mx + a/m
Now, comparing this eqn. with the given
x+y=kie,y=-x+kwegetm=-1andk=a/m
Here, a = 3 since y* = 12x, So, k = 3/-1 = -3
(6) : If (a, 0) is the centre Cand Pis (2, -2) then ZCOP = 45°
since the equation of OPis x + y = 0.
. OP =242 = CP. Hence OC = 4

" 0=OB=0C+CB=4+22

= [a]=6

(8) : The equation of any normal to the parabola

y? = - 8xisy = mx + 4m + 2m’ (1)
But, the given normal is2x + y + k=0=y=-2x-k ..(ii)
Comparing eqn. (i) and (ii), we get

m=-2and - 4m -2m> =k

= k=8+16=24

(1) : Given curve is y? = 4x.

y?=4x

(1,0)

’

Y
Also, point (1, 0) is the focus of the parabola. It is clear from
the graph that only one normal is possible.
(0) : We note that PQ is the chord of contact of the tangents
from the origin to the circle
x2+y2—6x+4y+8=0 - ()
Equation of PQis 3x - 2y -8 =10 ... (i)
Equation of a circle passing through the intersection of (i) and
({i)isx®>+y?> - 6x+4y+8+A3x -2y -8)=0 ... (iid)
If this represents the circumcircle of the triangle OPQ, it passes
through O(0, 0) so from (iii), A = 1, then equation (iii) becomes
x® +y? —3x+2y =0 so that the required coordinates of the

centre are (;,—1) .

1
Sum of the coordinates = %— 1= % [] =0
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Ellipse and Hyperbola

(a) : Let P(x, y) be any point on the ellipse

Jx =12 +(y+1)° 1

x_y_3 =e=2

V2

=>x2-2x+1+y>+1+2y=

(x—y-3)°

= 8x>+8)y? — 16x+ 16y + 16 =x? + y> + 9 — 6x + 6y — 2xy
= 7x*+7y* +2xy - 10x+ 10y +7=0

(d) : Given equation of line is 16x + 9y = 25 (i)
and ellipse is 16x% + 9y* = 144 ..(ii)
Let (h, k) be middle point of the chord intercepted on the line 16x +
9y = 25, the equation of chord is
T=Y
= 16xh + 9yk — 144 = 16h% + 9k? - 144
= 16hx + 9ky = 16h* + 9k? ..(iii)
Now (i) & (ii) represent the same line
16hx + 9ky = 16h? + 9k?

" 16x + 9y =25
2 2
16h ok 16k +9k"
16 9 25
2 2
zh:k:M:}»
25

= h=A=kand 16h* + 9k* = 25\,
= 2502 =250 =>A=0,A=1 (o A#0)
= h =1 = ks the required middle point on the given chord.

2 2

(d) : The ellipse is % + yT =1
Its auxiliary circle is x* + y* =9 ...(i) (22 2)
The equation of AB is

§+%=1 = x+3y =3 ..(>ii)

Eliminating x from (i) and (ii), we get

(2
5°5

1
.. Area of triangle AOM = 5 AO-MN =

1,92
275 10

a a
end of a latus rectum through S(ae, 0)

2 2 2
(d) : Let equation of ellipse be x_2 + Z—Z =1 and P[ae,b—] be one

Now equation of normal at L is Ay b2
2 2 I~ P|ae—
ax by _ 2 2 a
——-—==a"-b
ae  ba 6 x
:>E—ayzaze2:>£—y=ae2 L [©b)
e e

Now this normal passes through L’(0, b)

so—b=ae? = b2=a2et
nar(l-ed)=aket= et+er-1=0

(d) : Equation of any tangent to the ellipse is

y= mx +\a’m? + b* ..(1)

Equation of the line through the centre (0, 0) and
perpendicular to (i) is
x+my=0 ...(ii)
Eliminating m from (i) and (ii), we get the required locus of the foot
of the perpendicular as
2 2
y= ML P2 x—2 +b
% y
= (xz +}/2)2 =a%x2 + b2y2
which is fourth degree equation in x and y does not represent a
circle, an ellipse or a hyperbola.

2 2

(b) : We have ~—+2— =1 v
16 9 (0, b)
=a=4,b=3 (a, 0)
> x
9 7 \/7 €, 0) S(ae, 0)
and e=, [l-—=,[—=—
16 16 4

. {162\/; = CS=ae= \/7

2

Length of semi-minor axisisb=3 .. % = g = \/; 3
_ 1.9 _4
(a) : We have e=,|1 %5 =5

. 8(4,0), S'(-4,0)
P(E)corresponds to (5 cosE, 3sin E) ie., [E, ﬁ)
3 3 3 202
PS=3,PS=7&SS =8
o(2.25)

27 2

(4, 0)S" 5 S(4,0)

.. Incentre is given by

{8(5 )+ 3(—4) +7(4) 8(¥)+ 3(0)+ 7(0)}

7

2
8+3+7 8+3+7

ie, (2,i)i.e., 2,2 _|so=2
3 221
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10.

11.

12.

2 2
(d) : mx -y + c=0isanormal to a—2+Z—2=1
2 2 2 32\2
@“—2+l’ :w:ﬂaz+b2m2)cz:mz(az—bz)z
m 1 c
2 12\2. 2
a” —b" ) 'm
:>CZ=( 2 2)2
a“+bm
2 2
(c) : Let the required ellipse be —+%:1
o
I 16
t passes through (0, 4) = F:1 s B=16
9 4
It passes through (3,2) = 7+E:1 = o=12
o
Also o0=B(1-¢2) = 12=16(1-¢?)
= §=1—ez = e2=1 e:l
4 4 2

(d) : Length of minor axis = Distance between the foci

s 2b=2c or b=c
LR+ E=R = =2 - a=2b
b 1

or eé=—F7— —
V2b

V2
(d) : The equation can be written as
4x-2)2+5(y-3)=1

c
Eccentricity of ellipse, € =—
a

2 2
-2 -3
-2 -3
1 1
4 5 1
Length of major axis = 2 x > =1=2a
. . 1 2
Length of minor axis =2 X —==—==2b
5 5

..(1)

... (if)

hf -bg hg—a
Centre=(f—§> g—£)=(2,3)
ab—h" ab-h
x2 2
(b) : Let the equation of the ellipse be _2+)/_2:1
b2 a“ b
= =4ie b =2a
a
Also, given that distance between focus and its nearest vertex is 3/2.
3
ie, a—ae=— = l-e=—
2 2a
3 2a-3
= e=1-—=
2a 2a
, 4a®-12a+9 b’ 44’ -12a+9
= =—"= l-—="""—+
4a a 4a
2
2 4a”—12a+9 .
= 1-=="2 "0 by (i)
a 4a
=4a(a-2)=4a>-12a+9
4a=9 ‘1_2
=4a= 1

From (ii) and (iii), we get e = 1/3.

DPS/M/2

....(iii)

13.

14.

15.

16.

17.

18.

19.

(d) : Equation of ellipse is 9x? + 16y* = 144

2 2 2 2
N A X Y 4, b=
R 7T AT
9 16

Sum of focal distances from a point=2a=2x4=8

2 2
(d) : The ellipse x_z + Z—z = 1. It passes through (2, 2) and (3, 1).
a

4 4 9 1

Sl +g=1,2=1-2

a* b a* b b? a?

4 9 1 3 5
—2+41——2 =1:>_2:__2__

a a 2 327 3R

32 32
Pea(l-d)= —=T1-)=1-¢ =

(d) : Fact : Locus of the point of intersection of perpendicular
2 2

x
tangents to the ellipse —+ )’_2 =1 is the director circle whose
a- b
equation is given by x? + y2 = a® + b?
2 2

= Equation of director circle of the ellipsez—5+i}—6 =1 is the

director circle whose equation is given by
x% + y2 =25 + 16, now (5, A) lies on it
S254A2=25+16=>A =14

= Statement-1 is correct and statement-2 is locus of point of

2 2

intersection of | tangents toz— +i}—6 =1 is x* + y> = 41 is also

correct and correct explanation of statement-1

2 2
x Y

+
2-r)y (-5
if2-r<0,r-5<0 = 2<r<5

(b) : Given 2ae =20 and e = \/5
a= @ = 5\/5
2e
Again b? =a?(e? - 1)
b2=25%x2(2-1) =50
.. Equation of hyperbola x> - y? = 50

(c) :

=-3 isan ellipse

(- ae, 0)§

(d) tan9 = é
’ 2 a

, 2
e= 1+b—2=1f1+tan29
a 2

0
= sec —.

(a) : A point on x> + y* = a® is (a cos 0, a sin 0). The chord of contact
of tangents from it to the hyperbola is §; = 0.
xcos0-ysinO=a ..(1)
If P(xy, y1) is the midpoint of the chord of the hyperbola, S; = Sy,
xxy = yy1=x" =y ..(ii)
cos® sin0 a
(i) and (ii) are same. = = )

X1 N xl2 - y12

1 a
or =

2
\/xl2 + ylz X1 N

. The locus of Pis a*(x? + y?) = (x? - y»)2.

2



20.

21.

22.

23.

24.

2

2
(c) : We have 2b = ae and Lz 8
a

Also, we have b? = a%(e2 - 1)

Now, eliminating a and b from these equations, we get
2

e 2

jI=e2—1:¢ 4=3¢% - e=——

V3

(c) : The ends of the rods are A, B, C, D
y

D

p

C

o 4 & B '
AB =2a,CD =2b Since A, B, C, D are concyclic,
OA-OB = OC-OD ()
The centre (x, y) of the circle is on the perpendicular bisectors
of AB and CD.
A+ B C+D

x= =0y = =B

OA=0-a, OB=0+a, OC B-b OD=F+b
Now, (i) = o2 —a? = f2 = b?, or x> — y* = a®> — b?, a rectangular
hyperbola.

(b) : The given equation can be written as
9(x? + 2x) - 16(y* - 2y) = 151

or, 9(x? + 2x + 1) — 16(y* - 2y + 1)
=151+9-16 = 144.
2 2
(x+1)* ()’_1) -1 or X__Y_=1
16 9 16 9
where X=x+1,Y=y-1,a®2=16,b*>=9.
Centreis X=0,Y=0. ie. (-1,1).
b=a2%(e*-1). .. e=5/4.

Fociare X=tae, Y =0.
oLx+1=%4.5/4,y-1=0
or, (4, 1) and (-6, 1).

(b) : The normal at P(ct, %) is 2 x — y = c(ﬁ _%)

It meets the curve at P, (ctl, tiJ
1

1 1 1 1
Pt ——= =l -H+--—=0,
t t t 4
, 1 1
t“"+—=0 :>t1 = -3
it t
c 1
The normal at P; meets the curve P, | ct,, — |, t, = -—
t f
-3
-3 -1 9 N
t, = —t = —| — =1 R Pz—(ct,—).
2 (t3) t’
c
(a) : The point (ct, ;J lies on x? + y? = a?
20, & _ 2 24 _ 202, 2
ctt+ 5 =a or ettt -att+c =1
t
If t,, ty, t3, t4 are the roots, then 2
t1+t2+t3+t4=0, L1tytsty =_2= 1, (1)
c

..(if)

t1t2t3 + t2t3t4 + t3t4t1 + t4t1t2 = 0

25.

26.

27.

28.

29.

o s 1 1 1 1

=Ll g
ot 3 1y

'.x1+x2+x3+x4=c(t1+t2+t3+t4)=0

...(iii)

x2 2

XY
(0 : 362

2 2
y_z_x 1_x—36:> k2=

1,,is a hyperbola = k2> 0

36y°
=36

Now,

36 36

Now for k2> 0= x> 36
This is true only for point (10, 4)
. (10, 4) lies on given hyperbola.

(b) : PQ=0P = PQ?= 0P
. 4a’sec?0 = a%sec20 + b*tan0
2
We have - = 3cosec’® = 2 — 1 = 3cosec?®
a
2

= cosec’0>1

(c) : Tangents at (h, k) is h_x - k_y =1 (i)

v
Eliminating x from (i) and x? + y> = a

4 2
2 (1+Z—yJ +y2=a2

h2
R
)=
a

a
h2 b4 2
[H+ 4}%mw@+w@_%}w
a a

But — - —=1
a® b

2, we get

= (b + ky)* +

2 n’b* 2 2 2,2
.. k+—4y+2bky—kb =0
a
2b%k

Nt _2
kv k

If y; and y, are the roots, then ——— =
n 72 N2

k= 2y1y2
Nntr

(b) : The hyperbola x? - 2% - 24/2 x - 44/2 y = 6 = 0 can be

(x—f>2 (y+f>2 o

Wehavea=2, b= \/— = 6_1’ —\/7

The area of the triangle ABC = = a(e - l) —
a

= yi, k y,arein H.P.

reduced to

e 23 1)
_be-1n _ \N2 _Jg_l
o2 2 “\2

(c) : Tangentat (-1,1)is S;=0=-3x-4y+1=0

1
It meets x-axis at A(g, 0) and y-axis at B(O, Z)
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30.

31.

32.

33.

34.

2 2

(d) : If the line y = mx + ¢ touches the ellipse x_2 _y 1

2
= 2% - a?(mx +c)? - a?b?*=0 a b

= x*(b* - a’>m?) - 2a’mcx - (ab? + ac?) = 0 whose roots are equal
(i.e. D=0)
= 4a*m?c? = - 4a*(b* + &) (b* - a®m?)

= ¢? = a’>m? - b? (Statement-2 which is given)

Now using a? =5, > =9, m =3
M=a'm?-b* = A=1J45-9

A=16 A#45

= Statement-1 is false
*. Statement-1 is false and statement-2 is true.

(b, c) : cosB + cosC = 4sin%(A/2)
We have 2cos B+C cos B-C = 4sin? é
2 2 2
. A B-C .24
= sin— cos = 2sin“ —
2 2
B-C A A
= cos = 2sin— osin—#0
2 2
Multiplying with cos(A/2) # 0, we have
B-C . A A
COS— COS =2sin—cos—
2 2 2
-(B+C B-C .
= cos(7t (2 ))cos( 2 ): sin A

= ZSin(B;CJcos(B;C):%inA

= sinB + sinC =2sinA = b+ c¢=2a
Given ‘a’ is fixed we have b + ¢ = constant, which means that the
locus of A is an ellipse.

(a, b) : As slope of tangent = 2
Equation of tangenty =2x+,/36 -4 = y=2x+ 42

SN NI
22 a2

22
Compare with W
9 4

N

1, we have point of contact as

2 2

(9 1) (—9 _ 1)

22 V2 ) 22" V2

(a,b) : The equation of the ellipse can be written as — + DA
1/4 1/9

where a? = 1/4, b = 1/9. If e is the eccentricity of the ellipse, then
e2 = (a® - b?)/a?

—e2=5/9= e=5/3.

The co-ordinates of the foci are (£ ae, 0) = #V5/6,0)
(a, b, ¢, d): From given equation
16(x - 1)2-9(y -2)*=144
N2 o2 2 2
NGl O et ) M C b N6 k) B
9 16 32 42

*. Length of major axis=2x4=38
Centre:x-1=0andy-2=0 ..
Length of minor axis=2x3=6

Centre (1, 2)

o, b a* + b
Eccentricity : e~ = - 1=
a
25 5
==
9 3
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35.

36.

37.

38.

39.

40.

1
(b, ¢) :The normals at (t, ;) is xt? — y= £ - %

Slope:t2>O:>—%>0 soa>0,b<0or a<0,b>0.

(a, ¢) : Equation of asymptotes of the given hyperbola differ with
the constant only
". Equation of asymptotes is given by
252 + 5xy + 2y + 4x + 5y + A = 0, will represent a pair of straight lines if
abc + 2fgh - af? - bg? - ch*=0

. Herea=2=0, h—z, g=2 f=
5)(5 25
2‘2”)”‘”(5)(5)‘2(4) 2= X( )
9

—%+—=O=>k=2
4 2

c=X

Nlm

N

25 25
= 47\4+25—?—8—T7\,=0 =

". Combined equation of asymptotes of the hyperbola is
2x2+5xy+2y2+4x+5y+2=0

(a,d): Given 9x? - 5)?=45& y=2x+ A

= 92 -5Q2x+A)?-45=0

= (9-20) x2 - 201 x - (502 + 45) =0

= 11x2 + 20Ax + (5A2 + 45) =0 (1)
The line will touch the hyperbola if both roots of (i) coincide

. D =0= 40012 =4 x 11(5A% + 45)

= (100 - 55) A2 =11 x 45

=M =11 -~ A=%11
2 2

(a,b,c) : We have (x 31) _(y-li-62) =1
Here,a fb 4

". Length of transverse axis = 2a = 2\/7
Length of latus rectum - 22, = 246) _ 32
ength of latus rectum = — = ———=—F—

: NN

b? \P
= 1+—=,—
a* 3

". Equation of directrices are given by

x—1= + — ie x=1% T
(b) : (A)-(x) , (B)-(S) » (©)-(q) , (D)-(p)
The equation of the given ellipse can be written as x*/a® + y?/b* = 1
where a® = 5, b* =

a?-p? 5-4 1
= e = 2 == —

a 5 5
o a_ s
Directrixis x=—=—-F==5

e l/x/g
1
Alatusrectumisxzaezx/ngzl
5

Tangent at an extremity (5, 0) of the major axis is x = J5
Minor axis is x = 0.

(a) : (A)-(s), (B)-(r) , (C)-(q) , (D)-(p)
Here L = (l, L),ThetangentatLis x+\/§y=2

N
The normal at L is \/Ex—y:% s T=(2,0), N=(1/2,0),
2
=5
M= _2) -
( \/5)



41.

42,

43.

44,

45.

46.

(A) Area of ALNT =

N

3
(B) Circum-radius = — = —
2 4

1
(C)LN:LT= E

(D) =1
NM 5
(b) : Let P(a cos 0, sin 0) be a point on the ellipse. The radius
of the largest circle is the minimum value of PQ.
£(0)=PQ? = (acos 0 - h)? +sin%0, f(0) = -2 sin O [(a® - 1) cos O - ah]
ah

a“ -1

f(0)=0=0=0, cosb =

= f(8) is minimum if cos® =
a” -1

1
Provided h < g — 1 and 0 = 0 provided h > a .
a

2
2 4 4 2
a=2h=1= cos 0==,PQ* =| =—-1| +1--==
3 3 9 3
2
r==
3

2

1

(@) : cos 6 = ah =§,PQ2 =(2—2) -2t
4 4 16

a*-1 2
1
L r= T
2 VA
(c) : Transverse axis = 22 =24 <
Conjugate axis = 22 = 2b 0(1, 1) >
X

b2
Latus-rectum = 2-— = 2a = 24/2. 5

(b): 0S=+2a=2 :fs:(\/i, J2).

(d) : Since length of latus rectum = 2a = 2\/5

1
< AOLL, = 5(2)2\5 =22

(4) : The second curve is the image of the first curve in the line
2
x = y. The tangent to % — yz =1is Yy =mxi\l3m2—1 (1)

2
Thetangenttoy?—x2 =1is x:myi\j3m2—1

(1), (ii) are identical if 1 =morm==x1 (i) givesy =x +V2
m

..(ii)

47.

48.

49.

50.

@

which meets the first curve at A(

1 i)
27 V2
. AB=4(2V2)% + (2\2)? =4.
2

(4) : Equation of normal of the ellipse x_z + )/_2 =1 at (acosb, bsin0)
a

51
Sl L

and the second curve at B(

ax by =a* —b* . Let normal is passing through a given
cos® sin®
h bk
point (h, k), the —— — —— = a — b?

cosO®  sin®

= 2ah(l + tan? EJtang - bk(l —tan* 9)
2 2 2

= 2(a2 - bz)tang(l — tan® Q)
2 2

which is a four degree polynomial in tang , therefore, it
may have four real roots.

(4) : We have, ae =+/7

r=\/m=m=4

2 2
(3) : Foci of hyperbola X_Z_y_z =1is given by (+ ae, 0) where
=1+ i ¢ ’
a? 3
Now, in the given hyperbola, e = |1+ -
a
Thus, ae = a*+3

3
For the ellipse, e = 1 - 4/16 = e = >

- Foci (£4v372,0) i (£24/3,0)
Both foci coincide

“Na?+3=23 > a*+3=12 2 a=+3=|a|=3
2 2
(5) : Equation of ellipse is 9x + 16y? = 144 or = + P 1, Comparing
16 9
2 2
this with =+ 2= =1 , then we get a> = 16, b? = 9 and comparing
at v
the line with y = mx + ¢
~. m=1and c=),iftheline y = x + A touches ellipse 9x? + 16y? = 144,
then ¢ = a?m? + b?
= A =15, so numerical value of A =5
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DAILY PRACTICE SHEET

Limits and Derivatives

1. (d): lim

n—>oo

{1+2+3+...+n n}

n+2 2

) nn+l) n , —-n
= lim ——%=1lim =—lim ——=
n—eo |2(n+2) 2| n—oe2n+2) n—eo 2(1+2) 2

10 n
 (1+2x) 7 -1
2. (d): lim ———
x—0 X
C1+10-(2%) + 45-(2%)° + ... —1
= 1um
x =0 X
= lim (20+multiple of x):20
x —0

lim[n]=lim n = (. for x e L[x]=x)
n—yoo n—soo

Limit does not exist.

3. (¢):

a b 2x
4. (b): LetL=lim [1+=+— | =¢?
X—>o0 X x2

Since, Lis 1° form L=exp lim (ﬁ + %)Zx

X—o\ X x
= ez=exp lim 2(a+2)=62“ =a=LbeR
X—>00 X
25 25 26
5. (b):ByLH.rule L=1lim Y kx* =) k=25x=325
=L k=1 2
2 2 2
6. (b): iy L TE Tetn
n—eo 4 +6n° —5n+1

nn+1)2n+1)

. 6 1., 2n’ +3n +n
= lim 3 > =— lim 3 >
n—e 4n” +6n° —5n+1 6n—oe| 4n’ +6n° —5n+1

N
y PR 1| _2+0+0 ] 1 2 1
=lim|l—————|=——|=—X— =—
6noe| ,, 6 5 1| 6/4+0-0+0| 6 4 12
44—+
no o o

7. (a) : Given limit is in 1*° form

X X X
a; +a; +..+a, —n

. L=exp lim
x—0 X

1
(Substituting— =y as x — oo, y —0,after that replace y by x)
X

=exp lil‘l)‘lo (af Ing,+a; Ina, +...+a, In an) (Using L.H. Rule)
X

=expln (aja;..... a,) = a1a;.....a,.

9. (¢):

1 1
8. (b): LetL=lim x*+ lim x* =L, +L,
x—0 X—>o0
Inx _.

L = lim x* =exp lim —~=¢™~ =0

x—0 x—0 X

1 .

L, = lim x"* =exp lim =% (Using L.H. Rule)

X —>00 xX—oo X

1
=exp lim Z=e'=1 SL=L+L,=0+1=1.
x—>00 X

m r m n—r
lim nc,(_) (1__)
n— oo n n

nn-1)n-2)...(n—r+1) m_’

7(n—r) X m

(N

= lim
n— oo r! nr
-D(n-2)..(n—r+1
_ lim nn-1)mn-2)...(n—r )(mr)><
n— o noor!
r
n (1‘2)(””)
lim (1—ﬂ) "
n— oo n
)
- lim n n n r. e(lfO)(—M)
n—> oo r!
2(1—0)(1—0)...(1—0)mr S :e"” m’
rl r!
D (420 (43904 L+ (10910
10. (¢): lim n 0
x>0 x +(100)
10 10 10
x10|:(1+1) +(1+4) +...+(1+100) ]
= lim x x x
X —> oo

“e2])

=1+1+1+... 10 times = 10
2 2 sin? x
11. (C): L= lim (lcosec X +2Cosec x+ ..... 4 peosec x)

x—0

2

cosec’x cosec”x
. 1 2
= lim || - +|— +one
x—>0\\"n n
2 sinzx
cosec x
n—1
+— +1 ‘N
n

=0+0+.... +0+1)° n=n.
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12,

13.

14.

15.

16.

17.

18.

(d) : Lis 1* form.

cosx+asinbx—1

L=exp lim
x—0 X
asinbx 26in” >
=exp lim - 2 [=e%,
x—0 X X
() : lim (secx)™* ™
x—T/2

Putx=y+§.1fx%§theny%0

07 _

li ( +E) 5_}"5_1. (- y™» =lim 1.
ygr%) sec| y+- —ylg}) cos y Y30 (cos y)?

l 1 sinx
(c) : Let L= lim | (sinx)* +(—) =L,+L,
x—0 X
In(si oo
L, = lim (sin x)V* In(sin x) =e =0
x—0

=exp lim
x—0 X

—Inx

sin x
L,=lim [ — =exp lim sinx(-Inx) = exp lim
x>0\ X x—0 x—0 COoseC x

1 1
=exp lim | -——X ———
x—0| x (—cosecxcotx)

. sinx 0
=exp lim — -tanx=e =1
x—=0 X

wL=L+L,=0+1=1

sinx

(b) : For x € (-9, 8), sin x < x or lim =1

x—0 X
. sinx
or [hm ]:0

x—=0 X
Also, x € (-9, §), tan x > x. But from this, nothing can be said
about the relation between sin x and x.

Hence, both the statements are true but statement 2 is not the
correct explanation of statement 1.

@ : {(1 +0* )= (1 +x) 7 = [(1+x) 2

Now, lim(1+x)%* =¢?
x—0

or lim{(1+x)**}=e>—[e’]=¢*-7
x—0

. 1 2013°-1 . 1 2013*-1 1
(a) : lim —2+— =lim|—+——
x—0| x ex—l x—0 x2 X ex—l
X
o1 2013 -1 1
=lim —+ lim .
x—0 x°  x—0 b e -1
lim
x—0 X

1
= lim —+log, 2013, which approaches to + e
x—0 x

im log(1+2x) _ lim log(1+2x) %2

(b): li
x—0 X x—0 2x
log(1+2
~ fim 08020 o
x—0 2x x—0

DPS/M/2

19.

20.

21.

22.

23.

) :f(x)=(x-2)(x-4)(x - 6) ...(x - 2n).
Differentiating both sides
ffx)=(x-49)x-6)...(x-2n)+(x-2)(x-6) ...
x=-2n)+..+(x-2)x-4)(x-6) ... x-2n-1))
= f'2)=(-2)(-4)...(2-2n)
=(-2)"H12..(n -1} =(-2)"Y(n-1)!

= y={Jf@W+y = y-y=fx

b S
= (2)’—1)3—16(96) S dx 2y-1
© : g(x)zﬁ,
log cos™ (x—1)
(x-1)"

p= lim g(x)= lim ——"——
x—1 x—17 logcos™ (x —1)
Setx =1 + &, then / > 0. Also, the limit reduces to

n n
p= lim — = lim ——
h—=0logcos™h  h—0 mlog(cosh)
1 .. K
= — lim
m h—0 log[l—(1—cosh)]
—l- lim U
m h—0 IOg[l_(l_COSh)]-(l—COSh)
(1—cosh)
1 _ 1 W2
= —. lim K"2. .
m hl—rﬁ) log[1-(1—cosh)] 1-cosh
1—cosh
1 1 W
= —limh" 2. :
m h—0 log[1-(1—cosh)] 25in2ﬁ
1—cosh 2
1 hi2 Y
1 . -2 R
=_(hmh" ) . log[l—-(1—cosh)] [2qlim| . h
m \h>0 lim———=— h—0| sin—
h—0 1—cosh 2



24.

25.

26.

_ ji.(ihnlh”‘z (A
h

}(—1)(1):—3(““1 ’“H)
m -0 m\h—0

As p is the left hand derivative of |x - 1| at x = 1 we have p
= -1, as can be seen from the graph of y = |x - 1|using
p=-1in (A), we have »

yo_2(limA" 2
m\h—0

il:g(limhn_z) X
m\h—0

For the above to be satisfied, n = 2

y=-x+1
y=x-1

2
— 1= m=2
m

Thus,m =2 and n =2.

which gives, 1 =

(b) s f(x) = log (”—x gl =212
1- 1+3x*
fog(x) = fig(x))
3x+x°
_ (3x+x3j ~log I+ 1+ 352
1+ 3x? 1— 3x+x°
1+3x°

4 (fig(x)) =3 f"(x)
dx

. x
(c) :y=sinx+e*or == =cos x + &

dx dy
or E = (cos x + &) ! ...(0)
2 )
Again, —2=—(cosx+ex) (—sinx+ex)d—x
dy dy

dx
Substituting the value of —— from (i),

dy

42 sinx —e” _
@%_W(COSX-MX) g

sinx—e”*
3
(cosx + ex)

y
(a) : Let ¥’
yW=log(x+v)=v ..

=log.(x + log,(x +...)) =v
y=v'

d—yzv]/ d( log, v ) andﬁzev—l
dv dx dv

1
w(l 1 1 ——2
=v 1/(—-——V—Zlogev) =v¥ (1-log,v)

Wandx=¢e"-v

=

AR
1
dy_vV_ (l—logev)
dx e’ —1
Now, y/V =2 &e'-v=¢>-2

vy =2 or v = 4, which is not valid
v=2, ev—v=ez—2=x,givensotrue

(d_)’) _(d_y) _ 1-log2
dx J,_py5 \dx )y 242(2-1)

=

27.

28.

29.

30.

31.

(b)

: We have

fQ2x+2y) _
f@ex-2y)

sin(x + y)
sin(x—y)

sinfgx)zsinLﬁ)zK or f(x)=Ksing

B

2 2
’ _5 f ” :i . f
f(x)= 2cos2 and f”(x) . sm2
4f"(x) + flx) =

:y=x2+l or y2=x2y+1
d 2
Zyd—y=y-2x+x2d—y = _yz_xyz.
dx dx dx 2y-x

(b) : Given, f(x)=\/x+2\/2x—4 +\/x—2\/2x—4

Let flx) =

Il +12

where, I; =\/x+2\/2x— =\/(x—2)+2+2\/2(x—2)

Similarly, I, =vx—2v2x— —|\/ f |

N2 () a2

N e SO S e Y

= f(x)=(\/xT+x/_ +|JE—JEI

2
= f)=|Vx-2if Jx-2>V2 = x>4
W2 if2<x<4
1
Now, f'(x)= if 4<x<oo
f 2x—2
=0 if 2<x<4

1
But when x =4, 1’(4) = 6 is not defined

f(x) is differentiable on (2, 4) U (4, )

ie.x € (2, ) - {4}.
(a) : Since | f(x) - f(y)|<|x - y|°, where x # y, we have

f)-f()

<|x-»f
x=y

Taking limit as y — x, we get

or

or

(15)
(a, ¢) : Since, (1 - x)1/2 :1_lx+L 2

lim =) < lim |x—y|2 <
y—ox xX—=y y—ox Yo%
f'(x)|<0=0
S (x)=0

flx) = ¢ (constant)

(

4 i Vr—2-2<0=> x<4

If’(x)] = 0)

DPS/M/3



32.

33.

34.

X
a—(az—xz 1/2
We have L = lim 4
x—0 x4
1/2
x* x2
a-ayl-— e
a
= lim 1 (\]a2 =a " a>0)
x—0 X
1 x> 1x* x?
a—aql——————+... -
2 42 84* 4
= lim "
x—0 X
1 1) «*
o [P R
(Za 4) 8a
x—0 X

1 1
As the limit exists we have — =— =g =2, and then the
1 11 1 2
limitis g 37 g 53~ g4-

_ (x2 +1)2 —3x? _ (x2 +1+\/§x)(x2 +1—\/§x)

(b,o): ¥
x2+\/§x+1 x2+1+\/5x
d—y=2x—\/§ or a=2 and b=—\/§
dx
5
a—b=2+\/§:tan—n=c0t1
12 12

2/x
(b,0): lim (1+ax+bx2) =
x—0

2
= lim —(ax+bx2)=e3
ex—)O X

3
= H==20=3 = a=>

Since, limit value ¢** does not involve b.

b can have any value.

Thus, azg and beR.

(a,b,0): L= lim 1280* 1
x—a 2sinx—1
For a = m/6,
1-25si
LHL= lim — %
o 2sinx—1
X——
6
2sinx—1
RHL= lim 222* 714
xt 2sinx—1
x—)?

Hence, the limit does not exist.

. 1-2sinx
For a=m, lim ———=—

x—n2sinx—1

(as in neighborhood of m, sin x is less than 1/2).
T 2sinx—1
For a=—, lim &zl
2 x-mn/22sinx—1

(as in neighborhood of 7/2 sin x approaches 1).

DPS/M/4

35.

36.

37.

38.

o n
(@bd): f(x)=lim log(2 +x)—x""sinx

n—seo 1+x*"
F)= lim 28308105 Gn)
n—>oo 2

L, |0 if xP<1 )
Now, lim x*" = For x“ < 1, we have

n—eo o if x*>1

log(2+x)— x*" sin x

f(x)=lim > =log(2+x) for x* > 1
n—seo 1+x™"
log(2+x) |
o —sinx
f(x)=lim X =—sinx
n—soo 1
1+ n
x
log(2 +x), xr<1

Fx)= %(log?y—sinl), x=1

—sinx, x2>1
lim f(x)= lim log (2+1-h)=1log3
x—>1" h—0
lim f(x)= lim(-sin(1+A))=—sinl
x—1" h—0
Clearly both limits exist and lim f(x)# lim f(x)

x—1" x—1T

_ 3+2log,t
t

>

1+log,t
(b,d): x= de

t(i)—(3+210g‘,z t)
dy dyldt 2 (—l—zloget}_t

dx dx/dt tzc)—(l+loget)2t —1-2log, t

t4

Eliminating log,t term from y, get
C1+2t%x  1+2(y)%x
=== "

or yy =14+2x(y)*

or yy"+ () =dxyy -y +20/)

or yy"=4xy -y + ()

dy e\/; e_‘/; e\/; —e

dx 2dx 2dx  2dx

_ \/(e‘/;+e_‘/;)2—4 _ y2—4
2x 1x

(a,c) : Since x*> > 0 and limit equals 2, f (x) must be a positive
quantity.

(Differentiating w.r.t x)

Jx

(a,¢):

fx)

Also, since lim =—==2, denominator — zero and limit is
finite. =0 x

Therefore, f (x) must be approaching zero or lim[f(x)]= 0",
x—0

Hence, lim[f(x)]= 0",
x—0



lim [&]z lim [xM]=0 and lim [&:l (c) L= lim iw

x—0TL X x—0t x2 PN n—oyp—1 n
_ fim [xf(x)]:_1 i L @D @1
x—0" X n—oop—-1 n2 r=1 n2
Hence, lim [&] does not exist. - lim = i 2r-1)-0=x
x—=0 X n—>°°n2r:1
39. (@) :(A)-(p>q, 1), (B) - (g,8), (C) - (g, 1), (D) - (r) (since 1 + 3 + ... + (2n — 1) = n* and each of the terms
— |42 .
(A) The graphofy=lx _%,lxl E —{(2r—1)x}<l and their sum < i=l —0asn—> )
. . A n n n n
............................................ 3.............
" 2 2
: : E . . : D) lim [ (r+2)(r2 2r+22)
----- 5 SRR SO SR SO SO SN 8 S n—eor=3(r —2)(r% +2r +22)
; ; ; ; ; : n n o2 _ 2
----- Brrne N e L = lim [] re2, rz 27+22
N noerosT=2 e 22
5L a0 T 3 e 56789 n+2 71219 n’-2n+d
_____ n—ewl 2345 n-2"192839 ;2 2,44
: : Ll i (1= )(n+2) 7x12
From the g.raph, dy./dx is negative for (p) (q), (r) . n—eo 1-2-3-4 (% +3)(n? +2n+4)
(B) Thegraphofy=|log|§||: (l—l)(l+l)(1+g)
4 n n n) 7
T : : : =im o3 2 4\ 2
: : : NnN—>o0
41. (b):y=log,x =log.x - log,e
1
y=—log,e
X
_en,
Yy =—log,e
H H H H H H X
----- _ V(a3 291,73
] § § 1 § § § y3=(og,e)(=D(-2)x " =(log,e)(-1)"-2!x
From the gfaph, dy/dx is negative for (q), (s).. S ' :n . '
-)""n! _
—x, —4<x<-2 yn=(10gae)()Tnx n
© (x/2] -x, —2<x<0
y=xx/2]= )" 'nt (1Y
0, 0<x<2 yn(e):(loga e) -
X, 2<x<4 n e
Hence, dy/dx is negative for (q), (r) 2. @:¥=¢"7 = ylogx=x-y
(D) The graph ofyy= Isin x| o= X )= log, x .
; 1+log, x (1+log, x)
/. N = 0=y
i n2 |0 w2 mo 43. (b) 44. (d) 45. (¢)
: : L : ~ sinx+ae* +be* +cln(l+x)
From the graph, dy/dx is negative for (r). (43-45): L= lim .
x—0 X
40. (c) : (A) - (s), (B) - (p), (C) - (q), (D) - (r) 3 ’ 3
X X x° x
T, R | Xx="to [Fall+ =+ +
(A) lim = lim =2 [Using L. H. rule] . 3! 11 2t 3!
x—0 2x x—=0 X = lim 3
1 sinx x=0 X
(B) exp lim (COSX— )=6Xp lim ——— [By L.H. Rule] 2 3 2 3
At w0 20 T PIC.E S 2 P PEE
1 1120 3! 2 3
RG 2
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46.

47.

(a+b)+(1+a—b+c)x+(;+l;—)xz

i 2
= lim 3
x—0 X
1 a b Cc 3
T I
31 31 31 3
JE
a b c
ora+b=0,1+a-b+c=0, —+———=0
b 2 2 2
and L=—l+£__ <
31 31 31 3

Solving the first three equations, we getc =0, a=-1/2, b = 1/2.
Then, L =-1/3.

Equation ax” + bx + ¢ = 0 reduces to x> = x = 0 or x = 0, 1.

[|x + ¢| —2a| < 4b reduces to

[|x| + 1] <2 or -2<|x|+1<2 or x€ [-1,1]

x4—(x2+2x+1)_ 5

3). V= x“+x+1
3): xr—x-1
d—y=2x+1=ax+b
x
Hence,a=2and b=1
x+y
1): f(x)"'f(}’):f(m) ..(1)

Puttingx =y =0, we get f(0) =0
Putting y = - x, we get f (x) + f (-x) = £ (0)

= f(-x)=-f(x) (i)
also, lim & =2
x—0 X

flx +—h2 —f) (i)

Now, f'(x)= ;im

-0
_y flx+h)+ f(—x) o
=m = [using (ii)
h—0 h
f(ﬂ’l—’f)
= f'(x) = lim 1- (X + h) (—X) [using (1)]
h—0 h
h
oeiml’ (vt
= = h0 h

h—0

(CI.

= f’(x)=lim
f h 1+ xh+ x>
1+ xh + x*

X lim

= f'(x)=1li
f hlinO h h—0 1+ xh + x*
1+xh+x°
(using lim —f (x)zz)
x—0 X
, 1 , 2
= fx)=2x 3 = f'(x)= 5
1+x 1+x

48.

49.

50.

, 2 2
= fl)=—"5==
1+1° 2

(9) : Let degree of f (x) is n, degree of f'(x) is n - 1, and degree
of f”(x) (n - 2). Hence,

n=m-1)+mn-2)=2n-3 . n=3

Hence, f(x) = ax + b +ex+d (a#0)
f(x)= 3ax’ + 2bx + ¢
[ (x) = 6ax +2b
ax® + bx® + cx + d = (3ax” + 2bx + ¢)(6ax + 2b)
1 1 1
184°=a or a=— = —= =9
18 2a 5, 1
18
(9) : We have, y:w (1)
cosx

Differentiating (i) w.r.t. x, we get

cosxi(sin(x +9))—sin(x + 9)i(cos X)
dx dx

ay _

dx cos? x

_ cosx(cos(x +9)) x 1 -sin(x +9)(-sin x)
- cos? x

_ cosxcos(x +9)+sin xsin(x +9)
- 2

cos“x
_cos(x—x—-9) cos(-9) cos9
cos? x cos?x  cos®x
d cos9  cos9
4y = = =cos9

dxlat y=0 (cos0)? 1

x? + xtan x — x tan 2x

7): ¢'(0)=b=li
@: g0 xlg}) x(ax + tan x — tan 3x)

. x+tanx—tan2x
= lim
x—0ax +tanx —tan3x

B=117224 oo)
3 15

= lim
x—0

b can be finite if a + 1 — 3 = 0. Therefore,

7

3 -7 3 7 b

a=2andb=—3=(—)(—)=—:>52—=7

145 U3 N-26) 26 a
3
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(c) : Variance doesn’t change with the change of origin.

(c) : Firm A : Number of wages earners (1) = 586
Mean of weeakly wages (x) = ¥52.5
Total weekly wages = 586 x ¥52.5 = 330765
Firm B : Number of wages earners (1) = 648
Mean of weeakly wages (x,) = 347.5
Total weekly wages = 648 x ¥47.5 = 330780
For firm A, x; = 52.5 and ¢ = 100

1
CV. = ﬂ x100=190.47
52.5
For firm B, x, =47.5 and 0 = 121
121
CV. =——x100=254.73
47.5

So, firm B pays larger amount as monthly wages.

(b) : Given, in =256 (.. x =16 and number of terms = 16)

New sum of all observations
=(256-16) + (3 +4 +5) =240 + 12 = 252

Also, the number of observations now become 18.

252

Hence, new mean = — =14

18
(a) : The mean of a, b, 8, 5, 10 is 6.
a+b+8+5+10_6

5
= a+b+23=30 = a+b=7 (1)
=2
Again variance = Z(x’—x) =6.8
n

2 2
N (a—6)+(b-6) +4+1+16=6.8

5
= a?+b-12a+b)+21+72=5x6.8=34
= A+ -12x7+72+21=34
a? + b* =25 .(2)
Using (1), we have
a®+(7-a)*=25
= a-7a+12=0

= @’ +49 - l4a +a° =25
a =3, 4 which gives b =4, 3

(a) : Arranging data in ascending order, we get

xX——, x=3, x—i, xX=2, x——, x+l, x+4,x+5
2 2 2 2

Let, n = number of terms = 8 (even)

(4th + Sth) observation

. Median =
2
1 5
x=2+x—— 2x—— 5
_ 2.7 2_ .5
2 2 4

(a):3630 =2' 3151 112 = 2% 3t 57114
Number of odd divisors of 3630 are (b + 1) (¢ + 1)
d+1)=2x%x2x3

7.

Total number of odd divisors of 3630 = 12.

These divisors are the terms of the product given as
1+3)(1+5)1+11+121)

=(1+3+5+15) (1 +11+121)

Odd divisors are 1, 3, 5, 11, 15, 33, 55, 121, 165, 363, 605,
1815
From these divisors we need those divisor which leaves the remainder
1, when divided by 4.

Those divisors are 1, 5, 33, 121, 165, 605

Number of such divisors are (n = 6) in counting.

Mean of such divisors =
Sum of all odd divisors which leave remainder

1when divided by 4
Number of divisors of the form (4k+1)

_1+5+33+121+165+605_@_155
6 6

(a):Let x and y be the number of boys and girls in the class
respectively.

52x+42
We have, ad )’_50 =x=4y
x+y
x 4 4
=»X="and =-=2
y 1 x+y 5
x 4
Required percentage = X100 =—x100 = 80%.
x+y 5
(c) : The numbers are 2, 4, 6, ......, 21
— 2+4+..+2n 2nn+1)
Mean = X = = = 1
n 2n

1 —
Variance = —(22 +47 +....+(2r12))—X2
n
3 4-(n+1)(2n+1)
B 6

(n+1) n’—1
= 3 (4n+2 - 3n - 3)= .

(n+1)

(b):In the problem x; =i (i =1, 2, 3,

wi=it+i

... n) and weights

Zw; x;
Zw

Mean =
ii(ﬂ +1) i(? +i%)

i=1 _i=1

n
N i +i
i=1

n

> (i +i)

i=1
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10.

11.

12.

13.

n2(n+1)? nn+1)Q2n+1)
_Zn3+2n2_ 4 + 6

S Twi+za D@D n(+D)
6 2

324742 Gn+D)(n+2)  (3n+1)
C 4m+2)  4m+2) 4

(a) : Number of binomial coefficients 2"Cy, 2'Cy, 2'C; ..., 2"C, is
odd (when 7 is even) and middle binomial coefficient is 2"C,,
which is required median.
n(n+1)
2 (n+]
n 2

Mean deviation from mean

A e
i

(¢) :Mean =

+ 1——
n 2
i=—+1
2

n—+1—z<0forz—’;+1, ..... ,n]

n(n_H)
) i e
_1 Ex(n+1)_2 2 +{n/2(3_n+1)_2(n+1)}
n 2 2 2 2 \2 2 2
1
=_Xz[3_n+1_2_1]=2
n 4L2 2
(d): Total number of arrangements of the letters of the word
“FAVOURABLE” is 10

Now, say 2A’s as one letter ..
consider one letter is 9!
Number of ways in which ‘AA’ never come together is

total number of arrangement if AA

=——9lI,
21
o,
.. Required probability = Z'IL' :E
2!
(a) : Probability of throwing a six = %
1 _— 5 1
P(A)=—,P(A)=—,P(B)=—,
oo == P(B)=

Probability of winning A
=P(A) + P(A) P(B) P(A) + P(A) P(B) P(A) P(B) P(A) +...

1 55 1 5 5 5 5
=S IX X —F XXX X =+
6 6 6 6 6 6 6 6 6
1
__6 _6
2
1——5 11
36
. .. 6 5
Probability of winning B =1— —=—
11 11

6 5
". Expectations of A and B are HXU: %6 and Hxllz?S

DPS/M/2

14.

15.

16.

17.

18.

19.

20.

21.

22.

(a) : P(the problem is solved by at least one person)
=1 - P(the problem is solved by none of the persons)

AT
I

(d) : In out of 9 tickets, 5 tickets are odd number and 4 tickets are
even number.

Required probability
°c_*c _tc tc ¢ c
—1X8—1 1 9_1X8_1X_1
Cl Cl 7Cl Cl Cl 7Cl
5 4 4 4 5 3 80+60 140 5
SoX—X—4+=—X=X== = ==
9 8 7 9 8 7 504 504 18
(b): P(A) =0.3, P(B) = 0.6
P(A A B) =0.18

P(ANB)=1-PAUB)
=1-[P(A) + P(B) - P(A N B)]
=1-(0.3+0.6-0.18)

=1-(0.90 - 0.18)
=0.10 + 0.18
=0.28
(b): P(A)=0.2, P(B) = 0.3
P(A) =0.8, P(B) = 0.7
*. Required probability

= P(A) P(B) + P(A) P(B) + P(A)P(B)
=02x0.7+08x03+02x03=0.44

(b) : Total cases when sum of the two sides is greater than the third
side are

(1L, 1, 1), 22 1), (2,22),(2,2,3), (3 3, 1), .., (3,3,5),
(4, 4, 1), ..., (4, 4, 6), (5,5, 1), ..., (5,5, 6), (6, 6, 1), ...,
(6,6,6)} =27

1
Required probability = 57

(d) : Total ways = n! (. letters different)
Favourable ways when all letters placed in the right envelope =1

*. Probability of all letters in right envelopes = 1
n!
*. Probability that atleast one letter is not placed in the right

envelope =1— =

(b): Odd digits =1,3,5,7,9
Even digits = 0, 2, 4, 6, 8
Since, odd digits at odd place and even digits at even place
Place of odd digits = 3
and place of even digits = 2
Favourable ways = *P; x °P, = 1200
Total ways =9 x 9 x 8 x 7 x 6

1200 25

9IXIXEXTX6 567
(b) : Number of vowels are A,O,U,E
One can be chosen by *C; ways
Total letters in the given word = 10
4 2
Required Probability = —=—
10 5
(c) : This problem is based on the property of ® that sum of the
consecutive powers of ® is zero. But three consecutive numbers

are of the form 3m, 3m + 1, 3m + 2, m being an integer.

..Required probability =



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

As we have ry, 1y, r3 are belong to the set {1, 2, 3, 4, 5, 6}, the
number of ways to choose an ordered triplet
r,r,r3=(C)* =8
r1, 13, 13 can be arranged among themselves in |3 ways,
8x |_ 6x8 2
¢ 9
(a) :3 -2 =5, is a false statement but take two aspirins and do you
understand are not a statement.

Thus, the probability =

(a) : The contrapositive of the statement is “If I will come, then it is
not raining”.

(d) : The statement can be written as

PA~R&SQ

Thus, the negation is

~ Q> (PA~R))

(c) : The negation of the proposition

“If a quadrilateral is a square, then it is a rhombus” is

“A quadrilateral is a square and it is not a rhombus”.

(b) : Negation of the given proposition is 2 is prime and 3 is not
odd.

(d) : See the following truth table.

P |9 ]|~q |po~q[~p~qg |pq
T |T|F F T T
T |F|T T F F
F T|F T F F
F F|T F T T
As the truth table matches, we have the statement

~ (p ¢> ~ q) is equivalent to p <> ¢

(a):

pl4q | ~pl~qpr~q~prq Pr~9r(=prq)
T | T| F F F F F

T|F | F T T F F

F| T | T]|F F T F

F|F | T|T F F F

Hence, Statement-1 is a fallacy.
plqa\~p|l~qp—=q9~9=~pP—9 < (~q9—~P)
T T|F | F T T T

T F|F | T F F T

F|T| T|F T T T

FIF| T| T T T T

Hence, Statement-2 is a tautology.

(a) : p A (~q) shows the given compound statement.

(@,¢) :p(AUB) z B < P(ANB) < g ..(ii)

Let P(A) + P(B) = x
From (i), x—P(ANB) 2 %

- x—%ZP(AmB)zé [From (ii)]
7
= xZg:P(AuB)SI:x—P(AmB)Sl [From (ii)]
= x—lSP(AmB)SE: _1—1
8 8
10!
2
(a,b,¢):(a): P(El) P(Ez)_ 11' :H
2121

33.

34.

35.

(b) : P(E, N Ey) =
are together

Probability of two I's are together and two B’s

91 4
1! 110 55
212!

(¢) : P(Ey U Ey) = P(Ey) + P(Ey) - P(E; N Ey)
2.2 2 4 2 18

11 11 55 11 55 55

2
(ab) :Since, 6> f1x1 + 5% (f1x1+f2x2)
fith hth
(fix, +f2x2)2
fxt + fyxy =2
(f1+fz) U e,
(fl X+ Wkt + fofixg + % - fix = %)
(e f y
—2fifa%1%,)
=Dl )
(A+f2)
(a,c) :Let p; and p, be the chances of happeing of the first

and second events, respectively. Then, according to the given
conditions, we have

P1=P§
1 1 \
and _Plz( _Pz)
Py j2)
3
1- 1-
Hence, fz =($) :>P2(1+P2)=(1—P2)2
P 2
1
= 3P2=1:>P2=§
1
Plzg

(b, ¢) : Here, P(M) = o, P(P) =B and P(C) =y

.. The probability of passing in atleast one subject = 0.75 (given)
= 1-P(MMPC)=075

= 1-P(M)PP)PC)=0.75

= 1-(1-a)(1-PA-y=
or,oc+B+v—ocB—Bv—voc+och=i (1)
4

0.75

The probability of passing in atleast two subjects = 0.50 (given)
or M P C) + P(MP C) + P(M P C) + P(MPC) = 0.50
= P(M) P(P) P(C ) + P(M)P(P )P(C) + P(M)P(P)P(C) +
P(M)P(P)P(C) = 0.50
1
= o -+ ol =Py + (1 - by +afy=>
= 20Py=0p+ by +yu—t (i)
2
and the probability of passing in exactly two subjects = 0.40

= P(MPC)+P(MPC)+PMP C)=§
= P(M) P(P) P(C) + P(M)P(P )P(C) + P(M)P(P)P(C)==

2
= of(l-v)+ol-B)y+(1-)py =5
DPS/M/3



36.

37.

38.

= L of 2 (iii)
—_ = — .11
2 ¥ 5
1 2 1
ofy=——=-=—uq
BY 2 5 10

From Eq. (ii), é: o +PBy+ Ya_%

7
of+By+yo=—
B+By+yo=_—o
Substituting the value of oy and of} + By + yo in Eq. (i), then
o+B+ 7+1—3
¥ 10 10 4
6 3 _12+15 27
= a+Bf+y=—
10 4 20 20
(ad) :@q=p=~qVp

and ~p=> ~ 4=~ (~p) V (~q)
Thus,q=>p=~p=~9q
b ~pegd=@Ea~g) Vv (GA-~p)
~p=29Ar~@=p=~(pVgAr~(~qVp)
=(pA~q) A(@A~p)
So, (b) is not true.
© ~p=2~q9=~(pVv(~q)
=pANgq
So, (¢) is not true.
@ ~Cp=~q=~pv~q
=~pNg
Thus~ (~p=>~q =~pAgq
be,d): (@) (p=q < (~q=~p)
=p=9 < (gv~p)
=p=q9 e (~pvq)
= (p=9) & (p= q), which is a tautology.

=pV~q=~qVp

(b) ~ (~p) e p=p e p, which is a tautology.
(© p Vv(~p) is a tautology.
(d) p A(~p) is a contradiction.

(a, b, ¢) : We have, P(X = x) < (x + 1) (é)

=k(x+1) (l)
5

Since, Z P(X=x)=1
x=0

ol (ol o]
et o =) =

1Y 16
 PX=0)=k(0+D| - | =k=—
(@) : P( ) (+)(5) e

(b): PX<1)=1-PX=1)
2k 7 7 lo 112

—k+2= =L=L
5 5 5 25 125
():PX21)=1-PX=0)
:l—kzl—E :i
25 25
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39.

40.

41.

42.

43.

d: EX)= i xP(X =x)
x=0

= i x(x+1) (l)
x=0 >

2 3
E(X)=1~2(1)+2~3(1) +3- 4(1) .00 ()
5 5 5

2 3
.'.lE(X)=1~2(l) +2- 3(1) oo ...(ii)
5 5
2 2 3 4
—EX—— 4t 4.
) 5 {5+5 +53+ }

2
5
2.2 2 3 4
i | B Sk e Rl
5 5 5 52 353

)
2 2 3 4 2 1
=—(1+—+—2+—+ oo) =—(1——) =g><§=E
5 5 52 53 5 5 5 16 8

25
EX)=—
(X) ™
(b): (A)-(r), (B)-(p), (C)-(q), (D)-(s)
(A) P(AUB)=PA) +PB)= PB)=0.7-04=0.3
(B) P(A U B) =P(A) + P(B) - P(A) P(B) = 0.7 = 0.4 + 0.6 P(B)
= P(B) =

(C)AcB=AUB=B= P(B) =07
(D)Bc A= AUB=A= 0.7 =04, not possible.

(@): (A)-(q), (B)-(r), (C)-(s), (D)-(p)
(A) The 3 numbers are aaa choosen in 6 ways. The 3 numbers
are aab in 30 ways. The 3 numbers are abc in 20 ways

20 5
Probability = —=—
56 14
(B) 720=2%.3%.5
The divisors of the form 4n + 2 = 2(2n + 1) are 2, 6, 10, 18, 30, 90

6 1
Probability =——=—
532 5

(C) SSstand for spadelostand spade drawn NS stand for nonspade

lost and spade drawn

Probability = P(SS) + P(NS) = +.12 ;3 13 1

451 451 4
(D) a<b<carein A. P. Then a and c are both odd or both even

5
2
2) 546 1

Probability = —~<4=""—"=—

10) 1098 6
3

(c) : The sum of the observations is nx.
The sum of new observations = nx- - x; + x;
- ’
Mean of the new observations = AXTX TN

n

(a) : As we known that variance is independent of change of origin,
so the new variance will be same.

(d):Let p; be the probability of being an answer correct from
section 1, then p; = 1/5. Let p, be the probability of being an
answer correct from section 2 ,then p, = 1/15. Hence, the required
probability is 1/5 x 1/15 = 1/75.



44.

45.

46.

47.

48.

(a) : Scoring 10 marks from four questions can be done in
343+ 3+ 1=10ways, so as to answer three questions from section
2 and 1 questions from section 1 correctly. Hence, the required

probability is
0, x 19, 11 3
¢, 5\15
(b) : To get 40 marks, he has to answer all questions correctly and

its probability is (1/5)'° (1/15)'. Hence, probability of getting a
score less than 40 is

(1 JIO( 1 )10 ( 1 )10

1-=| [=] =1-|=

5 15 75

(0): P(A) = 0.45, P(B) = 0.35
A B

Hence, P(A N B) =0

(events are mutually exclusive)

(1) : Since A, B are mutually exclusive events
PANB)=0

Since, AUB=S . PLAUB)=P(S) =1

And P(A U B) = P(A) + P(B) - P(A N B)

= 1=P(A) +2P(A)

= 3P(A) =1

(9) : Total number of possible outcomes = 36
Let E be the event of getting a total of 5.

49.

50.

So, E= {(13 4)’ (2a 3)’ (3’ 2)’ (4’ 1)}
n(E) =4
So, required probability, P(E)= 4 =
36

O | —

(1) : In the Ist case,

°C,+"C, 1 6+n(n-1) 1
e, 2 (+3)m+2) 2
= 2mP-n+6)=n*+5n+6

= n2-7n+6 =0

P(they match) =

= n=1loré6 (1)
In the 2nd case,
3 3 n n 5
X =+ X = —
n+3 n+3 n+3 n+3 8

Solving, n*> - 10n + 9 =0
n=9orl
Form eqns. (i) and (ii), n =1

..(i1)

2
1L 1
(8) : Variance, 0> = —* Y, xiz - (_ X J
n =1 =1

X; xiz

2 4

4 16

6 36

8 64

10 100
>x; = 30 Yx2 =220

1 Lo
0zzg(zz())— §><30 =44-36=8
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Relations and Functions

(@:G={l(a,b), (D] |[b-a=d-c}

For reflexive: Let (x, y) € R = y-x=y-x
[(69), (% )] € GV (x,9) € R
G is reflexive.

For symmetric: Let [(a, b), (c, d)] € G
= b-a=d-c = d-c=b-a
= [(cd),(@DbleG

G is symmetric.

For transitive: Let [(a, D), (¢, d)] € G .. (3)
and [(¢, d), (x, p)] € G ... (ii)
= b-a=d-c¢ (from eq. (i)

and d-c=y-x (from eq. (ii))
= b-a=y-x= [(ab),(x,y)] € G .. Gis transitive.
Hence, G is an equivalence relation.
(b) : As both R; and R, are equivalence relations on A, therefore,
(x,x) € Ryand also (x, x) € Ry forallxe A
= (x)E RN Ry forallxe A
= Ry M R, is reflexive.
Let(x,y) € RiNR,
= (%, y)€ Ryiand (x,y) € R,
= (y,x)€ Rjand (y,x) € R,
= (LX)ER NR,
R} M R, is symmetric.
Let(x,y) € RiNRyand (y,2) € Ry N R,
= (% ¥) € R,Ryand (y,2) € R}, R,
= (x2)€ R, R,
= (2 ER NR,
= R; M R, is transitive.

(a) : Since x — x + \/E = \/5 isirrational for all x € R, therefore, x R x
= Ris reflexive.

However, R is not symmetric. Observe that \/E R1

(v \/E -1+ \/5 = 2\/5 —1isirrational)

but (1,\/5) gR(-1— \/5 + \/5 =1, which is not irrational)
Again R is not transitive as 1 R\/g and \/ER\/E but (1, \/5) ZR

(a) : We have, relation aRb is defined iff | a-b | <1
|a-al=0<1 = aRa = Ris reflexive.

(d): Let each line [ € set of the lines (L)

(i) Considerl||I=(,))e RVIeL
= Ris reflexive.

(ii) Letl, l, € Lsuch that (I}, ;) € R then
= hl|lb=hL|[L=Uyh)ER

R is symmetric.

(iii) Again [}, I, I3 € Lsuch that (I}, ;) € R

and (l,,5) € R= Ii|| hand L || 5

= LllL]L
= L||b=0,5)€ER
Hence, (I}, ) € Rand (L, I3) € R
= (I}, l3) € R= Ris transitive.
Since a relation R which is reflexive, symmetric and transitive is
known as equivalence relation.
Given relation is equivalence relation.

(d) : (i) Relation R be reflexive if it contains (3,3), (7, 7), (8, 8)
(7,8) € R, (8,3) € R (given)

(ii) Ris symmetric if (8,7),(3,8) € R

Now R ={(3, 3), (7, 7), (8, 8), (8, 7), (3, 8), (7, 8), (8, 3)}

(iii) Relation R will be transitive if

3,7)(7,3) e R = (3,3) € R

.. Relation R will be equivalence if (3, 3), (7, 7) (8, 8), (8, 7), (3, 8),

(7, 3), (3, 7) be added.

Total number of pairs to be added are 7.

(a) : (i) Reflexive : a €R
aRa = |a| = |q]
(ii) Symmetric:a, b€R
aRib = |a| =|b| = |b| = |a| = bR;a
(iii) Transitive:a, b,c €R

aRb = |a|=|b] = la]=|c|
bRic = |b|=|c|

Hence, if |a| = |c|= aRyc
= R, isan equivalence relation on R.
(a) : y - x = integer and z - y = integer
= z-Xx=integer
(x,y) € Aand (y,2) € A
= (x,2) € A= Transitive
Also (x, x) € A is true = Reflexive
As (x,y) € A= (y,x) € A= Symmetric
Hence A is a equivalance relation.
Also, (0, y) is in B but (y, 0) is not in B.
B is not symmetric
Hence, B is not an equivalence relation.

(©) :fx) +2f(1 - x) =x* +5 (i)
Now, replace x — 1 — x
o fl-x)+2f()=(1-x"+5 ...(ii)

2 x (ii) - (i), we get
2f(1 - x) + 4f(x) - flx) - 2f(1 - x)
=2(1-x)2+(5x2)-x*-5

= 3f)=202-2x+1) - x> +5=x>—dx+7

Thus, f(x) is neither one-one nor onto.
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10.

11.

12.

13.

14.

15.

(d) : Number of onto functions from A to B if n(A) = m, n(B) = n
and 1 <n <m is equal to

n
3 ()" e
r=1

Heren=3,m=6

Number of onto functions
3

=Y %,
r=1
=123 1°+ - D3y 2% + (-1)° 3¢, 3°
=3%-3x2043=3(3-204+1)=540
(d): In options (a), (b) and (c), we get same value of f (x) for the
different values of x. So, f (x) is not one-to-one.
For option (d), f (x) = cosx, x € [T, 2T)
For each value of x € [T, 27T) we have -1 < cosx < 1
Therefore for different values of x, we get different value of f (x).
f(x) is one to one.

(b): We have f(x)= X

1+x2

(1+x2)-1—x~2x

1+ x2)?
1= (1-x)(+x)
C+x?? 1+

The sign of f’(x) is given as

f(x)=

—-ve +ve

ya
<

v

-1 1
Now f can be graphed as under

Clearly function is surjective but not injective, as a horizontal line
meet the curve in two points.

0,if x is rational

(a) : Given f(x)= {

x,1f x 1s irrational

x,if x is rational —x,1f x is rational

g(x) = { =(f-g= {

0,if x is irrational x,if x is irrational

f- gis one-one and onto.

(b) : Given function is Y
PR SRR F
S(x)= m T =472
To check one-one function h2 0 I
f@= s >0 7
(e +e™?> T T
forallxe R v

f (x) is strictly increasing function

f (x) is one-one (injection) function only
(b): -1<x<1 = 0<x’<1 = 1<x”+1<2
= 15fx)<2 = Rp= [1, 2] = Codomain(B)

fis surjective.
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16.

17.

18.

19.

20.

21.

22,

23.

(a) : If x = a, where 'a' is an integer then
f(a)= 2a+a+%sin2a
But f(a—h)= 2a+(a—1)+%sin2a

Thus, values between hlimo f(a—h) and f(a) are never achieved.
-

Also, f'(x) =2 + cos 2x > 0, i.e., f(x) is strictly increasing.

(b) : f(x) = 2x° - 15x% + 36x + 1

We have f'(x) = 6x% — 30x + 36 = 6(x — 2)(x - 3)
flo)=1 S T —
f(3)=54-135+108 + 1 =28 2 3
f2)=16-60+72+1=29

Then the range = [1, 29]

Hence, the given function is onto. But it is not one-one, as

f” takes both positive and negative values.

() :Letf(x)=y=(x+2)>-2
= (x+2)2=y+2:>x:i y+2-2
= x=4y+2-2 [ x>-2]

= y=y+2-2= ' w=Vx+2-2

—1, when x is rational

(b): flx) = {l, when x is irrational
Jof (=3)= f(f(1-3) = /(1) =1

- 1- V3 is an irrational number)

(d):Let fla) = f(b) = 24@-1=2bt-1

= ala-1)=bb-1) = a*-b*-a+b=0

= (a-b)a+b-1)=0

a+ b =1is impossible for the domain [1, o), since the minimum
possible value is 2 for a + b.

Thus, a = b is implied. So, fis one-one.

Lety € [1,90) (co-domain). Then f(x) =y = y= 2xx-1)

= logy=x(x-1) = xz—x—logzy:O

1+ 1+4logy y
- 2

Thus every element of y € [1, o) (co-domain) has a pre-image

1+ /1+4log, y

2
Now y = fix) = 226D and x = %(li,/1+4log2 »)

Negative sign in above will be rejected because if x < 1/2, then
x & domain.

f_l(y)=%(1+\/1+410g2y) = f_l(x)=%(1+1ll+410g2x).

(b) : The solution of f (x) = f _1(x) are given by
f(x) = x, which gives (x + 1)2 -1=x
= (x+ 1)2—(x+ 1)=0 = (x+1)x=0
x=-1,0
But as no co-domain of fis specified, nothing can be said about f
being onto or not.

= X

€ [l,00) (domain). Thus, fis invertible.

(d) : All functions are one-one and onto in their domain. Hence all
are invertible.

3
(b): Since, g(x)= 3x+x2 =y, (say) . (D)
1+3x




24.

25.

26.

27.

28.

29.

30.

31.

32.

f[g<x>1=f<y>=log(”—y)
-y
[ 3
1+3x+x2
= f(g(x))=log 1;3963
3x+x
1_
1+3x2
1+x ¥
= f(gx))=log| —
1-x

Flgx) = 3log(t—i)= 31(x)

(b) : Since g(x) =3 + 4x
() = (gog) (x) = glg(x)} = g3 + 4x)

=3+4(3+4x)

or gz(x) =15+ 16x=(16-1) + 16x

Now g3(x) = (gogog)x = g{gz(x)}

=g(15+16x) =3 + 4 (15 + 16x)

=63+ 64x = (64 - 1) + 64x

Similarly, we get g"(x) = (4" - 1) + 4"x

5 5[5
(b): 1<3x° +1<6 = x° <= =>x€|:—\/:,\/:]
3 3°\3

(d):*isdefinedbya*b=a+b+7
Now,a*e=a = a+e+7=a = e +7=0=>e=-7
-7 is the identity element. Identity element has its own inverse.
-nt=-7
(d):Setis Q_; ie., Q- {-1} and * defined by
a*b=a+b+ab
1
4*x=4+x+4x=3>4+5x=3 = x:—g.

(@):a*b=abforalla, b e N, then the statement * is commutative
in N is false.
For example,leta=2,b=3
a*b=at=2>=8 = b*a=b1=3"=9
a*b#b*a
(c) : We know very well, that number of binary operations on set S
having n elements is .
(d) : If the identity element is ‘¢, thenm ¥ e=m=e* m
me em
—=m=-—=e=p.
p p
@b):f(fW)=x = @) =fE) = f¥)=x
f(x) is one-one and onto.
(a,c,d) : (f+29)(-1) =f(-1) + 2¢(-1)
=[-1]+2-1]=-1+2=1
(f+29)(1) =f(1) +2g(1) = (1) + 2(1) = 3.

(80f - fog)(§)= g(f(g))‘f(g(gn
Ao
- |1|—[§]=1—1=0

<gof>—<fog>(—§)=8(f (‘gn‘f (g (—%))

33.

34.

35.

36.

37.

38.

AL
o

(b,c,d) : To be an equivalence relation the relation must be
reflexive, symmetric and transitive.
T={(xy):x-y€ Z}
Reflexive : For (x,x) € Tie.x-x=0€ Z
Symmetric: For (x,y)) € T = x-y€ Z
= y-x€ Zie(y,x)eT
Transitive : For (x, y) € Tand (y,w)€ T
= x-y€ Zandy-wE Z, giving
x-we€ Zie. (x,w) € T.
T is an equivalence relation on R.
S={(x,y) :y=x+1,0<x < 2} is not reflexive for
(x, x) € Swould imply x =x + 1
= 1 =2 (impossible)
Thus S is not an equivalence relation.

(a,c¢) : Every linear function is either

strictly increasing or strictly decreasing.

If flx) = ax + b, Dy = [p, q, Ry= [m, n]

then (p) =m, flq) =n

if f(x) is strictly increasing and f(p) = n,

flq) = m if f(x) is strictly decreasing then

Let f(x) = ax + b be the linear function which maps
[-1, 1] onto [0, 2]

sSofl-1)=0and f(1) =2

orf(-1)=2and f(1)=0

Depending upon f(x) is increasing or decreasing.

= -a+b=0anda+b=2 . (@)
or —a+b=2anda+b=0 ... (i)
Solving (i) we get a = 1, b = 1, and solving (ii) we get
a=-1,b=1.

Thus there are only two functions either x + 1 or -x + 1.

(@biod): f(g()= 1)2 +1,8(f0)= 5

x—1

a
af (x)+b (cx+d

(a,b,0) : f(x) = of(x)+d C(ax+b)+d

ax+b = f(fx)) =
cx+d

_ (a2 +bc)x+b(a+d)

c(a+al)x+bc+d2

=x,ifa+d=0,a%+bc+#0and a? = 42

(a, ¢, d) : As (x, x) € Rforall x € A. So, R is reflexive.
Also, R is anti-symmetric and transitive.

(b, ¢) : Reflexivity : For any a € N, we have ala = aRa

Thus, aRa V a € N. So, R is reflexive.

Symmetry : R is not symmetric because if a|b, then

a is divisible by b, but it may not be true that b is divisible by a.
For example, 6|2 = 6 is divisible by 2.

But 2 is not divisible by 6.

Transitivity : Let a, b, c € N such that aRb and bRc.

= alband b|c = a|c = aRc

So, R is transitive relation on N.
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39.

40.

41.

42.

43.

(@) : (A)-(s); (B)-(r), (C)-(r), (D)-(p)

w (3o (3 () -t
3 o5 -2
(s )2 13- (fZ)Zf{g(%gi

=f1)=1*+1=2
(gOng)( ) (gf)[ ( )]=(g0f)(—1)=g[f(—1)]

=g(2)
(a) : (A)-(ps s): (B)-(g, 1), (C)-(1, 5), (D)-(1; 5)

(B)

(©)

D)

=2x2-1=3

x , x>0 | | £0
(A) _J_ <0 = X5 X
f@x) XX 0; x=0
hO , x=0
(B) flx)=x-sinx.
1+x2 , x>0
©) f(x)=4 0 ,x=0
L—(1+x2), x<0

y=-

(D) Its a cubic but on set of integers, hence one one & into.

(d): As f(296) = f(962), fis many-one.

Further the numbers whose digits increase from left to right
(for example 269) have no pre-image.

Hence fis into.

(b) : It is easy to see that the remainder, when a positive integer is
divided by 9, is the same as the sum of the digits of the number
(until the sum becomes a one digit number). Thus f(#) and n leave
the same remainder, when divided by 9. Hence 9 divides f(n) - n.
Further there is no reason to expect that the number is divisible by
27. The number f(n) — n is not divisible by 18 also, in case f(n) — n is
odd. Hence 9 is the biggest number.

By the definition of f, digits of f(x) are non-increasing from left to
right.

(c) :Here, Ay x A;

={(xy):x,y€ Ay}
={(1,1),(1,3),(1,4), (3, 1), (3,3),(3,4), (4, 1), (4, 3), (4, 4)}

46.

47.

48.

49.

50.

This relation is symmetric and transitive on A; and hence on A also.
Note that it is not an equivalence relation on A.
(b):ASAl UA2UA3:A and
Al M A2 = A2 M A3 = Al M A3 = q), therefore

3

U (A; X A;) defines an equivalence relation on A, where x, y € A
i=1

are related iff they are in the same subset.

(d) : Number of symmetric relations that can be defined on a set

containing 7 elements is 2" * /2, Hence in this case, when n = 7,

the required number of symmetric relations = 27702528

(3) : From the given equation, we have

EHIRERIRE IR
{22 where s fractonal par

But each of the fraction part function is positive and their sum is
zero. Hence, each of the fraction part function is zero. Consequently,

nnmn
each of E ,g ,g is an integer. The L.C.M. of 2, 3, 5 is 30. Therefore

we can take n = 30k, where k is an integer.
Hence the number of solutions such that 1 < #n <100 is =3
(n =30, 60 and 90).

+1
(2) : We have, f( X )=2x
2x -1

Put x = 1 on both sides, we get f(2) =

(1) : f(f(x)) = (100° - (f(x))10)1/10
= [100 = (1005 - x10)]1/10 — x

f(f(1024)) = 1024 = 2%f(f(1024)) =1

|x|, x<2
(0): g(x)=|]x—2|-2|=44-x, 2<x<4
x—4, 4<x

FEN+gM)+gB) +g(B)=-1+1-1+1=0
(2):Forn=2,1+2f(2) = 6f(2)

> f@)=7

Forn=3,1+%+3f(3)=12f(3) = 9f(3)=

N W

= f(3)=%andsoon. = f(n)zz_ln

1
o 48f(12)=48x —=2
fa2)=48x
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Inverse Trigonometric

Functions

(a) : Let f(x, y, 2) = sin"lx + sin"ly + cos7!z,
it will attain the value 27 only if

. , T
sin"lx =sin"ly = 5 and cos™lz=1.

It will be possible only if x =y =1 and
z = -1. Hence there is only f(1, 1, -1) = 21
(b) :tan"}(x + 1) + tan"!(x - 1) = tan™? (%)
x+D+(x-1) _ﬁ
1-(x+D(x-1) 31
=3lx=42-x3)=4x2+31x-8=0
Solving, x = i, — 8; x=- 8 does not satisfy the equation.
(a) :x =sin(2 tan"! 2)
= x =sin(20) (Putting tan™! 2 =60 = tan 6 = 2)
2tan® 2-2 4

X=———— = x= =—
1+tan“ 6

and y = sin (l tan”! ﬂ)
2 3

14 4
Lettan™ — =0 = tanO=—
3 3

= —sin(g)z _ [Lmcos® _
d 2) TV 2

Hence, x > y.

(d) : Here, %n < cos_l(logz (x2 +5x+8)) < g

“1<log, (2 +5x+8)<1 = —<(x>+5x+8)<2.

2
1

= x2+5x+—520=> x+§ +§20
2 2 4

and X2 +5x+6<0

(€) :f (x) =sin"!(|x - 1] - 2)
Lety=sin"}(|x- 1| -2)=siny=|x-1| -2
Casel:When|x-1|=-(x-1) - siny=-(x-1)-2=-x-1
Now, sin y should be between - 1 to 1

So,ifsiny=-1; -1=-x-1= x=0

Ifsiny=1; l=-x-1= x=-2

So, domain = [- 2, 0]

CaseIl: When |x-1|=x-1 . siny=(x-1)-2=x-3
If siny=-1; -1=x-3 = x=2

If siny=1; 1=x-3 = x=4

Domain = [2, 4]

So, from Case I and Case II domain is [~ 2, 0] U [2, 4]

6.

10.

11.

12.

(b) : f (x) is defined if —1£§—1£1 and cosx >0

or OSxS4and—E<x<E 0Sx<£.
2 2 2
2
(c) : We have, (r+1) :£+Bx+C
©+x X x2+1

= x+1)2=Ax2+1)+ Bx+O)x
=Sx2+2x+1=(A+B)x*+Cx+A
Comparing coefficients of x%, x and constant, we get

A+B=1,C=2 A=1
PutA=1=B=0

Now, cosec” ! l +cot”! l +sec’ C
A B

= cosec (1) + cot™ (o) + sec”1(2) = E+O+§ =—.
(c) :Letsinlx=o

T . . .
where — 5 < o< 0since x is negative

= x=sina = x?=sinZ0.
2
=cos?a=1-x% =cosor= TVl—x

Since alies in fourth quadrant so cos oL is positive or coso,=v1— x>
= cos(—o)=v1- x?

(- Principal value of cos~!a lies in [0, 7], so —ot > 0)

2 1 2

= —a=cos 'VI-x* = a=—cos ' VI-x

= sin ' x=—cos™! V1 X2

(c) :tan? (sec™! 2) + cot? (cosec™! 3)
= -1 + [sec3(sec™1(2))] + cosec? (cosec™13) - 1
=4-1+9-1=11

(b) : Since cot ' x=sin"! [

)

= sin (c0t71 x) = \/172
I+x

1

(c) :sin"[cos(sin~! x)] + cos™! [sin (cos™! x)]

—sin! | cin| X _cin! -1 (L -1
= S E—Sln X ||+ cos COos E_COS X

- T _ - _
=" _sinlx+ =-coslx=m—(sin'x+costx)=m-= =

o3
oA
o3

(b) : Put x=tan 6

. _ll—x2 _11—x2
-, sSIn| tan 5 +Cos

DPS/M/1



13.

14.

15.

16.

N tan! 1—tan’ @ +oos”! 1-tan’ @
= Sin - - A5
2tan® 1+tan’ 0

= sin [tan"! (cot 20) + cos™! (cos 20)]

B

—sin F—zeue]:m T_,
2 2
(c) :cot™1(2:12) + cot™1(2:22) + cot™1(2:3%) + ... upto
_ 5 o[ QrrDCr-D 41
Qnt1)—(2n—1)

n=1

=Y {cot™ ' (2n-1)—cot ' 2n+1)}

n=1

= (cot™!1 - cot™13) + (cot™13 = cot™15) + (cot™!5 - cot™17) + ...

=cot_11—cot_loo=E—0=—.
4 4

a1

. -1 1 T
(b) : 3tan (2 )—tan x+tan 3

+3
1 2= 23
2+J§_@+J®@—J5"4—3‘2 3
11

*. Equation (i) becomes 3 tan”! (2 - \/g) =tan~ T +tan”!

Since

1
3

1-32-3)?

I 1
itan_l[ac—ﬁ)—(z—ﬁf]:tan_l x+31
1——.=

L
x

w()

1-3x2

3
. - _13x-
|:F0rL.H.S.,usmg 3tan”' x = tan lljl

3+
= tan~!l = tan™! 3+x —=1= *
3x-1 3x-1

=3+x=3x-1=22x=4=x=2
(a) :tan"lx + tan"ly + tan"lz =7
. tan"ly + tan"lz =71 - tan"lx

y+z

1=z X = x+y+z=xyz

(@) :asin!x-bcoslx=c
Also, sin~lx + cos™lx = 7/2

Using (i) and (ii), we get (- b — a) cos™'x = ¢ - a /2
1. _(am/2-c

= cos x
a+b
amn
. T
Also, sin 1x=——2—
2 a+b

. asin"lx + b coslx
_a_n_(azn)/2—0a+ab-7c/2—bc
2 a+b a+b

_a(a+b)n—(a*n—2ca)+ab-n-2bc
2a+b)

DPS/M/2

.. (ii)

[From (ii)]

17.

18.

19.

20.

21.

_{2mab+2c(a-b)} mab+c(a-b)
"~ 2a+b) T a+b

(b) : Given, 2 tan"! (cos x) = tan"! (2 cosec x)

1 2cosx _
= tan”! —— |Ftan 1(2cosecx)
1—cos” x

2cosx

sin? x

2cosx

l—cos2 X

=2cosecx = =2cosecx

R s
= SIMX=COSX = X=—.

(d) : Putting p = tan0, g = tand, x = tan \, we get

. _1 2tan® _1[ 1-tan®
sin”! —an2 —cos™! —an2¢ = tan~" —Ztan\u
1+tan“ 6 I1+tan” ¢ l—tanzw

= sin~! (sin 20) — cos~! (cos 20) = tan~! (tan 2y)

=0-0=y = tan"!p-tanlg=tanl x

— tan”! P4 =tan"'x = x= P4
1+ pg 1+ pq

. _ 11
(a) : 51n|:2005 1cot(2tan 15)]
13

=sin|2cos ' cot{ tan™! 21

-
4

wolrortenfe (1]
o o 3]
e (el ()
| ()2
s 5 o ol e-3 )
Sl

(a) :Let, y = tan|sin~" {i
V2

Put x = sin0, we get
. .2
y=tan sin_ll:smeJr 1-sin e}—sin_l(sine)
V2 V2
. _1|:sin9+cose]
=tan|sin" | ———F——|-0
2

= tan [sin_1 {sin Ocos g +cos0sin g} - 6]




22.

23.

24.

= tan |:sin_1 {sin (9+E)}— 9:| = tanE =1
4 4
o (3o (5o (3
(b): cos|cos | — [+cos | = |[+sin | —
5 5 5
(53]
=cos|cos” | = [+—
2
) O
=cos| —+cos  — |=—sin| cos” —
5 5
. ( 4@) 2\/6
=-—sin|sinT — [=———
5 5
(d): sin”™! [ta (—S—EH =sin_1(—tan(5—n))
4 4
=—sin”! (tan (n + E)) (e
4

T

= —sin”! tan = |= —sin”! O=——=
4 2

(.'.

(c) : sin sinflz+2cosfl z
3 3

(.42 42 42
=sm|sm —+cosS —+Ccos —
3 3 3

12) 2
=sin(£+cos_1 2) = cos(cos 1—):__
2 3 3 3

tan(-0) =

sin"}(-x) =

- tan0)

—sin"! x)

(b) : cot (cosec_1 Bl +tan”! z) =cot (tan_1 3 +tan”! 2)
3 3 4 3

25.
3,2
—cot| tan ' 43 —Cot(tan_lg)zi
1_3.2 6) 17
4 3
26. (c) : V1+x7 [{xcos(cot_lx)+sin(cot_1 x)}

27.

) _1]1/2

12
2
/ _ _ 1
= Vl+x? {xcos[COS IL)+sin(Sin 1—]} -1
Vi+x? 1+x?

_ 1+x2[{i+;}2_1j|1/2
Vi+x? N1+x?

= 142 [{m}z_l]uz:m(xz)

= VI+x? x| = xvl+x?

(d): cos”! (—%)—2sin_l (% J+3cos_1 (—%J

=n—cos | (l) —2sin”! (l)+3 n—cos ! !
2 2

:n—E—E+3 n—E +4.T :—+3 3—TE+
3 3 4 4 3 4

V2

1/2

(as0<x<1,|x=x)

—4tan"1(-1)

)) +4tan1(1)

43n
12

28.

30.

32,

33.

. (b,c,d): 0.=3sin"!

(c): tan”! (l) +tan”! (l) +tan”! (Z)
2 3 8
+

1 1
= tan~! 2 3 +tan_1z = tan ! (%J+tan_lz
l—l-l 8 5/6 8
23
7 1+%
= tan" (1) + tan"! = = tan”! = tan”!(15)
8 7
8

. .= .- T
. (c) : Given, sin 'x +sin 12x=;

L T . _
= sin 12x=§—sm Ly

(T -
:>2x=sm(§—s1n x]

. T . -1 T . .-
= 2x=s1n§ cos(sin " x|—cos Esm sin " x

= 2x=?\jl—x2 —%x

= (5x)*=3(1-x2
=28x2=3

_+_ﬁ_1\ﬁ
o7 2\N7
7+7
_1( 2 _1( 3 _
(c):'.'tan1 “lttan | 2 | =tan | 2 =
5 7 6

35

_1( 2 _1( 3 _
= tan 1(—)+tan 1(—)=tan 1(1):—
5 7

y—x_5—2__
y+x 542 7

\S]
N | W

And for x=2, y=35,

6 .16 3w
—>3sin” —=—=—
11 12 6 2

T
= o>—

14

B=3cos_1g>3cos 3 ie, p>m

3n
Then, 0L+[3>7

1 29
tan —
29

Also, 0. + B lies in fourth quadrant. Hence, cos(at + 3) > 0

(a,c) : Since sin~! x is defined for | x | < 1 and sec™! x is defined for

| x| > 1, therefore, Dy={x € R:| x| =1} ={-1,1}.
Further f(-1) = sin™!(~1) + sec”!(-1)

T T
=——4T=—
2 2
and f(1) = sin"1(1) + sec™!(1)
=Li0=1
2 2

T
Hence, Rf: (E)

(a,b,c) : Here, sin? (Ztan_l

1+x

1-x

= sin2(20), where 0 = tan™! }H—_x
1-x
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2 2 +1-1 n
2tan® 4tan“ 0 5 1+x YR _ —1( )
_ _ _ =tan~!| ———— |=tan
_( 2 ) = 2,z but tan e_l—x (1+(n+l) n+2

1+tan“ 0 (1+ tan” 0)
1
I+x Since, tan~}(n + 1) — tan"1 1 = cot™! (—) —cot™11
4 1— n+1
T _ T _
1+1+x =——tan 1( )—(——tan 1(1)).
1-x 2 n+1 2
~ -1 1 x 2 38. (ab): For D, 1-2x20,-1< >*~1
— sin| 2tan I =vVl-x . (a,b) : For L —2x - 5 <1
-x
( sin! xis defined for -1 <x<1)
(:0=tan 2% - 0<e<E =0<20<m=sin20£0) =2x<land-2<3x-1<2
—x 2 1 1
=Sx<—and-—<x<1
1+ 2 3
Again, sin®(tan™! |27 %) 11
l-x = Dy= I: :| Hence only (a) and (b) are correct options as
5 1+x 3 2
PP BN eI £ EREER
1+cot’0 1+tan’0 1+1+x 2 3 372f
1-x

39. (a) : (A)-(q), (B)-(x), (C)-(p), (D)-(s)
2 (A) Letcot™lx=0 = cot0=x=>sinO = !

1
4t L Ve

Now, sin(cot™lx)=sin0 =

Hence, the options (a), (b) and (c) are correct.

a1 12 _
34. (a,c): tan 12t tan ' 2 =tan
4 9

1_12 V1+x?
49 3 3
(B)Lettan'!| — | =0 = tan0= =
=tan! (L) an_l(l) 4 4
36 -2 2 4
. cosO=—
) 1 5
1 a1 1 _ T4 1 _1( 3 _1( 3
=—{2tan 1—}=—cos 4 =" cos 1(—) Now, cos| tan n= =cos 0= é
2 2 2 1 1 2 5 4 5
+ —
* 5 12
1—x2 (© cos! (—)— sin”! (—)= cos_l(x)
2tan ! x = cos! > forx>0 13 13
1+ x
1 b sin”! 121 cos | [1 12
35. (b,d) : Forx>0,cot! (—) =tan ! xand also tan~! x + cot ™! x= 3 13) 13
X
for all x € R, therefore, when x > 0, then tan™! x = cot™ (l) and cos”! (\/169—144 ] cos”! ( 5 )
x = — = —
169 13

also tan~! x = 2 cot ! x.

. cocl y = tan-1 _ _ _1( 5 _1( 5 _
36. (a,c):cos'x=tan"'x = x=cosO=tan O . cos 1(_)_005 I(B):cos 1(x)

= cos20=sin0 = sin?O+sinB-1=0 13
N sin9=_1ivl+4 N sin9=\/g_1 =0=cosx = x=cos0=1 .. x=1
J5-1 2 (D) We have, cot(sin_1 x) = cos(tan_1 \/g)

== cos0= = cot(sin_1 x)—cos(n)— !
so (a) is correct and 3 2
. o , J5-1
sin (cos™ x) =sin (0) = ——, . -1 _1(1)

2 = sin  x =cot —

5-1) 2

so () is correct and tan (cos™! x) = tan O #

i 2 = x= sinlicot_1 (l):| = sin| sin”! (i)
So (d) is not correct. 2 \/g

1
37. (a,b,c): ;tan (m) Sox= % [ cot™ (%): 0 = cotb= l .sin@ = \/—]
- 2 tan™ ( T m) - 21 ftan” (4 1)~ tan " 1) 10. @ (410,59, (B)-(@), (O-(5), (D)-(p

( (r+1)r>-1) (A) (sin“1x)? + (sin"ly)? = 7

=tan"1(2) - tan"'(1) + tan"'(3) = tan"}(2) + ... + tan"!(n + 1) - tan"'n - (sin-1)? = (sin-ly)? = TET
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N a

. T .
or sin~lx = iz ,sinTly=4

orx=*landy=1%1
=x>+y*=-2,0,2
(B) (cos'x)? + (cos~1y)? = 2m2
= (cos™1x)? = (cos7y)? = 2
orx=y=-1
=0+ =-2
o
(C) (sin"x)?(cos7ly)? = —
2

o (sinlx)? = and (cos™ly)? = 12

or (sin"lx) =+ = and (cos7ly) =m

T

4

T

2
orx=*landy=-1
=|x-y/=0,2

(D) Jsintx-sinty|=n

. T . L
sosinlx=- = andsin"ly= —
2 2

. T . n
orsin"lx= = andsin!y= ——
2 2

=x=landy=-1=xy=-1

41. (c) 42. (a)

3cos !t x —2m,
(41-42) : Since, cos™! (4x3 - 3x) = {21 — 3cos " x,

3cos ! X,

“1<x<(-1/2)
(-1/2)<x<(1/2)
1/2)<x<1

1
Forx € [—1,—5) ,cos1(4x3 - 3x) =3 cos Ix - 2w

—a=-2nandb=3=a+bn=7

11
For x € [—E,E], cos1(4x3 - 3x) =2m - 3 cosIx

= a=2mand b=-3

. _ 2
= sin’! (Sing) =sin 1(sin—n)
b -3

3

43. (b):Let cos™'x = A, cosly =B, coslz=Cthen A + B+ C=m,

x=cosA,y=cosB,z=cos C
Also,0<A,B,C<m

x\/l—x2 +y\/1—y2 +zx/1—z2

1
= E{ZcosA\jl— cos®> A

+2 cos BN1— cos? B+ 2 cos C\1 — cos C}

[4sin A sin Bsin C]

1
= E{sin 2A +sin2B +sin2C} =

N S

= 2 sin(cos™Lx) sin(cos™ly)sin(cos 'z
= 1- 21— 21 - 22

44. (c) :x? + y* + 22 = cos® A + cos’B + cos*C
_ 1+cos2A + 1+ cos2B N 1+ cos2C
2 2 2

1
= % + E(COSZA + cos2B + cos2C)

=1-2xyz
45. (a) : yzx/l—x2 +zx\/1—y2 +xy\/1—22

» \/l—x2 +\/1—y2 +\/1—z2
x Y

=X
z

\/l—coszA \/1—coszB \/l—coszB
+ +

=xyz

Ccos A cos B

= xyz {tan A + tan B + tan C}

= xyz {tan A tan B tan C}
=sin A sin B sin C (

:\/l—xz\/l—yz\/l—zz

sin”! (cosx)+ cos ! (sin x)

46. (1) : We have

tan”! (cotx)+ cot™! (tan x)

C

x=cos A, y=cos B, z=cos C)

T -1 T, . T T
:E_COS (cosx)+5—sm (sinx) 2 x+2 x:n—2x:1
g—cot_l(cotx)+g—tan_l(tanx) g—x+g—x n—2x
47. (3) sin™H < |+sin”! I
B 5 5) 2
._1()6) T . 1(4
= sin” |= [==-=sin" | =
5) 2 5
(5-(5)
= —=sin| ——sin_ | —
5
:>—:cos(sin_li)zcos(cos_l—)z =3
5 5
tan”! («/5) —sec™!(-2)
48. (8): 1 X (-10)
T
cosec ( ) cos 5
(m/3)—(2m/3) -n/3
=—" - x(-10)=| —————— |x(-10
(-m/4)+(2m/3) C10=1 T3 g <10
12
-n/3 —4
=| ——= |x(-10)=—x(-10) =8
(5n/12) -10) 5 (-19)
9. 2): —Z<sinr< D
2 2

. .1 | . -1 _3TC
Since sin ~ x+sin y+sin 2—7
-1 . -1 . -1_ T
= sin  x=sin  y=sin Z_E
= x=y=z=1

9, 9,9 T L
X +y +z —m—:; 1—2
Xy z

50. (1) : Given trigonometrical equation is
sin! 2x+cos ! 2x+2tan x=17

T _ _ T
= E+2tan lx:n:> 2tan 1x=5

_ T
= tan ly== = x =tan T =1
4 4
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Matrices and Determinants

1 0
(b): 4=]2 1
32

a a 1
Letuy=(b|, Auy=|2a+b =|0
c 3a+2b+c 0

= a=1,2a+b=0=b=-2, 3a+2b+c=0=c=1

p p 0
Letu,=|q|, Auy=|2p+gq =1
r 3p+2g+r 0
= p=0,2p+g=1=¢qg=1,3p+2g+r=0=>r=-2
1 o] [ 1
utuy =2+ 1|=|-1
1 =21 |-1
3 2
(b):A=|:1 1]
A2+xA+yI=[3 2:||:3 2]+x 3 2:|+y|:1 0}=0
1 1)1 1 111 01

[11 8:| [3x 2x:| |:y 0]
= + + =0
4 3 X X 0y
=11+3x+y=0..() and8+2x+0=0=x=-4
Puting value of x in (i), we get 11 - 12+ y=0=y =1
(y)=(-41
(©):(A+B)(A-B)=A>-B?
= AA+BA-AB-BB=A-B
= A’+BA-AB-B*=A’-B?
= BA-AB=0= BA=AB
s (ABA™1)? = (BAA™1)2 = (ABA™1)2 = (BI)? = B2
@:X"=-x,Y'=-v,2'=2
(@) (Y3z4- 24y = (V3207 - (z4v3)T
= - Z'Y3 + Y374 = Y3Z* - Z*Y3, symmetric.
(b) (X* + Y44)T = X* + Y*, symmetric.
() X*23 + Z3xHT = (x4z23)T + (23xHT
= 73X* + X473, symmetric.

(d) X+ 73)T= X2y = (X + Y?), skew symmetric.

(a):LetB=A+AT
@ Bl=(A+ AN =AT+ (AN =AT+ A (- (ADT = 4)
=A+AT=B
A+ ATis symmetric
Let B = AAT
BT = (AAD)T
= (AT)T AT = AAT = B, symmetric.
(d): We have, PT = 2P + I

10.

11.

We get, PT 2P =1 (i)
Taking transpose, we get (PT - 2P)T = 1T
= P-2PT=] ... (ii)

From (i) and (ii) on eliminating P’ we get
-4P+P=3] > P=-1 = P+1=0
Thus, ( P+ DX=0=PX+X=0 = PX=-X

(d) : We have,
2x 2 8 5x x>+8 24
X +2 =2
3 x 4 4x 10 6x
l2x2+16 2x+10x] {2x2+16 48}
= =

3x+8  x*+8x 20 12x

So, 12x = 48 (1)
3x +8=20 ...(ii)
X2+ 8x = 12x ...(iii)
From (i) and (ii), we get x = 4

Now, from (iii), we get ¥ -4x=0

= x(x-4)=0

= x=4[asx#0]

a b

@:|p g
u v w

c |1

r||1l

1
p+q+r=0

3p+4g+3r=1

3p+3q+4r=0

On solving, we getp =-1,g=1,r=0

(d):AB=B

So, A should be unit matrix.

Now BA=A

So, B should be unit matrix.

Square of unit matrix is also unit matrix.

So,A2=Aand B>=B

So, both A and B are idempotent.

a b

(¢) :Matrix [c d

11
:|is commutative with the matrix |:0 1:|.

If two matrices A and B are commutative on product, then AB = BA.

a b1 1 1 1|la b a a+b atc b+d
= = = =
¢ d||0 1] |0 1)lc¢ d c c+d c d
On comparing corresponding elements of two matrices, we get
atc=a,a+b=b+dandc+d=d = c=0anda=d
xpty X y
(b):yp+tz Yy z |=0
0 xXp+y yp+z
Operating C; — C; - p C, - C3, we get
DPS/M/1



12.

13.

14.

0 X y
0 y z |=0
—(p2x+2py+z) xXp+y yp+z
= —(Px+2py+2)(xz-1*) =0
= px+2py+z=0o0ry*=xz
= y=xz [ p is a constant]
= x, ), zarein G. P,
sinx COSXx COSX
(c) : Given, |cosx sinx cosx|=0
Ccosx cosx sinx
Appling Ry = Ry + R; + R3, we get
sinx+2cosx sinx+2cosx sinx+2cosx
CcosXx sinx CcosXx =0
cosx cosx sinx
Taking common (sin x + 2 cos x) from R;, we get
1 1 1
(sinx+2cosx)|cosx sinx cosx|=0
COSX COSX sSinx
Operating C, > C, - Cy and C; > C; - Cy, we get
1 0 0
(sinx+2cosx)[cosx sinx—cosx 0 =0
cosXx 0 sinx —cosx
= (sin x + 2 cos x) [1 (sin x — cos x)2] =0
= sinx+2cosx=0,or (sinx-cosx)?2=0
= tanx=-2,ortanx=1
T T
For ——<x<— tanx #-2.
4 4
B
But tanx=1:>x=z
Hence, only one solution exists.
logx logy |
logz logz
(d):Given, | | logy logz
logx logx
log x | logz
logy logy
Multiplying R; by log z, R, by log x and R; by log y, we get
| logx logy logz
Toexloz vioes logx logy logz|=0
ogxlog ylogz logx logy logz
[*.- All rows are identical]
(c) : We have,

@+b*+Ax2-2ab+bc+cd)x+b*+c2+d*<0
= (ax-b?+bx-0c)2+(cx-d)?*<0

= (ax-b?+bx-0c)2+(cx-d?*=0
b_c_d_,
= a b ¢
= b?=ac taking log both sides we get, 2logb = loga + logc,

33 14 loga| (130 54 loga+logc
Nowlg5 27 loghl=|65 27  logh
97 40 logc| |97 40 logc

[Apply R; — R; + Rj]
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15.

16.

17.

18.

19.

20.

0 0 0

= |65 27 logh|=0 [Apply R; — R; - 2R;]
97 40 logc
x l4sinx cosx
®): f(x)=|1 logd+x) 2
x2 1+x2 0

=x{0 - 2(1 + x?)} - (1 + sinx)(-2x2) + cosx{l + x? - x? log(1 + x)}
= -2x — 2x% + 2x% + 2x%sinx + cosx + x*cosx — x*cosx log(1 + x)
Coeflicient of x is -2.

aon
a a
1
(b) : Area of triangle = — n 7 1
21b b
oy
c c X y a
ApplyingR) —aR,Ry— bRy, R3—> cR3 weget 2ab X, yy b
abc
.X'3 y3 C
Applying C3 - 2C3 we get
X 2a 2a X
1y12b _22b1y1 U abe 1
—|x = — X = —X—=-
dabe| ¢ 4abc 2 2 dabc 2 8
oy 2 2c x5 3

(b) : If we interchange any two rows of a determinant in the set
B, its value becomes -1 and hence it is in C. Likewise, for every
determinant in C, there is a corresponding determinant in B.
.. Band C have the same number of elements.

(@):Let A= |:Oc
v

£ :{0‘2+|3Y B(a+8)] 2[1 o]

2] . We have

Yo+8) 8 +PBy 0 1
= +Py=1=8+Pyandy(c+8) =P +8) =0
AsA#1, A+#-I wehave o = -0

1-By §
detd = =—1+Py-By=-1
Yy —J1-By
Statement-1 is therefore true.
tr(A)=a+6=0 {. a=-68}

Statement-2 is false because t7(4) = 0

a ay as
(d): A= bl b2 b3
aq & G

det 4 = (a1b203 + a201b3 + a3b102) - (6116'2b3 + Ll2b16‘3 + a3clb2)
If any of the terms be non-zero, then det 4 will be non-zero and
all the elements of that term will be 1 each.

Number of non-singular matrices = °C x °C; = 36

We can also exhibit more than 6 matrices to pick the right choice.

a |l p p q r
(c):Wehave, M=|b m gq|, N=|a b c
c n r I m n
a b ¢
Then, M'=|] m n
p q r
I m n
Applying Ry <> Ryin M, we get M’ =—|la b ¢
p q r



21.

22.

23.

24.

25.

26.

27.

p q r
Applying R) <> Ryin M, weget M’ =|la b c|=N
[ m n
(d) : Each entry of 4 is an integer, so the cofactor of every entry is
an integer and each entry of adjoint is also an integer.
Also, det 4 =+ 1
1
det 4
This means all entries in 47! are integers.
(¢):Letz=x+iy,thenz+iz=x+iy+ix+iy)=(x-y) +i(x+y)
andiz=i(x+1y)=-y+ix
Then, the area of the triangle formed by these lines is

at=

(adj 4)

o y 1
A==l(x=y) (x+y) 1
2
-y x 1
x y 1
. 1 1 2 2
APP1Y1ngR2—>R2—(R1+R3),A:5 0 0 _IZE(X +59)

[ . -y x 1
E\Z| =200 (given)

= |z =400= |z| = 20 3|z| =3 x 20 =60

B] PR o’ +By PBo+d) _[1 o]
8/ Ya+d) & +py| L0 1
which gives ot + § = 0 and 02 + By = 1

So, we have Tr(4) = 0

= detd=0a8-By=-02-By=-(2+Py)=-1=1
Thus Statement-1 is true but Statement-2 is false.

(c):Let A= |:(x
Y

(b):AA =T
A@A Dy padi 4) = 4
| 4]
1 0 2 0
Thus, A(adj A) =2 =
0 1 0 2
coso —sino. 0
(¢): A=|sino.  coso. 0
0 0 1
| 4| = (cos?a + sin?a) = 1
coso. —sino. 0] cosa  sino 0
= adjAd=|sinot coso. 0| =|-sino cosco O
0 0 1 0 0 1
A=A i
|4l

(b) : The given system of equation is inconsistent iff its determinant
is zero.

11 1
=14 3 -1
35 3

=1.[9 = 5(=1)] = 1[43 = (=1)-3] + 1[4-5 - 3.3]

=14-1(15) +[11]=10#0

Determinant of coefficient matrix is not zero. So, the system of
equation is consistent.

(a) : Given system of equations are

xX+y+z=6

x+2y+3z=10 (1)
x+2y+az=>b

28.

29.

30.

31.

32.

Since the system of equation has no solution, then it is inconsistant
and if D = 0 and atleast one of Dy, D, or D3 is non-zero, then given
system of equation is inconsistent.
111
Now, D=1 2 3|=0=>1Q2a-6)-1a-3)+1(2-2)=0
1 2 a
= a-3=0= a=3
Let Dy # 0, then
6 11
10 2 3|#20=6(2a-6)-10(a-2)+b(B-2)#20=>b#10
b 2 4

..(ii)

3 -1 4 3 -1 4
(@:LetA=|1 2 =3|=]4=]1 2 =3
6 5 A 6 5 A
=302h +15) + 1(A + 18) + 4(5 - 12)
=6A+45+A+18+20-48=7A+ 35
For atleast one solution
|[A| =0 (i) and (adjA4)-B=0
= 7A+35=0 = 7A=-35 = A=-5
Also, A = -5 is satisfying (ii).
(©:alx + Dx - 2) + bx - 2)(x -1) + cix - D(x + 1)
=2x2+5x + 1

..(i1)

On equating,a + b+ c =2 (i)
-a-3b+0c=5 ..(ii) -2a+2b-c=1 ..(iii)
1 1 1
D=-1 3 0|=13-0)-(1-0)+(-2-6)=-6#0
-2 2 -1

A unique solution exists for above three equations.
Exactly one choice for each of a, b, c exists.

(c) :Since system of equations has non-trivial (non-zero)
solutions, then determinant formed by coefficient of unknown is

a a -1
zero.So, |b -1 b|=0
-1 ¢ ¢
a 0 —a-—1
b —b-1 0 |=0 [gzzgzjgl]
-1 ¢+l  c+l 3 30
= a[-b+Dc+D]-(a+Dblc+1)-b+1)]=0
= -—ab+1Dc+)-bla+)(c+D+@+1bB+1)=0
—a b 1
= - + =
a+l b+1 c+1
R 1 a b _a+l 1 b+l 1
c+l a+1 b+1 a+1 a+1 b+1 b+l
1 1 1

=1+1=2

+ +
c+l a+1 b+1

(a,b): M>=N*= (M-N)H(M+N?)=0

as M and N commute.

M- N?#0,s0det(M + N*) =0

det(M? + MN?) = det(M(M + N?))

= (det M)(det (M + N?)) = (det M) -0=0

(M? + MN?)U = O for some 3 x 3 non-zero matrix U.

(a,d): A2+A+2[=0

A2+ A=-2]

= |A2+ A|=]-2]]

= [Al|A+1]=(-2)"

= |A|#0
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33.

34.

35.

36.

37.

38.

= ‘A’ is non-singular.
Hence, its inverse exists. Also multiplying the given equation both

_ 1
sides with A~! we get A~} = _E(A+I)

(a, ¢, d) : As A and B are skew hermitian

o A%=_A B-_B

(A+B)9=A4%+B

=-A-B=-(A + B) (ais true)

(AB)® =B A% = (-B) (-A) = BA

=AB (b is false and d is true)

(c) is well-known as diagonal elements in hermitian matrix must
be real.

(c, d) : (NTMN)T = (NOMT(NT)T = NTMTN = NTMN, if M is
symmetric

= -NTMN, if M is skew symmetric

Again (MN - NM)T = (MN)T - (NM)T

= N"M" - M"NT = NM - MN = - (MN - NM)

Now, (MN)" = NTMT = NM # MN (in general)

and adj(MN) = (adj N)(adj M)

and they don’t commute in general.

Thus (a) and (b) are correct and (c) and (d) are incorrect.

(a,b,c,d): AAT=ATA =T
Also AT = A, s0 A2=1 = A is an involutory matrix.
= |A?|=|APP=1 or |[A]==%1.

a b ¢ 1 b ¢
But |A|=|b ¢ a|=(a+b+c))l ¢ a
c a b 1 a b

=(a+b+c)ab+bc+ca-a*-b>-c?)

|Aj=ab+bc+ca-a?-b>-c2 (ra+b+c=1)
a?+ b+ -ab-bc-ca=0

So |A|=-1.Hence, a® + b® + ¢ - 3abc = 1.

Againa? + b*+c? —ab -bc-ca=1

= 1-3(ab+bc+ca)=1,s0ab+ bc+ca=0,

= atleast one of g, b, and c is negative.

(b,c,d): Let P2 = [mij]n xn
< it i) N 2
] J
Now, m,-jZZPilPlj:zm o =o ]Z(D
=1 I=1 I=1

=o' 01+ 0+ ot + ..+ 022
P? is a null matrix when 7 is a multiple of 3.
Hence, n # 3k = P?# 0. Thus, 7 can be 55, 56 or 58.

0o 12-22 1P-32..
@ab): A=|22-12 0
32 12 0

A is skew-symmetric of even order
|A| is a perfect square

(c,d) : Let Mz[p q:|.If|:p:|=|:q:| thenp=gq=r
q r q r

detM=pr-q¢*=¢*-¢*=0

Hence M is not invertible. So choice (a) doesn’t hold.
Ifl[grl=[pglthenp=q=r

Again, det M = 0. So choice (b) doesn’t hold.

p 0] .
Now, Let M = 0 with pr #0
r

det M =pr+#0. .. M isinvertible.
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39.

40.

41.

So choice (c) holds.

P q
q r
If pr is not the square of an integer then pr — g% # 0

det M #0 .. M is invertible.
So choice (d) holds.

(@) : (A) - (), (B) - (s), (C) - (q), (D) - (p)

(A) I+ A)B=38Cyl+8C|IA +8CoIA? + ...+ 8CgIA®
= SC()I + 8C1A + 8C2A + .. + 8C8A
=1+ A(8C1 + 8C2 + o + 8Cg)
=]+AQ2%-1) = A=28-1
A+1=28-1=28_-1+1=28=256

Also, let Mz[ :| = de‘[M=pr—q2

B) fadiia™] =47 =
(adica ™y |=— A apr s
|adj A7
a1 942 93
©) |Al=|ay; ay a3
431 43y 433
a1 7“_1“12 7“_2“13
= |Bl=|May @y Alay
7L2‘131 Aaz, 433
7‘2“11 Aay, a3
=% May Aay ay|=|Al
7V20131 Aazy as;
Hence, |A|=|B| = A =1.

(D) A diagonal matrix is commutative with every square matrix,
if it is a scalar matrix.
So, every diagonal element is 4.

|A| = 64.
() : (A) - (5,5), (B) - (p>9)> (C) ~(p»q), (D) - (p,q)
1 2 2
A A=|2 1 2| = AT=A&AAT =9I = A% =9I
2 2 1

-3 -6 -6
Again, cofactor matrix of A=|—-6 -3 6 |=-3A
-6 6 -3
(B) 3B=A = B=(1/3)A. But AAT = ATA = 9]
A is orthogonal & involutory matrix so the matrix B is also
orthogonal involutory matrix.

1 1 1
© B=A= BT =§AT.Also, BB =BTB=§A2 =1
(D) Again B = (1/3)A where (1/3)A is involutory & orthogonal.

(:a+b+c=p,ab+bc+ca=0,abc=r
a+b:+ct=(a+b+c)?-2ab+bc+ca)
=p2_0=p2
a b ¢
If A=lb ¢ a

c a b



= A2-8A+7,=0
bc—a®> ca—-b> ab-c? T

= A2=8A-7I, (i)
© AS=|ca—b* ab—c? be—a?| =N On comparing the coefficient of I, in (i) and (ii) eq. we get
) ) ) = k=-7 - |kl=
ab—c¢® bc—a” ca-b ) )
5 47. (0) : The given system has no solution.
a b ¢ a b ¢ |la b c 1 2 -3
Now, A’=|b ¢ a =|b ¢ ax|b ¢ a 8 201 p'l"2=0
+
c ab c a b |c a b P
0 0 p+2
> +b* +c* ab+bc+ca ab+bc+ca =11 2 -3 |=0 (Apply R, & Ry)
=|ab+bc+ca a*+b*+c* ab+bc+ca 0 2p+l 1
= (P+2)2p+1)=0 = p=-2,-12
ab+bc+ca ab+bc+ca a®+b*+c? 2p+P 2p 2-0 P
3 1 4 3
20 0 8. (1): |a<|1]|B| |ad]|(ad|)A)| |A| |A| _|A|
C 5A 5 |A| 5 |A| 125
_ 2 _ .6
=10 P 0|=p Now, =5
0 0 p°  |adj B|
A B C bc—a® ca-b* ab—c* h |C|
@:|B C Al=lca-b* ab—c* bc—a* 49. (5):(4+ B> =A%+ B?
2, p2
C A B b_ 2 b _ 2 _b2 = (A+B)(A+B)=A +B
oo vema @ = A+ BA+AB+ B =4+ B
a b = AB+BA=0
[1 —1][a 1 a 1]/1 -1 00
=b ¢ a| =49 = + =
b 12 -1]|b -1 b -1fl2 -1 00
c [a-b 2} [a+2 —a—l] [0 0}
= + =
ki 14 1+ P 3 0 :Za—b 3 |b-2 -b+1| |0 ©
1— —i 117 0 3|” N 2a-b+2 -a+1 _ 0 0
| 20-2  -b+4] |0 O
= 3k*=1. k= = 2a-b+2=0,-a+1=0,2a-2=0,-b+4=0
\/_ = a=1b=4
(b):AGQZOA:Ae(ABAe)Q19A:IBAeQ19A Sooa+b=1+44=5
= IBA® ABA®Q'3A 5. (1): A 3 4
_ 0 _ _ . H =
=B2AYQBA = ......... = B 1 -1
(a) : Let X be a square matrix of order 2, then det(adj(adjX)) ) 3 413 -4 5 -8
_ m-12_11_ .. - A = =
= (det X) ==l (o [X[=1) 1 1|1 1| |2 =3
(7) : Given equation A% = 8A + kI, ..(3) \ ) 5 _81[3 —4 7 _12
Here, |A -AI| = 0 A =AA= =
o | 2 3||1 1] [3 -5
et =
-1 7-X An=[1+2n —411:|
= 1-M7-1= no 1-2n
— 2_8h+7=0 = det(d") =1-4n" +4n* =1 . det(4**”) =1
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JEE MATHEMATICS

1] 219 L3  continuity and Differentiability

DAILY PRACTICE SHEET

1 (b): RHL li TC—COS_I(X) 1 /|sinx| _ hr%{|51nx| sin \}
. H = 1m . L,H,L, — 1‘ 1+ : al|smx x— X| a
x—-17 \/x"'l \/E+\/cos_1 x xliﬂ)( |sinx]) —¢ -¢
( x) | Now, RIH.L. = iig})etanbc/tanh
\/x+1 \/EJF\/COS—l X (tan 2x 2x) /(tan 3x “J
i 1 1 = lim el 2 3x = lim e?? =3
= '—=— Putting cos™(-x) = ¢ x—0 x—0
Jn+dn 2n [ 8 (=1l Since, f(x) is continuous at x = 0
)\‘ =2 S ea = 32/3 = a= z and b = 62/3
2. (b):Since f(x) is continuous at x = 0 y 3
So, f(0+h)=f(0-h)=f(0) R ST T ’
Now f(x+3) =f(x) +f () (i) 1+
Keepingx=0, y=h LH.L.= lim f(x)= li /X
. . . .H.L.= lim f(x)= lim
1 +.h) =£(0) +1(h) ... (iii) v 0 14 e
Keeping x=0,y=-h 1 1 1
SO=h)=£(0)+f(-h) (i) i A e B e
From (i), (iii) and (iv), f(0) + f'(h) = (0) + f (-h) = ( T )+l (_oo)—kl
or () =f(-h) ) ¢ e
Nowx=ky=h RHL= lim f(x)= lim £ s
Sk+h)=f(k)+f(h) (from (ii)) x0T x—0" 1+e
=f (k) +f(=h) (from (v)) RTINS D B B
eehe o0t e Tl e 4l 041
J(x) is continuous ¥ k € Since L.H.L. # RH.L,
—T . Function is discontinuous at x = 0

3. (c) :f(x) is continuous at x = -

8. (O: f(x)z[x]cos(zx_l )nz[x]cos (nx—g)z [x] sin Tox

= —a+b=—251n(_2—n) = —a+b=2

— _a+b=2 Let n be an integer.
Then, a = -1 and b = 1, option (c) is satisfied. llm f(x)=0, lim f(x)=0
. . x—nt x—n
4. (9: xll>n(;‘ f(x)= )11310)6 =0 Also f'(n) = 0= f(x) is continuous for every real x.
lim f(x)= 11m x=0 andf(0) = 9. (d): hm £(x) = lim 1- cos(l COS X)
x—0" x—0
ti tx=0
J (x) s continuous at.x 1- 005(2 sin? ) 2sin (sm2 )
5. @: f(x)=x(Vx=/x+1) = lim = lim 2
x(x—(x+1 —x x—0 x—0
Ly X )
x+x+1  Jx+Ux+1 sm sin? sin®
Function is continuous in (0, =) =2-lim
] - x—0
(1+sin xl)a/‘smx‘ T <x<0
6. b H = b , = 0 -
b): /(%) x o sm2 L
. = im = 21 =
etan2x/tan3x , 0<x< g x=0 X 2 2 8
2
For f'(x) to be continuous atx = 0 L 1 . .
lim /()= £(0)= lim+ 1) If £(0)= ilg}) f(x)= 3’ then f (x) will be continuous
x—0 x—0 everywhere.
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10.

11.

12.

13.

14.

15.

14+cos5Sx
(©: f(x)=—+
1—cos4x

£ (x) will be discontinuous when
1-cosdx=0 = cosdx=1
= 4x=2nm,n=0,+1,%+2,...

T T
x:%,nzo,il,iz, ..... =x=0,7,min[0,7].

1 2
b): f(0)=lim|——
®: 0= tim| 12|
¥ —1-2x (0 ]
= lim 3 —form
x—0 x(e x—]) 0

By using L' Hospital rule, we get

2x
. 27" =2
fO)= lim — =
x>0 (e”F =1) + 2xe”™*
Again by using I Hospital rule, we get
2x
4e
0)=lim ————
/) x>0 4> + 4xe?*
(©) 1/ () = [x* -3]
[x] is discontinuous when x is an integer
LoX°-3=-1,0,1,2,3,4
or x°=2,3,4,56,7
111 111
or x=23 334353 63,73¢(1,2)
No. of points of discontinuity is 6.

=1.

(b) : As we are concerned about differentiability at ‘0" in the vicinity
of sinx
f(x)=log2 - sinx
g(x) =f(flx)) = log2 - sin(log2 - sinx)
As g is difference of two differentiable functions, so g is
differentiable.
g’(x) = cos(log2 - sinx)-cosx
Then, g’(0) = cos(log2).

1 1Y
(b):x2+y2=t+; = (x2+y2)2=(t+;)

1
= x4+y4+2)c2y2 =t2+—2+2 = 2x%? =2
t

x2y2 =1

d
Differentiating w.r.t. x, we get gy =

2 2
(d):Let L= lim /D= 1O _,
t—x r—x

Applying L Hospital rule, we get
2 g1
L 270

r—x 1
2 -1
or 2/ (x) - X (x) = 1= f/(x) - TI0=—
) X
LE = eJ x =g 2logx =i2
X

Solution is [ f (x)]i2
x

4
|F—‘
|
Nl'_‘
N——
&
J
—
~
R
—_

We have, f(1) =1

1 2 , 1
- —+C -z =Zxt+—
= 3 = C 3 f(x) X 3x
3 2 (3 Z 12 31
fl=l==%|= | +=x==—
2) 3 (2 3 3 1
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16.

17.

18.

19.

20.

21.

22.

(b): f(x)= sm(g[x] —x° )

= sin(g—xs)
2

o f(x) =cos [g X0 )(—5x4)

A=)
)6

o) Tim T @4/

[“1<x<2 =>[x]=1]

x—4 x_4
= lim xf(4)-4f(x)+4f(4)-414)
x—4 x—4
— lim f (4)(x_4)—4(‘{ ®-f(4) _ lim f(4)—4 lim L“f(“)
x—4 X— x—4 Y—d Y
=6-4xf(4)=6-2x4=-2
i a2
(b):(gof)(x):sinx|x|:{ Slng; , x<0
sinx”, x>0
—2xcosx2, x<0
(gOf)'(x): 5
2xcosx”, x20

L(gof)’ (0) = 0 = R(gof)'(0)

gof is differentiable at x = 0 and (gof)” is continuous at x = 0

(gof )" (x)=
2cosx? — 4x? sinxz,

(gof)” (0") = 2 and (gof)” (07) = -2
(gof)” (0) does not exist.

©:f"(x)=gx) = g)=f'(1)=4
A1) +g2(1) =)+ (4)? =25+ 16 =41

(a): COSZ(cot1 }2+xJ
2—x
=C052 tan,l 2—x) [
V2+x
- cos?| tan™! 1-(x/2)
1+(x/2)
= cos?| tan~! /l—cose)
1+ cosO

= cosz(tan_l(tan 0/2)) = cosz(9/2)

(14+cosB®) 1+(x/2) 1 1
= = :—.x+_

—2cosx? +4x? sinxz, x<0

x20

cot 'x = tan”! (1/x)]

[Taking x/2 = cos0]

2 2 4 2
Now, il:lx+l:| :l
dx| 4 2 4

() : f(x) = sin|x|, consider h(x) = sin x, g(x) = |x|, then
f=hog, hand gare continuous, thus sin |x| is continuous everywhere.

@ :f(x)=|x-2]+|x -5

7-2x, x<2
= f(x)=9 3 2<x<5
2x-1, x>5



23.

24.

25.

26.

27.

28.

Statement-1:/”(4) = 0. True

Statement-2 : f is continuous in [2, 5], differentiable in
(2,5) and f(2) =f(5). True

But Statement-2 is not a correct explanation for Statement-1.
(b):Let y =logjox and z= X2

Taking derivative w.r.t. x, we get

dy ! . dz .
EZ xlogelo """ (1) EZZX ...... (11)
dy
v dx 1 _logjpe
dz dz xx2xlog,10 22
dx

(b):g(x) = /(2 () +2)°

We have on differentiation with respect to x,
g0 =2/ f () +2)- /2 () +2) - 2 ()
Letx =0

g(0) =2/(2f(0) +2) - f(2f(0) +2) - 2/"(0)
=2£(0) - f7(0) - 2/7(0) = (-2)(1)(2) = - 4.

(b) : We have, ¥ = logx ..(1)

Taking log on both sides of (i), we get

ylogx =log (logx) = y:bg(lﬂ ..(ii)
log x

) wwee)

dx (log x)*

The point where the curve cuts the x-axis is (e, 0).

[ﬂ:| _1~1;—0_1
dlage,0p  (1)? e
(d):/(0) =0,/ (1) =sinl .. f(0)#/ (1)
= 3" condition of Rolle’s theorem is violated in [0,1]
Also, f (x) is not differentiable at x = 0
2" condition of Rolle’s theorem as well as
LMVT are violated in [-1, 1] as 0 € (-1, 1)
[ satisfies the condition of LMVT on [0, 1]

( 1
log x
dy log x

sin x

X

@: f(x)=
e

Since sinx and e both are continuous and derivable functions
~. f(x) is also continuous and derivable
Since f(0) =f(m) =0
f (x) satisfies Rolle’s theorem and there exist a point ¢ such
that/”(c) =0
sin x

X
e

Since, f(x)=
X . X
, . o e* cosx —sin xe
Taking derivative w.r.t. %, J'(X) = —————
(e”)
Put f”(x) =0, we get cosx - sinx =0

T
or tanx=1 = x=—.

(c):= f(h)=f0)+hf'(Bh),[0<0<1]
We have, f{x) = cosx
cosh = cos0 + h (-sinbh)

29.

30.

31.

32,

33.

= sinbh= l_(;ZOSh = =%sin_l[1_COSh)

h
. 1 1—cosh
sin
h

= Ilim 0= lim

=0t h—0* h
. _1(1—cosh
o h 1 h 1 1
= lim (I—cos )=1._:_
h—0t 1—cosh B2 2 2
h

(d):(a)  f(x) = |x| is not differentiable at x =0 € (-2, 2)
For f'(x) = |x|, Rolle’s theorem is not applicable

(b) f(x) = tanx is undefined at x = ge [0, 7]

For f'(x) = tanx, Rolle’s theorem is not applicable
© f@)=1+C-2"

- f’(x)=§<x—2>‘“3= 2

3()(? _ 2)1/3
f7(x) does not exist for x = 2 € (1, 3)
Forf(x)=1+ (x- 2)2/3, Rolle’s theorem is not applicable
(d) Iff(x) =x(x- 2)? thenf'(0) =0=£(2)
fx) =1(x - 2)2 + x-2(x — 2), which exists for all x € (0, 2) and
f (x) is continuous in [0, 2]
Rolle’s theorem is applicable for f(x) = x(x - 2)2 in0<x<2
(@) :Let f(x)=agx+aq %-&-az §+a3 %
F(x) = ag +ayx + ayx* + azx

fO)=0=/(1), [~.~f(1)=a0+%+”—2+“_3=o]

3 4
f () satisfies all conditions of Rolle’s theorem.
So, f’(c) =0 for somec € (0, 1)
f7(x) = 0 has a real root in [0, 1]

(a,d) :Asfand g are continuous, they attain their maximum on
the closed and bounded interval.

If fand g achieve their maximum (common by hypothesis) at the
same points, say, xo € [0, 1] then f(x() = g(xo).

Hence xy is the point ¢ we are looking for and hence
f(c) = g(c). So choice (a) and (d) follows.

Next consider the case when f and g attain their maximum at
points ¢ and 3 such that 0 S ot < B < 1.

Define (x) = f (x) - g(x), h(at) = f (1) - g(at) > 0

h(B) =f(B) - 2(B) < 0

Hence dce[0,1] such that 4(c) = 0, as / is continuous.

Thus, f'(¢) = g(c).

(a,b) :Asx =0isarepeated root of |x|(sin [x* + x|), hence f (x) is
differentiable at x = 0

Atx = 1, we have cos|x® - x| = 1

Again, f (x) is differentiable at x = 1

(b,c) :f(x)= [xz] - 3 is discontinuous at
x=1v2,V3.2in [—% 2]

2
Also, g(x)= (| x[+]4x=T([x"]-3)
As at these points |x| + [4x - 7| doesn’t vanish. Thus, g is

discontinuous at x = l,\/i,\/g in (—l, 2)
2
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Hence, g is not differentiable as well.
In the neighbourhood of 0, g(x) = (|x| + [4x - 7])(-3)
Thus, g is non-differentiable at x = 0.

So, g is not differentiable at exactly four points in (—%, 2)

34. (b,d) :Aroundx=2,sin(|x| - 1) =sin(x - 1)
and sin(x-1)>0 = |[sin(x - 1)| =sin(x - 1)
we know, sin(x - 1) <2
Hence |sin (x - 1) - 2| =2 - sin(x - 1)
flx) =2 -sin(x-1) forx€(2-5,2 +9)
f(2) = - cosl
35. (a,b,c) :f{x) is continuous at x = a if hlir}) fla=h)= f(a)

We consider the continuity at x = knt(k € 1)
;in}) f(km+h)= f(km) for continuity at x = k7 (k € I)
%
Now, lim f(km+h)
h—0

limO, if km+ h is irrational
h—0

limsin |krt+ 4|, if km+ /& is rational
h—0

=0 [ sinlkm|=0ask € /]
And f'(km) =0 [ km is irrational as k € 1]
36. (b,d) :We have at the points x = 2n
f2n) =a, +sin2nn = a,
Also for the L.H.L., we have
LHL.= ;irr:) (b, +cosm(2n—h))=b, +1
—

RH.L = lim (a, +sinn(2n+h)) = a,
h—0

For continuity b, + 1 =a,=a, - b, =1
Againatx =2n+1
LHL. = lim (a, +sin(m(2n+1-h))) = a,
h—0
RHL.= }}m%) (b4 +cos(m2n+1+h)))=b,,1—1
%
Alsof2n+1)=a,

For continuitya, =b,+1-1= a, 1-b,=-1

37. (a,b,d): The function y = is discontinuous at x = 1

x—1

is discontinuous at u = -1, 2

1
f= e

3
ie, atx=0,—
2
Also we have, lim f(x)= lim f(x)=eco
x—0 u—-1

lim f(x)=lim f(x)=-co
x—)é u—2

2
lim f(x)= lim f(x)=0
x—1 U—yoo
38. (b,c) :f(x)=x"+3x+2,g(f(x) =x, h(g(g(x)) =x 10,

Now, f/(x) = 3x2+3
1 1
Again, g'(2)=——==
S 3

Now, h(g(g(x))) =x
Differentiating with respect to x,

(As we have f(0)=2)

, 1
h(g(g())=———"——
SN = e g
Now, to solve g(g(x)) = 1 we have g(x) =f(1) =6
7(6) =236
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39.

, 1
h (1) £6)g'236) 1 . T 666
6 111
Solving, g(g(x)) = 0 means g(x) = g_l(O).
= gkx)=2
x=gl2)=f2)=16
h(0) = 16

Again, h(g(g(x))) =x
Put x to f'(x) then h(g(g(f(x)))) = f (x)
= h(gkx))=f(x)

h(g(3)) = f(3) = 38

(@):(A) - (1,5), (B) - (p,q), (C) - (p>q)> (D) - (p> 1)
(A) The given function is clearly continuous at all points except
possibly at x = + 1
As f(x) is an even function, so we need to check its continuity only
atx =1.

lim f(x)= lim f(0)=f(1)
x—1" x—1"
= lim (a®+b)= lim — = a+b=1

x—1 x—1t |x|

or a=1-b ..(i)
Clearly, f(x) is differentiable for all x, except possibly at x = + 1.
As f(x) is even function, so we need to check its differentiability
atx =1 only.

fEO-fO) _ o fEO-fO)

lim
x—1" x—1 x—1t x-1
1
, ——1
. _ax“+b-1 . |X|
= lim —————= lim
x—1 x—1 x—1" x—1
. axz—a -1
= lim =lim —
x—>1 x—1 x—1 1
-1 3 [from (i)]
= 2a=-1= azzandbz—

(B) f(x) =sgn (x? - ax + 1) is discontinuous then x* - ax +1=0

must have only one real root. Hence, a = + 2.

(C) fix) = [2 + 3 |n| sinx], n € N has exactly 11 points of
discontinuity in x € (0, T)

23)|n|-1=11 = 6|n|=12 = n=1=2

(v flx) =[a+bsinx] 0 <x <M ¥V a € [ has 2b - 1 points of
non-differentiability)

(D) If fix)=|||x] -2| + a| has exactly three points of
non-differentiability.

f(x) is non-differentiable at x = 0,
or x=0,+2.

Hence, the value of 2 must be positive, as negative value of 2 allows

x[-2=0

| |x|—2|+a=0 to have real roots, which gives two more points
of non-differentiability.

(@) :(A) - (p, q@)> (B) - (p>s), (C) - (r,8), (D) - (p, q)

X2-1 x>l
(A) flx)=(x+1)|x-1|=




41.

42.

43.

44,

45.

46.

(B) f(x)=min {

x), 1 |x|}

0,1

» X
10 ° a0

(C) flx)={x}+2[x]=x+ [x]atx =]
LHL =I+(I-1)=2[-1
RH.L. =1+1=2I=fI).
Not continuous hence not differentiable at integral points but
increasing.

™

(D) f(X)= C082 %: CcOS —

is continuous and differentiable

(d):For any x # 0, _1§sjnlg1,butasx—>0
X

1
sin— does not approach any particular value but oscillates
X

between -1 and 1

(a): Lim+f(x)=0= Lim f(x)

x—1 x—1"
f(x) is continuous at x = 0

(@):Asx <1, Lim x> =0

n—oco
log(2+1)-0
So, Lim f(x)= log2+1)=0 _ log 3
x—1 1+0
As x> 1, Lim x*" = e
e log2+x) .
0, —sinx
So, Lim f(x)= Lim | lim —% =-sinl
x—1" x—1t| e 1 +1
x2n
log3—sinl
Also, f(1)= %
Clearly, f(x) does not have removable discontinuity at x = 1.
(c) : By given fact, &lle is differentiable at x = 0 but it is cer-
1= x|

tainly not continuous at x =1 and x = -1
= not differentiable at x = 1 and x = -1

(b) : h(x) = sinx |sin x| as f (x) = |x| and g(x) = sinx

£ (g(x)) = f (sinx) = |sinx]|

Clearly, h(x) is differentiable everywhere.

As h(x) is the product of two continuous differentiable functions.

(1) : Let u = f(tanx)

@ = f’(tanx) sec” x
dx

and v = g(secx)

47.

48.

49.

50.

dv
— = g’(secx) secx tan x

dx
du  f'(tanx) sec? x

Now —=—
dv  g'(secx)secx tanx

ﬁ(@) _fap :2-2\521
dv) g2z 42

4
(1):f=glie g7 (x) =f(x)

where g(x) =y = 2tan”1(e¥) - g

= tan_l(ex)=E+Z
4 2

= x=logtan(£+z)
4 2

-1 _ T y
= =log tan| =+ £
g (y)=log (4 2)

1) = -1 (E f)
=g (x)=f(x)=logtan 4+2

1 1
:>f'(x):—~sec2 (E+£)x—
S I
4 2
, 21
f(0)= Xsec” —x—=1
tan—

(7): 1= f(0)= lim f(x)
x—0

x? x>
. x(1+a(1—|2+....]]—b(x—|§+ ..... ]

—x—0
x3

x(1+a-b)+x°> (_a+b)+ X)) +....
= lim 2_6
x—0 x3

= 1+a—-b=0 and —_a+é:1
2 6

-5 -3
= ag=—,b=— and2a-8b=7
2 2

(2) : Graph of p % Q
f(x)=max{a-x,a+x, b} .X_—K-/_y:b
where 0 < a < b is given (PABQ). A

As there are 2 steep corners

(at A and B), f (x) is not Y
differentiable at these 2 points.

@: y - 2x=eVr e Vx

Loy b
/ NI
= 40y +2) -y=0 Sk=4
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DAILY PRACTICE SHEET

Application of Derivatives

(a): ‘;—‘t/ =—72nm’ / min, V, = 45007
4 4 .
V=-nr® = d—V — T X 3r xdr ..(i)
3 dt 3 dt

After 49 mins, J = Vo +49 CZZ—V =4500m - 49 x 721
t

5.
= 450071 - 35281 = 9721
4
972n=§nr3 — P=243x3=36 = r=9
From (i), — 721 = 47[',)(81)(ﬂ = ﬂz—gz—z
dt dt 81 9
2 .
Thus, radius decreases at the rate of 5 m/min.
(d) : Let V be the velocity.
S o W = K=V (where K is any constant)
das
= P _ kg3 (1)
dt
d*s , ds
= — =3KS$" — _ 2 (KS3 i
a2 I 3KS” (KS”) (from (i))
= 3K°8°
So acceleration o S§°
(a) : We have, 16x* + 9y* = 400 (1)
Given that d_y =— d_x ...(ii)
dt dt 6.
Differentiating (i) w.r.t. t, we get
dx dx 9y
16x-—=9 i s =27
a Yo i [using (ii)] = x 16
2
16
From (i), 16- 2 4 9y? = 400 = y =40
16 X16 3
16 16
Whenyz?, x =3 wheny=—?, x=-3
Required points are (3, E) and (_3, - E)
3 3
(d):Let v and r be the volume and radius of spherical iron ball 7.
respectively.
ﬂ =100 T cm®/min 8.
dt
4
v=—nr

_é 32ﬂ

3
d

= — .
dt 3 dt
ﬂzérw(r-i-Ar)z.ﬂ
dt 3 dt

4 d
= 1007 = = 7310 + 5)% x &L
3 dt

dr  100mx3 1

dt 4mx225x3 9
(d) : Slant height of cone (I) =7 cm
P=hn+ (i)
- P=7"_4£-33= r=+/33m (when h = 4 cm)
Now, differentiating equation (i) w.r.t
dh dr dr hdh

= 0= Zh— d :E:_7E ...(ii)

1 2
Volume of the cone, V= =mr°h
v _1 2 dh:|

dt

2rh—

= a 3" [ ar

= dV ln |:2rh(_—h @)+r2%:|
dat 3 r dt dt
dV 1 dh 2,

(From (ii))

2
= [d—V:| —1n(0.3)[—2><42+(\/£)]
dt ly—4 3
T
=10 cc/sec
B
(c):Given,@=6km/hr
dt N
ASAB ~ ASMN 6
= x+y=3 =Sx+y=3y = x=2y
Yy
o Ay oA Ay
dt dt dt dt
, ln(e+x)e+x—ln(ﬂ:+x)n+x
(b): f/(x)= -
(m+x)(e+ x)(In(e + x))
Sincee<m, (e+x)° < (m+x)"+*

(d): Since f(x) f'(x) <0

- f(x) and f’(x) must be of opposite sign.
(i) Letf(x)=e*=f"(x)=-

= f(x)>0,f(x)<0 forallxe R

(i) Letf(x)=-e"=f'(x)=¢~

= f(x)<0,f'(x)>0 forallxe R

But |f(x)]=|te™| =¢™ inboth cases

% )=

<0 in both cases for all xe R
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10.

11.

12.

13.

14.

15.

(© :¢0)=f" (g) _f(2-29>0if f(g] S/ 2-3)
= g <2-x [Becausef”(x) is a decreasing function (f”(x) < 0)]
x<4-2x=>x< é.IfxE

(4
in|—2}{.
(3 )

(a) : We have, f (x) =sinx - x

4
(Oa g) ,£(x) increases and decreases

which is decreasing function in E, E:I (. fl(x)<0)
T 4 4°3
As —<x<—
4 3
e
Bl o=n
ﬂA)e[?‘E’E_Z

i LD @) FGP) = £(0) - £+ £(0)

(a): = li
x=0 f(x)—f(0) x>0 f(x)-f(0)
- 1im{f(x2)"f(0)—1} - lim{xf(xz)_f(o)x a —1}
x=0| f(x)— f(0) x—0 %2 f(x)— f(0)
= F/0)x—— lim (x~1)= -1

f(0) x—o0
(a) : 1'(x) = sin 2x [f’(sin’x) - f"(cos’x)]
Since f”(x) <0 ... f’(x) is an decreasing function.
x>0 :>f’(sin2 x) >f'(c052x)
= sin’x < cos’x (since f” decreases)

= x€ (O,E)
4

. d [tanx xsec’ x—tanx 2x—sin2x
d): = = =
dx 2 2

=— >0
x x 2x" cos” x
_Xxcosx—sinx x—tanx

2

== <0
X X secx

tanx . d (sinx
increases. —
x dx\ x

in
f(x):—Sl X decreases
x

sin x < tan x = f(tan x) < f (sin x)
sin(tan x) < sin(sin x)

tan x sin x
= cos x sin(tan x) < sin (sin x).

(b) : The given curve is x* + 2xy — 35> =0

Factorizing, it becomes (x - y)(x + 3y) =0

Normalat (1, 1)isx+y=Ade,1+1=A = A=2

Thus the equation is x + y =2

Obviously x + 3y = 0 doesn’t have the point (1, 1) on it.

Now, x + y = 2 meets x + 3y = 0 in the point (3, -1) obtained by
solving the system of linear equations. Hence the point is in the
4th quadrant.

(d):Wehave,x:4t2+3,y=8t3—1
P=(4f +3,88-1)
Now,§=8z and & = 2422

t
Slope of tangent at p= 2= /Al _ 3,
ope of tangent at P = o dvldr

Let Q= (4A% + 3, 8%° - 1). Slope of PQ = 3t
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16.

17.

18.

8t3 — 83
R
4% —4)?

= PH+tA-222=0=({-N)(t+20)=0

8(t— M2 +A2+10) 3
AE-NE+N)

= tzkorl:_?t Q=[f+3,- -1]

(a):Fory= P any point on it is A(a, az).

Equation of the normal at (g, a?) is /Ji
2 1
-a"=——(x—a
y 2a ( ) o) B(b, b?)
This meets y = x* again A
at B (b, b) (say), then ..
b* - a* = (~1/2a) (b - a) 0

1
= b=—(a+—)
2a
S y=AB* =(a-b’+ (- b’
2
=(2a+L) (1+L) =(4a2+L+2)(1+LJ
2a 4a2 4[12 4(12

1 1
= y=(—+x+2)(1+x) where x = —
2

X 4a

1 2
=—+3+3x+x

X
2
S Y v amd 922 05
dx x2 d? X
d 1
Now 2 0= 23 +3x -1=0 = x=—, -1
dx 2

1
Reject x =-1 as x=—2>0
4a

The two required normals are given by
x —X
=—=+1land y=—7+1
TR

2
(b) : Slope of the tangent at (a, b) = —Z—z
Tangent at (a, b) is a’x + b’y = a® + b°
It passes through (p, q)
= dp+biqg=a’+1’ (i)
Alsop’+q =a + b’ ..(i1)
Ifp=aa,q =bp, (i), (ii) = (a-1)a’+(B-1)b=0
@ -+ P -1b*=0
Eliminating a’, b”, we have

o’ -1 BP-1
o-1 p-1
ro+1=pP+p+1=0+Pp+1=0
N £+ﬂ+1=0,bp+aq+ab=0.
a b
dy 1

(©:x=thy=t = X -~

4 dx 2t

1
Normal : E y-t)+x- £=0.Tt passes through (c, 0)

1
=St+—-c=0
2



19.

20.

21.

22.

23.

t1, t; are roots = tit, = 1 ¢, slopes m, = L, m, = L
2 2, 2,
1 3
mmy=-1= —— =-1=2-4c=c==.
att, 4

(a):Lety= X3
Let x = 8 and Ax = 0.005

y= (8)1/3 =2
Now P = Ly23 _ L g2 _ g e333

dx 3 3
dy

Ay = d_ Ax =0.0833 x 0.005 = 0.0004167

y-Ay=2-0.0004167 = 1.9995
() : Let Py(t;, t7), Py (tp, £5), ...
Tangent at Py: y - 1 =3t (x - ;)
It passes through P;: 55—t =3tk - 1)
= tz = —2t1, t3 = 4t1, t4 = —8t1

oo 1 1 11
ft)=|-2t, -85 1=t]-2 -8 1
at,  eat; 1 4 64 1
=-162t}, flty) = -162t5
4 4

Area of AP,P,P; _ (t_l) _ (_l) _1
Area of APRP3P, \t, 2 16
(c) : Equation of tangent to y2 =4ax at (atz, 2at) is
y-2at =2a (x+at2) = ty:x+at2 (1)

» dy

Forxz—yzza , ——

x

dc y dy asecb 1
At (a sech, a tanB), —= [
dx atan® sin0

Eqn. of normal to P y2 =a’at (a secH, a tanb) is
y - atanB = - sinB (x - a secO)

= y=-xsin0 + 2a tan0 (i)
(i) & (ii) are identical
t_ 1 et P
1 —sin® 2atan® 2tan®

= t=-—cosecO & t=2tan0

(b) : We have, y2(2 -Xx) = P
Differentiating with respect to x

= (2—x)2y%+y2(—1) =3x?

3)62 +y2 = d_y = M
[@ﬁ _ Wt 4,
dx |y 40-201) 2

Equation of normal at (1, 1) is

= (2—x)2y@:
dx dx 4y-2xy

(y_l)zi(x_l):x+2y—3:0

X+2y-3= Ocutsthexax1sat30

Required length = y(3— 1) +(1- = \/—

(d) : The length of the sub-tangent, ordinate and sub-normal are in

Yy
G.P. [—l,yl,ylm .
m

24.

25.

26.

27.

28.

(a) : We have, x2y2 -2x=4(1-y)
= x2y2—2x:4—4y
Differentiating both sides w.r.t x, we get

dy dy
202 +2y P2 _2=14g*
Yo+ 2y xt 0
2
= Woptigy=2ooy?o W_2729°
dx dx 2yx2+4
dy _2-(2x2x(=2)) _-14 _7
delo ) (-2)-2))+4 12 6

Slope of tangent to the curve = %

Equation of tangent passes through (2, -2) is
y+2=%(x—2) =7x—-6y=26

Equation of tangent does not pass through (-2, -7).

(a) : We have, f (x) = (x - p)* + (x - @)° + (x - )’

= fx)=2x-p)+2(x-q) +2(x-71)

=2(x-p+x-q+x-1=2B83x-p-q-1)

For critical points, we have
fx)=0=2Bx-p-q-1N=0=3x-p-g-r=0

+q+
= 3x:p+q+r:>x=M

prq+r 3
3

So, x = is the critical point.

Now, we test the function at this point.
We have, f'(x) =2x3=6

Atx= p+3q+”, f”(p+3q+r):6>0

ptgqg+r

+q+
ie,n=L2970

= f(x) has a minimum at x = 3

@+ fim L) _
=2 ()¢ x)

Using LHospital rule, we have

m g + fFg'(x)
x—2 f7(x)g'(x)+ g"(x) f'(x)

OO _
17(2)g’(2)
7(2) =f(2) = +ve
oo f(x) has minima at x = 2
Also f(2) =f"(2).

f(x) =f"(x) has at least one solution in x € R.

2g2)+g'2)f(2) _

fr2)g'2)+g"2)f"(2)

(b):f (x) =sin(tanx) - x, f(0) =

f’(x) = cos (tan x) (tan’x + 1) - 1

= cos (tan x)tan’x + cos (tan x) - 1
2

tan® x 1
=tan2x cos(tanx)—g)

o

neglecting higher terms]

= cos (tan x) tan’x —

IS|><N
II|>3>

[Using expansion of cos x = |:1 -

0O<tanx <1< E = cos (tan x) > cos = r_Z
2

s f(x)>0.

f(0)=0= f(x) 20, sin (tan x) > x.

(b):f'(x)=0atx=1,2,3,4,5
The presence of even powers for (x - 2) and (x - 4) imply x =2, 4
are inflection points.
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29.

30.

31.

32.

33.

f(x) is a polynomial = f(x) is a polynomial tending to e as x — oo
x =5 is minimum point since maximum and minimum occur
alternatively for a polynomial x = 3 is maximum point.
x =1 is minimum point.
f(x) has minimum at x = 1, 5 maximum at x = 3 and inflection
points at x = 2, 4.
(€) : P'(x) = 4x° + 3ax® + 2bx + ¢
P(0)=0=>c=0, P'(x) = x (4x" + 3ax + 2b)
4x* + 3ax + 2b = 0 has no real roots
45 +3ax +2b> 0
P'(x)>0in [0,1] and P’(x) <0in [-1, 0]
Pmax = max. {P(_l)’ P(l)} = P(1)> Prin = P(O)

(d):f(x) =In|x| + bx® + ax, x # 0 has extreme values at x = — 1, x = 2.
f'(x)=—+2bx+a
x

f'(-1)=0andf’(2)=0

= —1-2b+a=0 and %+4b+a=0

forall xe R - {0}
= fhasalocal maximumatx=-1,x=2

1
(b,c,d): f(x)=xcos—, x=>1
1 1 lx
f'(x)=cos—+—sin——lasx —> oo
X X
- 1 1
f (x)=——3005—<0 for x>1
X X
So f’(x) decreases on [1, o).

In the interval [x, x + 2] where x € [1, o), f (x) is continuous and
differentiable.

flx+2)— f(x)

By Lagrange’s Mean value theorem, f’(x) =

2
x+2)— f(x
Asf’(x)>1 so, w>l
= flx+2)-f(x)>2.
(b,d) :xy=1
1 d 1
y:— = _y= R
X dx x2
Slope of normal = xZ>0at any point P(xy, y;)
If (a - 1)x - by + 4 =0is a normal
-1
then its slope = aT>O
a - 1 and b must be of same sign.
= a>Lb>0o0ra<1,b<0
(a, b) : We have
f(x)=2]x| + |x+ 2| - ||x + 2| - 2|«]|
[—2x—4, x<-2 Ay
= =4 A
244, —2<x<-2/3 W\ 7 X,X sy
P 7
\ f
=4 —4x, —Z<x<0 y¢ \A4 , > x
3 2/-2/3 0 2
4x, 0<x<2 y=ax+d
vy
L2x+4, x>2

It has local minima at x = -2, 0 and maxima at —2/3.
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34, (byo): f/(x)=(x-1)(4-x)=-x"+6x"-9x+4
4 2
On integrating, f(x)= _xT +2x° - 9% +4x+C

Putting x = 0, £ (0) = C (may or may not be zero)
f'(x)20in (0,3) .. f(x)isincreasing in (0, 3)
f'(4)=0, .. x=4isacritical point of f (x)
f'(x)>0in (3,4) and f'(x) <01in (4, 5)

We can't say that f (x) is decreasing in (3, 5).

35. (b,d) : We have, 4x* + 9)/2 =1 ..() &8x=9y
Differentiating (i) w.r.t. x, we get
8x+18yd—y=0 = d_y=_4_x

dx dx 9y

= Slope of tangent = ? Also, slope of line (ii) =
y

O | ®©

Since line (ii) is parallel to the tangent.

—-4x 8
—=—=x=-2
9y 9
1 1
From (i), 4(452)+9y2 =1= )2 = — = yp==4—
25 5
1 2 1 2
Wh = —, =—— h =——, = —
en y 5 X 5 when y 5 X 5

Points are (—z, l) and (E, _l)
5 5 5 5

36. (b, c): Let g(x) = f'(x) — 2f (%)

L(ii)

Wehave ¢ g(1) = F0e -2 ) = (x)

d  _
As g(x) > 0, we have E(e fo(X)) >0

ie. e f(x)isan increasing function on R.
Now, e 2* flx) > e’ f0) = e fx)>1
Then, f (x) > e**

Asf’(x) > 2f (x) i.e. we have f"(x) > 2 e

Thus, f’(x) is positive. So we can conclude that f (x) is increasing

on (0, =)
37. (a,b) : sinx|+lcos x| = /1 +|sin 2x]
Y
So, 1<|sinx|+|cosx| <+/2. 3,1) 31
y = [|sinx| + |cosx|] = 1. )
X +y =10 * 0
dy
= 2x+2y-—+== T
dx y

So, angle is either tan"!(=3) or tan"'(3).

(b, d) : We have, f (x) = X -5x+a

¥ -5x+a=0 = x5—5x=—a=b(say)

gx) = x° - 5x

g(x) = St —5=5(xt-1) =52+ D(x-1)(x+1)

g()=g(-1)=0
. -1
increase 4. oo o

Hence g has a maximum at x = -1 and a minimum at x = 1.

g(-1)=4,g(1) = -4
YA .
/ 4 \V

Also, x — — oo, g(x) — —c0 and x — oo, g(x) —> oo

38.

sign of g’(x)
increase

)

= =



39.

40.

41.

For three real roots the line g(x) = b should meet the curve at three
points.

= -4<b<4 = -4<-a<4 = -4<a<4

For onereal root,b< -4 or b>4

ie, —a<-4 or -a>4

iie, a>4 or a<-4

(@) : (A) - (), (B) - (s), (C) - (@), (D) - (p)

(A) Tangent at (t, l) is y— L _—1(x —t)
t t 42

2
which meets the axes at A(2t, 0) and B (0, ?)

2
OA x OB = 2t. ? =
(B) Tangentat (cos 6, sin0) isxcos® + ysin 0 =1
which meets the axes at A 1 ,0|and B|O, L
cos 0 sin O
1 1 2 .2
——+——=cos"0+sin“0=1
0A® OB?
sin® 0
(C) Thetangentat (cos* 0, sin* 0) is y- sintf=— (x - cos*0)
cos“ 0
which meets the axes at A(cos2 0, 0) and B (0, sin? 0)
OA + OB = cos® 0 +sin” 0 = 1
(D) The tangent at (cos® 0, sin® 0) is y- sin®0=— ﬂz (x - cos’ 0)
cos

which meets the axes at A(cos 0, 0) and B(0, sin 0)
AB=+cos’0+sin’0 =1

(b): (A) - (s), (B) - (r), (C) - (p), (D) - (q)
Since the curve y = ax” + bx” + ¢x + 5 touches x-axis at P(-2,0)
then x-axis is the tangent at (-2,0). The curve meets y-axis at (0,5).

We have, d_y =3ax® + 2bx + ¢
dx

W 0+04c=3 (given)
dx (0,5)

= ¢=3 ..(i)

= 12a-4b+3=0

and (-2,0) lies on the curve, then
0=-8a+4b-2c+5

= 0=-8a+4b-1

= 8a-4b+1=0

From (ii) and (iii), we get a = -

..(i1)

...(iii)
1 3
PR
1 3
Hence, g=—-=b=—= andc=3.
2 4
Also, y’(1)=0

xz—ax+1

x2+ax+1

(x2 +ax+1)2x —a)— (x2 —ax+1)2x +a)

(@): f(x)=

f(x)=

(x2 +ax + 1)2

2x3 —axz +2ax2 —a2x+2x—a—2x3

—ax2 + Zax2 + azx —-2x—a

(x2 +ax + 1)2
2ax* - 2a 211(x2 -1)

(x2 +ax + 1)2 (x2 +ax + 1)2

42.

43.

44.

45.

46.

47.

Now,

(x* + ax + 1)? [2a(2x)] - 2a(x? = 1)
[Z(x2 +ax+1)(2x +a)]

Jr(x) =

(x2 +ax + 1)4
B 4(x2 +ax +1)ax — 461(X2 -1)(2x +a)

(x2 +ax + 1)3

3 4a(l+a+1)_ 4a (2+a)_ 4a

.- ”1 — —
S (+a+1)° 2+a)’  (@2+a)
41-a+1)(-)a —4a@-a) —4a
And f”(-1) = = =
nd f7C1) 1-a+1)>° 2-a° (2-a)?
Now, (2 +a)* f""(1) + (2 - a)* f"'(-1)
P R LR
2+ a)? 2 -a)?
, (2 = 1) (x=D(x+1)
. :2 =2
@: /() a(xz +ax+1)2 a(x2 +ax+l)2

It is easily seen that f (x) decreases on (-1, 1) and has a local
minimum at x = 1, because the derivative changes its sign from —ve
to +ve.

(b) : Clearly, y = x meets y = ke* (when k< 0) only once i.e. in the

third quadrant.

y
y=x

y=ke* where k<0
@:f(x)=ke" -x=f'(x)=ke* -1

£ =0
=x=-logk y

f7(x)=ke*>0

.. Minima occurs at x = - log k. y = ket
S f(X)min=1+logk —

For only one root of f (x), 0 *
f(Omin=0,i.e, k= 1 y=k

e
(a) : For 2 distinct roots of f (x) = ke* - x, f () in < 0

1 1
= 1+Ilnk<0or0 < k < — ke(O, —)
e e
(1):g(x) =&Y, ¢(x) = /™ ()
g =¢ @ x2010(x-2009) (x-2010)% (x-2011) (x-2012)*
ghas points of inflection at x = 2010, x = 2012

ghas minimum at x = 2011
g has maximum at x = 2009.

2+x)°, —3<x<-1

2): =
@): f(x) { s

, —1l<x<2

YA
o .
R maxima
r\’X
//& y=x

2
)

2/3

minima
\ ;

—372 o] 1 2 °F
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One can easily graph the function. It is an example of a piecewise Similarly g(b) = 0
continuous function. (a+b

The function has a local maxima at x = -1 and a local minima at f (_)z 0
x = 0. Thus the total number of local maxima and local minima of

the function is 2. g(ﬂ)z 0
2
48. (1):The given curve is \/E+ \/Z =1 ..(1) Also flo) =f(B) =0
) o a b So, according to Rolle's theorem,
Differentiating (i) w.r.t. x, we get ) . a+b a+b
g (x) = 0 has at least one root in (0, a)| g , b
1 1 1 1 dy dy _ by , ,
Xt =X —=—=0 == and (b, ). 2
\/; 2\/; \/E 2\/; dx dx \/E i.e., equation has minimum 4 roots.
[dy] b 50. (7):x=t+3t-8andy=22-2t-5
I T dx d
dx ) ax o Ztisand 2 a2
\/b_ dt dt
Equation of tangent is (y — y,) = — i(x -x) dy 4t-2
'ﬂx NOW, e
! dx  2t+3
— X . 2’ _ 2’1 + X1 —1—k=1 At the point (2, -1), t =2 ,
O e e [@} = 8-2 = 6 . Slope of normal = 3
49. (4):Let g(x) = f(x) sin (nf(x)) dely= 443 7
g(a) = f(a) sin(nfla)) = f'(a) sin 0 =0 Hence, k =7
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Indefinite Integrals

(b):Asf” (x)-g"(x)=0

= di(f'(x) -g'(x))=0 = f’(x) - g'(x) = k constant
X

Let x=1weget f(1)-g’'(1)=k = 4-2=k . k=2
S/x)-g’(x) =2

On integrating, we get f(x) - g(x) =2x + r

Let x=2wegetf(2)-g2)=22+r

= 9-3=4+r .. r=2

Then, f(x) - g(x) =2x + 2

Hence, flx) - g(x) atx =4 isequalto2 x4 +2 =10

(x% —1)dx

(x+1)2\1x+xz+x3

2. (¢)I=

1 1
Put £ = x+—+1, then 2t dt = (1——2)6196
X

dt _ 1
[=2)—— =2tan ‘ttc= 2tan”! [x+—+1+c-
t“+1 x

3. (b):u=-7"(0)sinb +1’(0) cosd

%:—f”’(e) sinB— f”(8)cosO+ f”(0)cosO— f’(0)sind

=-sin 0 (f"(6) + 17(6))
@ ’ 2 " ’ 2
(de) =sin” O(f”(8) + f7(9))
v =f"(0) cos B + () sinO
%: f”(8)cos®— f”(0)sin®+ f”(0)sin® + 17(0) cosd
= cosO (f"(0) +/7(0))

2
(Z_(;J =cos”O(f"(0)+ f'(8))>

(d—”)z +(ﬂ)2 ~[f7(8)+ /(®) [sin’0 + cos’0)
) a0

=[F(0) + £(6)]?
du 2 dv 2\
= {(%) +(%J J = f7(8)+ f(8)

p ) p 2 1/2
j[(d_g) +(d_:)) ] do=|[ f7(0)do+ [ f'(6) do

=f"0) +/(6) + C

dx
sinx —cos x + \/5

=J- dx
sinxﬁ—cosx£+\/£

V2 V2

_J- dx
. . T
\/E sin x sin — —cos x cos —+1
4 4

_ 1 J' dx :LJ‘ dx

(d): Let I=

S B .
(a): j—log(sin 9 dx =log[logsinx]+c

Differentiating both sides w.r.t. x, we get
1 d
f (?C) = —— —[log sinx]
log(sinx) logsinx dx
1 1 cotx

= —— —— X COSX = -
logsinx sinx log sinx

= flx) =cotx

1
(c) : Put secx + tanx = ¢. Also secx —tanx = ;

Then (sec x tanx + sec2x)dx = dt
dt

secx-t

So that dx =

1
I=J' sec” x dx J-(t+t) B

o ), on

(secx + tanx)

1¢_ 1
=—[¢dr +— [t
2 2

2
1 2 2 1 t 1
==+t — +K:——|:—+—]+K
2 7t7/2 111‘11/2 t11/2 7 11

where K is an arbitrary constant.
1 1

Hence, A=—andB=—
11 7

A+p=18
77
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\cos2x

sinx

dx+c,Putt=tanx

7. (a):1=j

[Putting t = sin 0]

. J-\/l—tzdt _J- cos>0d0
t(1+1%) sinB(1 +sin® 0)
:J- .1 3 2sin® 40
sin® 2 —cos? @
cot 0) + Lln M +c
\/E \/E—sine
ol = ] 1 V241-1%
t 2 \/_—w’ _42

= In(cosec 6 -

dx
8. (¢:Letl=|——
A oy ez it
o 2dt
Put 1+\/_—t:>de dt . I_Jt\/ﬁ

. 1 -1
Again put t=—=dt= —zdz
z z

L

. 1=2j z =2y 2z-1+C
1\/2 1
22

_ —dz
_2'[\/22—1

=2 /3—1+c=—2 /ﬁ+c=—2 1_*/;+c
t t Vit Jx

9. (d):F(x) =Jsin2xdx = %J(l—coslx)dx

_ X sin2x

2 4

Fx+m) - Fx) =% %0
2
Statement-1 is false.

sin (x + 1) = (- sin x)* =
Statement-2 is true.

.l5+x2
10. (c): Let I=

x4

Put xzftane = dxzx/gsecze do

_I«[5+5tan 0 \/gsec 8 4o

25 tan 0
J- 5 sece

25tan* 9
PutsinO=t = cos0db =dt

] dt_l(t3)_ 11
57 44 5\ -3

_Et_3
_1 1
15 5in0

3
2 3/2
1| [x°+5 1 5
=-— +C=-—=|1+—| +C
15 %2 15 ¥

sin’x

dx

sec’0do=— do

Ljcos®

sin” 0
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11.

13.

14.

cos8x+1
(©:LHS= '[ tan2x — cot2x
2cos? 4x cos® 4x (2sin2x cos2x)
= dx = —j x
(sin2 2x —cos® Zx) (cos2 2x —sin? 2x)
sin2xcos2x
cos? 4xx sin4x 1 .
= —j— x = ——JZ sindx cos4x dx
cos 4x 2
= —%Jsin 8x dx= %x cos 8x +c
1 cos 8x
Nowz +c=acos8x+c
1
a=—
16
(®): Let 1= [LEIECITOLO) 11604 - log (7o)
f(x)-g(x)
_ jf(x)g'(x)—f%x)g(x){log[gu)ﬂ B
flx)g(x) f(x)
g(x)
Put 1
" Og(f( J
f@) | fx) g0 =g f |, _
g(x) (f(x))*
f0g" ()~ g f" () o
fx)g(x)

I= ftdt-—2+c {1 (g(x)ﬂ +C
f(x)

(c) : Given integral can be written as

cot”"” _
I= J X dx= J.cot" Ux cosec’x dx
sin’ x
Putcotx =t = -cosecix dx =dt
_ —t" —cot x
I=—It” ldt=—+cC= +C
n n

1 x“+1 x“ -1
(b):J‘ _[( ) (x* )
1 xt+1
1 1+i 1 - L
== xl dx—— X dx
2 x2+—2 202y
x x

_E 5 dx—z 5 X
2 2
(-] +(+2 (x+1] -(+2)
X X
oL
1 -1 X 1 x
= tan - lo +C
W2 V2| 222 1
_ 1 a1 |x —\/_x+1|
2\/5 \/Ex \/_ |x +fx+1|




15.

16

17.

18.

19.

1 1 x
(b):Let I= dx = I=sin 1(—)+c
I\/7—x2 \ﬁ
x e—X
©:7=1= J +1+e‘4x+e‘2x+1 =

X 3x
—e e
=j 4 2 T 2 dx=_[4 dx
et 41 e e 41 e 1?41

Put ¢ = ¢, then

tt+1 +1 1Y 2
t+-| -1
t
2

e —e* +1
er

+C

1
J—I1= =log
2 +e* +1

(c): J\/1+cosecxdx J\/1+ ! dx _J-\/1+s1nx
sinx sinx

dy
Putsinx=y = dy=cosxdx = dx= =
\/coszx \ll—yz
I+y 1
1+ cosec xdx = |, [—=. dy
J NS 7=

_j\/idy je n! y 1/2)+c

1/2
=sin'2y-1)+C= sm*I(ZSmx - 1) +C
dx

4sin® x + 3cos® x

Divide numerator and denominator by cos’x

(d):Let I=

I= J~dx/cos X _J sec? xdx

4tan’ x +3 3+4tan’ x
Puttanx =t = sec’x dx = dt
dt
dt
I=]
3+4¢2
L 2 2 T 2(tanx)]
== =—X—= —+C =——tan +C.
j[ ) TN AN Y [\E
+t
2
+4
(a):Let 1= jx dx
x +16
1+ 4 1+ 4

1 2
K (x—4) +8
Put x——= ( de dt
dt
1=
jt +8 jt +(2f)

21.

22.

23.

24.

_ 1 = B P 1 S
“a (zﬁ] P A (2@) ¢

(b): Let I = J- x+1 _J- eX(x+1) dx
x(1+ xe* * (14 xe™)
Put xex—t:>(x+l)exdx—dt
1
- dt
-[t(1+t) J‘t J‘(t+1)

e+c

=log

= log|t| - log|t +1| +C =log tj-

(b):Let [ = j[_ﬁ}dx

2e¢* -5
Use : Numerator = C(Denominator) + D[—[Denominator]]
dx

1+ xe*

4"~ 25 =C(2¢*-5)+ D (2¢*) =2(C+ D) ¢* - 5C
= 2(C+D)=4and—5C=—25=>C=5:>D=—3

5(2¢* —5)—3(2¢*)
I= =5|dx-3
222920 o feaf 2

= 5x—3log|2e —5|+c
Hence,A=5and B=-3

(b):Let [ = j j(l— sad )dx
x° +x X" +x
—Jld Jx—ﬂdx x—Jx—de ..(3)
x(x* +1) x(x? +1)
1 A B
Now L Xt C (By using partial fractions)
x(x +1) x x?+1

= x+1=Ax*+1)+ Bx+ O)x

= x+1=U+B)x*+Cx+4

Comparing coeflicients of x%, x and constant, we get
A+B=0,C=1,4A=1 = B=-1

From (i), we get = x—J dx—J.

et _szil

1-x

dx
x?+1

:x—logx—_[x »

=x—logx—tan"! x+510g(x2 +D+c

(d): Let 1= J‘COSX+XSIHX J‘COSX+XSIHX
€

Xx“ +xcosx x+cosx

cosx+xsinx A B

X)=——"~=—+
f@) x(x+cosx) x
cos x + x sinx = Ax + A cosx + Bx
A+B=sinx&A4A=1 = B=-1+sinx

smx
I= J‘ dx '[x+cosx

= log|x| - log(x + cosx) + C =log

+2
(©: [—=—adx
2x" +6x+5
Letx+2=A(4x +6) + U
Comparing coefficients, we get 4A =land 6A + u=2=A =1/4
3 4-3 1

= =2——=—=—
" 2 2 2

X+ cosx

+C

X+ cosx
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.[ (x+2)dx l J. 4x+6 . 1 J. dx Using Integration by parts, we get

2x° +6x+5 4 2x2+6x+5 27 2x% +6x+5

_ 1 ¢ 2xdx 2xdx
Ax+6 1 I=tan'x —f —J- 5 J dx+c
=P —f = P=7 2t | T (2T 1y
2x° +6x+5 2x% +6x+5 4
2
5% 5% =—tan1x><2 1+x2 1+x ><—><2 I+x"dx+c
25. (d): '[x3e5xdx :x3.——J 3x2 . |dx
5 5
) J. 1+x2 J
5x 5x 5x +x tan x— xX+c
3 3
A S | P P 1+x°
5 5 5 5 5
/ 2, -1
=4/ 1+x" tan “x — dx+c
5x 5x 5x j
3 6|[x-e 2
A e [ —jl.e—dx +c 1+x
5 25 25 5 5 .
=1+x% tan” x —log (x+1ll+x2)+c
2.2 e oxeT 6 B i 6/ () =tanx, 4= -1
=X —- - comparing we get, =tan ' x, 4 = -1.
5 25 125 625 ¥ comparing we geL.J *
&% 3 5 29. (a):Let/ =‘[(10gJC)5 dx
=5—4|:125x —75x +30x—6:|+c Putlogx=t= x=¢ = dcx=cldt
. (5 Ut g _ 45t 4t
£() = 5% - 752 + 30x - 6 - I_j(t) ehdt =17 =[5t el dt
i = tS e - e - 4t dt]
26. (c):Let I:jex(1+51nx) dx j
1+cosx = el - [5t4 ef] +54[F et~ dt]
2£+ 1 Zi_{_z 1 f i
_ Jex R R s = Pet - 5ttt + 208 - et - 60 [tPe —2_[t~etdt]
2cos2 = et -5¢te! + 208-et —601%e! + 120t-¢f - 120e + ¢
2 = x[(log x)° - 5 (log xX)* + 20(log x)3 - 60(log x)?
x x + 120(log x) - 120] + ¢
COS*“‘“; 1; %\ o A+B+C+D+E+F=1-5+20-60+120-120=-44
= —_[ dx = —Je l1+tan=| dx
COSE 30. (¢): j(3xcosx—cosx+sinx—2xsinx) dx

| = flx)cosx + g(x)sinx + C.

= %Iex (1+ tan? g + 2tan§) dx = Ej.ex (sec2 g + 2tan§) dx = 3Ixcosxdx —sinx —cosx — fosinxdx
= flx)cosx + g(x)sinx + C.

It is of the form [¢*( flx) + f’(x))dx = €* fix) + C

X = 3[x~sinx—_[1~sinxdx]—sinx—cosx
Here, f (x)=2tan5

—2[x-(—cosx) —jl~(—cosx) dx] = f{x)cosx + g(x)sinx + C
= J= 1 (Ztan )+C— e tan(x)+C = 3xsinx + 3cosx - sinx — cosx + 2xcosx — 2sinx + C

2 2 2 = flx)cosx + g(x)sinx + C
= 2(x + 1)cosx + 3(x - 1)sinx + C = flx)cosx + g(x)sinx + C
= flx) =2(x + 1), g(x) =3(x - 1)

:J‘seczx-secxdx:J‘(1+tan2 x)-secxdx 31, (ab,d): Let I= 1 jsin(x—b—(x—a))dx
sin(a —b)

27. (d): Let I:_[sec3xdx

=J-secxdx+jtan2x-secxdx cos(x —a)cos(x —b)

J-(tan(x b)—tan(x —a))dx

=log|secx + tanx +J secxtanx) tanxdx TN
8l [+] (secxtana) tan. sm(a b)

= I= log|secx + tanx| + [tanxsecx - _[secz x- secxdx] = ;[—log cos (x —b)+logcos(x —a)]+C
sin (a —b)
= 2] =tanxsecx+ log|secx + tanx| +C
1 log. cos(x —a) L
1 =

= I= 5[secxtanx +log|secx +tanx|]+C sin(a —b)| log. cos(x —b)

1 1 log sec(x —b) c

xtan x = +
28. D[ dx= 1442 + Al ( +4/ 1+ 2)+ sin(a—b)| log sec(x —a

(a) _[ — x x” f(x) og| x X c ( )| log sec( )

. 32. (b,d) :Dividing by cos’x in both numerator and denominator
Let] = ram = dx sec® xdx

1+x2 I= J.

tan® x(2+ tan® x)
DPS/M/4



33.

34.

35.

36.

37.

Puttan x =t

o

—lcotx— (tanxJ+C
2J_ NG

(a,0): I, :Jtan” x dx

TRt (e

t(2+t) 2412
L1 at

= ————+=tan —+c
2t 22 V2

=1,= J-tan”_zx (tan? x) dx

1 -
=——tan"'x-1

x(sec2 x—1)dx
n-1

=1, :J‘tzm"_2
So,wegeta=n-landb=1

13 5
(a,b,¢) : LetI=_|.x2 1+ x2

N | =

dx,Putt?=1+x"?

(a,b,d): 2 sinx+ cos x
=a(7 sin x = 5 cos x) + b(7 cos x + 5 sin x)

=7a+5b=2-5a+7b=1 =a= 2 ,b=17
74 74

The given integral, I = J[i+£(w)]dx

74 74\ 7sinx —5cosx
9 17
= _x+_ In(7 sin x — 5 cos x) + ¢
74 74
9 17 13
a+b= 4+ ==,
74 74 37

(a,b,d): Let I= j

1 1 n
1+ x™)n (n“) 1
(a,b,¢) : LetI= J— x—jx—dx,Puttz —+1
xn+1 xn

1 n+1
1¢ - 1 —
I= ——Jt”dt =—-——=t" +¢
n n+1

a+b= ﬂ
20
3
2dx dx 1
. ,b,c): LetI= X = ,Putt= _—
38. (a,b,c): Let J‘ ; J' ut 1+ an
4, 5 5
x*+x 1+ L sz
3
x2
a2
1= _2[4t _ —ZIn|1+x 2 |+¢
37 ¢ 3
ab = _E _E =1
3 2
39. (d):(A)-(r), (B)-(s), (C)-(p), (D)-(q)
xdx dt
_ _- _ 2
(A) LetI= '[1+x4 _2j1+t2 ,Putt=x
1 -1 112
I=—tan "t+c=— tan " x" +c
2 2

LetI :J.cos\/;dx=2jcost-tdt ,Put? = x
I=2(tsint + cost) + ¢

= 2(\/;sin X +cos\/;)+c

J‘xsec2 2xdx = %J.xd(taan)

(B)

©

x 1
Ztan2x + —Incos2x + ¢
2 4

J 5

jdx
x +4

(x +1)(x +4)_ _I(x +1

40. (a):(A)-(s), (B)-(p), (C)-(q), (D)-(r)
(A) Let I = JM Put xe¥ =t = (x + 1)e¥dx = dt

cos (xe )

I =jsec tdt = tan t + ¢ = tan(xe*) + c.

(B) Let I = xS.exzdx, Put x* = t

4
X
J‘l'z tdr = 2 [t —2t+2]ef+c= e* [7—X2+1]+C

(C) Letl= j“ x

dx
Jx

Put x = 2 = dx = 2tdt

24
I= Zjatdtzm+c = 2a&10gae+c.

sinxcosxdx

M) LetlI= |—— 5 =
'[3sin2x+coszx -[

_J sin2x
4—-2cos2x

sin2xdx

3(1—cos2x)+1+cos2x

1
dx :Zln (4 - 2cos 2x) + ¢

1
= Zln(z - COS 2x) + C.

DPS/M/5

1 1 1
—[xtaan—ftaandx] =—| xtan2x+—Incos2x |+ ¢
2 2 2



x—=2/x°
41. (b):LetlI= J— dx,
XAl

x2

2
Put x2+—2+1:t
x

)

. _ dx = x dx

42. (c):LetI J(x+1)2\/m j(x+1+2)\/ﬁ
X

X

1
Put x+—+1=¢
x

I—_f 2t dt _1

=2tan t+c

(t + 1)t
43. (b):LetI= J( F(x)+ g(x))dx

_j( bz

de
xt+3x2+9 xt+3x2 49
J‘ x +3

xt+3x2 49

dx =Divide numerator and denominator by x?,

substitute x — 3 =t dt= (1+iJ dx
x 2

X
3
1+
2 dt dt
_ x _ _
I_j 2 e _‘[t2+6+3_‘[t2+(3)2
x +3+—2
X
3
P

:%tan_l(t/3)+C=%tan_l A
44. (o) :LetI= [(g(x)— f(x))dx

2_3
J‘4x—2

X +3x“+9

dx Divide numerator and denominator by x%,

3 9
substitute x + — = u = x> + - +6=u’

X X

. J(l_)dx | du | du
W —6+3 “ut-3

x +3+—
X
R Ul e [’“2_\6’“+3]+c
23 +3 2\/_ X +3x+3
45, (a):_[ f(x)dx

__J‘ x“+3) (x -3)
= =—j—dx

xt+3x7 49 x*+3x2 49

3 1 -3

:—J—x Al dx——J—4x > dx

xt+3x% 49 27 x* +3x° +9

cos? xdx sec? x dx

46. (4):LetI= j = j

sin x(sm X+ cos x)

1 3/5
tan x(1+ 5 )
tan” x

Puttanx =t = sec’x dx = dt

dt
I=.[ E
6 (1+5)
t

. 1 -5
Again, put 1+—=u= —dt=du

t t
(1 5 2/5
+tan” x
I=—| —+F—| +K
2 tan™ x

. A+5B=14
2
47. (2):Let I:J‘sin4x-etarl *dx

2
I= 4Jtanx -sec?x - cos® x (1—tan® x) e *dx

Puttan’x =f = 2 tan x sec’x dx = dt

1-t)e' t+1-2)e
P N (AR L
(1+t) (1+t)
-2 2
=I= 62+K:>I:—2cos4x-etanx+K
1+1)
a+b=2

2x+2

i 2x+2
—_—dx = Jtan 1( * )dx
Vax? +8x+13 3

3 _ 2x+2
= —_[tan Vede, Put t =
2

I= §|:ttan t— j—dt:|
2

48. (5):I= jsin‘1

1+
= Ettatn"lt— ZIn(1+£) + Dy
2 4

2x+2

=(x+1) tan” ( ]—i In(4x* + 8x + 13) + D
4

4(A+B+C)—(1+1—§) 4:§><4:5
4

4
. -1 1-x
49. (1):jsm 2tan — ldx
1+x
1
'[ 1-x deE\H x? +Esm 'Xx+c;A+B=
50. (4):Since sin_lx/;+cos_1\/; =
2 _ b8
I= —j(Zsin lx/_——)dx
T 2
4 . .2
:J. Zsin'Wx -1 dx | Put x = sin“0

T

l\)l»—i
l\)lr—t

4 4
I= —x+—j6d(sin2 0) = —x+—[esin26—Jsin29d6:|
T T
4 _ 2
= —x+—sin”'Vx = = [(1- cos20)de
T T
4 _ 2. _ 1
= —x+—xsin lx/;——sin V/x +—sin20+D
T T T
4 2 _ 2
= —x+(—x——)sin Wx+ZVx—x*+D
T T T
2

4 2 4
TX(A+B+C) =naX|———+—| =nXx—=4
T TN T
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JEE MATHEMATICS

Definite Integrals and Area

Bounded by Curves
DAILY PRACTICE SHEET

1/n 2 2
1 1
L (@:Let y= lim [(1 l)(l+3)...(1+ﬁ)] ~[(log, x)(e* ) — [L-e¥dv+ [Letdx-+ (e
n—>eo n n n IX lx
= logy= lim 1><10g|:(1 1)(1+z)...(1+2):| =e’log,2—0+ (e’ —e) =’ (1+log,2) e
n—eofl n n n - )
) 4. (a) : Wehave, [(m,n)=1=[t" (1+t)" dt
= lim — 210g(1+ ) Jlog(1+x)dx a1 T
n—oo N n 0 = l(m,]’l)= (1+t)n.t_ I 1+t)n 1. m+1dt
) m+1|  m+1 o
x
=[xlo (1+x) —dx n
g '£1+x 2 " netn-1)
m+1 m+1
1 1
Q+x)-1, o 1 .
2 { 1+x dx =log2 {(1 1+x)dx 5. (b): f(x)=je‘f2/2(1—t2)dt
1
= ]0g2—[x—log(1+x)](l) = 10g2 - [a- 10g2) -0] f’(x) = e 2/2(1 _x2)
=210g2—loge=logé fx0)=0 = 1-x*=0 = x=+1 ,
2 2
4 ¢ £ = 2 (<2x) 4 (1= x2)e ¥ 2 x(——x)
Loy =— 2
e
x x x = —x2/2 [-2x — x(1-x2)]
2. (d): x| y(t)dt = x|ty(t)dt + | ty(t)dt
{ { .1[ @), = -2-1(0)]<0
2 2 2 . — :
:J exlogexdx+J. llogexdx+J. X dx s x=11is point of maxima.
1 I x 1 f),_, >0
Differentiating w.r.t. x, we get '[y(t)dt+x[y(x)— D] *+ x=~-Lis point of minima.
1 6. (b):flx)=(1-x)2sin’x+x% x€ R
x T(20-1)
= [ty Ot + xlxy(x) = y O]+ 29(x) — y(1) 2@ =J( A=t @ dr v e .9
1 l
i : We have )= (250 _ine ) ) = 4/ (o)

= jy(t)dt:_[ty(t)dt+x y(x)—yQ) ¢ have £{X) = x+1 nx B
1 1

Again differentiating w.r.t. x, we get Let A(x)= 2= Inx

y(x) = ¥(1) = xy(x) = (1) + 2xp(x) + x%)'(x) x+1
(x) 1-3 1 dy 1-3 1 1 3 —

G 2x L Ly Zx:>J—dy=J—2dx—J—dx Then, A'(x) = 4 1 G- 1) <0
yx)  x ydx y x x (x+1% x  (x+1)%x
e st . yx| AsA(1)=0 =~ A(x)<0 V x>1

= Iny=-"7=3hx+hC=InT=-2 Asg(x) = AW flx) <OV x> 1 [+ AW <0, fix) < 0]

1 Thus, gis decreasing.
= ﬁ:e_l/xzyzce * 1 1
C X 7. (@): I, :Jx" tan~ xdx
2 0
3. J (logex+ )dx+J *dx 1
. Also, 1n+2—f "2 tan~! xdx
:jexlogexdx+j—logexdx+jexdx 0
x Then, (n+ 1) IL,+ (n+3)1,.»
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10.

11.

1
j(n+1) x" tan~ xdx+j(n+3) X"
0

*2 tan~! x dx

—_ o

j{(n+1)x +(n+3)x™? tan " x dx
0 b
= |‘[an_l x- {x 4 3 }| —J—z(xnﬂ +x") dx
0 0l+x
1
|xn+2|0 P 1

T

2 n+2 2 n+2

Thus, (n+ 1), + (n+ 3)I, ., =7/2 - 1/(n + 2)
So, b, = (n + 1) or some multiple of (n + 1).
Thus, by, by, b3, ..... are in A.P.

a): F(x) = xiz _)f(4tz—2F'(t))dt
4

F'(x) = _—i [ =27 @) dt+i2 (4x> —2F’ (%))
X 4 X

4
Now F’(4) = ;—f j(4t2—2F’(t))dz + 4% [4-42-2F'(4)]
4

= F'(4)=0+4 - F(4) F’(4)+F(4) =4
, s 32
= 9F'(4)=4x8= F (4)=3
dx 2 dx

L = =
(@) Letl= {(x2 2x+4)%2% {((x-1)>+3)3/2

Putx-1= \/_tane = dx= \/gseczedﬁ

Whenle,G:Oandwhenx:Z,G:E
I= Jn/6 \/gseczede
0 (3tan’6+3)%/?
N V3sec?0.d0 (g
0 3\/§(sec26)3/2 0 3secH
=ljn/6cosed6— (sme)”/6 1y -1
370 3(2 6

Now, é=L:>k+5=6k:>5k=5 =k=1

k+5
" sinx + cosx " sinx+cosx
(a):LetIZJ—, :J—x
v 3+sin2x 4 —(1-sin2x)

sinx + cosx
J ———dx

4 —(sinx — cos x)*
Putsinx—cosx—t = (cos x + sin x) dx = dt

When x=0, t=-1and xz%,t:O

& dr 1[ |2+t|]0 1
I= =—|log =—log(3
_{4—# 4| 2|, =410

-1

1/2
1/2 2 2
(c) : J' {(x_ﬂ) +(x_—1) —2] dx
x-=1 x+1

-1/2

1/2

1/2
1/2 2
_ J- [(x+l_x 1):| & = J‘
- )C+l _1/2

X
dx
x? —1‘

DPS/M/2

0 1/2 0 1/2
4x
= _[ Il—xZIderJ.Il—xZIdx =4 J' 2dx+4_[ :
-1/2 0 _1/21—x 0 1-x

- 2‘log (1- xz)‘?m - 2‘log (- xz)‘z)/z

1 1 3 4
= 2log|1-1 |- 210e[1-1 | = — 410¢ 2 = 410¢[ %
Og( 4) Og( 4) 8% Og(s)

T

4
12. (b):Let I= Iln(1+tanx)dx
0

ln(l + tan (g - x))dx =

dx

—
1]

1+tanx

S t—|a

1n(1+ 1—tanx)dx

—
Il

5

1+tanx

Adding (i) and (ii), 2I = j[ln(l .\ tanx)+1n( 2
0 1+tanx

Ot [ O |3

k)

In2dx = —1n2 =]= —ln2

O'—.Mr—l

13 (o) : Putting x — o = 2%, we get dx =2zdz

Also, x = z2 + o0 and [_’)—xz(B—oc)—z2

2z dz

T JErTE——"
Jia
=2 dz =2sin

0 (m)z_zz 1(ﬁ}0

=2 [sin"! (1) -sin' (0)] ==

n/4 TE/2
14. (@): 1= j tan"" x- dx+f I tan" " (x / 2) - dx
0 0
/4 /4
= 'ftan”+1t~dt+ J tan" "Lt dt [Put L
0 0 2
/4
= J tan" ! t(tan? ¢ + 1)dt
0
1 et 1
Puttant=z Izjzn_l dzzliz—] =—
0 nl, on

a) : nf (x+sinx)—x(1+cosx)
x(x +sinx)

15.
n/6

/3 1 1+cosx /3
Z 7 ldx =[log x — log(x + sin x)|"
n/é(x x+sinx) [log 0§(x +sin )l

= [10 i ]EB =lo /3 —lo m/6
3" 7 6 2

e



=log 2n —log T 1 1 1 d
a3y Bris - nz—zj — 1—1+x2 X

“1o 2n  m+3 “1o 2(n+3) T
& 2n+3V3 T o8 21‘C+3\/— =ln2-2+2Je—1 +E—2tan*1 ve—1
3
16. (d):I;= J'n—dxn,droppmgtheoddterm In2—24+2 /e—1+E+tan_l(2Ve_1J,
_EZ—cos(|x|+§) 2 e—2
3
/2
ud 1
3 i . 20. (d): Let I= [ ———dx
= ZTEJ—E’ [Putx+§:t:>dx:dt:| o 1+cos™x
02—Cos(x+§) 202y 2 el x
= —2 dx = J. —2 dx
2 o sec” x+1 p tan” x+2
=27 j’ dt , [Putuztani] Put tan x = t = sec®xdx = dt
J 2—cost 2 T
3 When x=0, t=0 and x:E,t:oo
L0 du Toodt 1 (e 1= m
- 4TEJ. 2 2 I:J.—:— tan — =—|—0|=——=
i2(1+u )—(1—u ) 0t2+(\/5)2 \/E \/5 X 2 2 2\/5
V3
NG NG} +1 2013
du T 1
= 4rn - ——tan"'\3u 21. (d): _ dx
'1[ 1+3u> 3 % J e¥(x? + cosx) e'x'
-= 3
47;(@’( 3t _11) ntanl(l) =O+T% [~ 1%t function is odd]
= —(tan™ 3-tan =— — o
3 V3 2 -1
19 . 2]‘ dx [ elxl is even] 2 7x]1 5 1. 0 21 ,1)
=2|— |- =2[-e =2(—e " +e’)=2(1-e
17. (b):" I= _[ Smxs dx b e o =2( )=2(
1+x
10 19 /3 dx /3
sinx sinx 22. (¢):Let I =
I f —d SJ <|dx '[61+\/tanx '[1+\/c07
101+x 101+x “n/S
19, . 19 Adding, 2 = 1 Lo ytanx .
|sinx | dx & 1++tanx 1+ +tanx
= |I|Sj deSJ. 3 ['.'|sinx|£1] n/6
oltx oltx /3
- 1.dx_(E_E) LI .2
19 27 - . 3 6/ 6 12
= |II< dx_|x | 1(10‘7—19‘7)<&<10‘7 "
-J8 -7 7 7 Hence, Statement-1 is false and Statement-2 is true.
10 10
/6
1060) 1001) 1 23. (c):Let /= [ cos*30sin’ 6646
18.(c) : e ¥y = eMdx =100 ™ dx I
‘ dt
0 0 0 t
[+ {x}is periodic with period 1] Put36=t = db= 3
1
T T
- 100jexdx = 100(c - 1) When0=0,¢=0and =2, (=7
0 2 /2 47:/2
19. (b): J. In(1 + x?)dx = xIn(1 + x )‘ —2_[ dx 1=§ j cos* ¢-sin? 21dt=§ _[ cos® ¢-sin? tdt
01+x? 0 0
:1n2_2J'1 1- dx=1n2—2+E :i[IXSX?)Xl:IXE =in Using reduction formula
o0 1+x 2 3l8x6x4x2]" 2 192 m=2,n=6

In(1+x2)>1=x>Je—1 24. (a) : Given equation is equation of a curve in polar form.
ie,r=asin 20
r=0whensin20=0=20=n1=0=m/2

Ve-1 1
I= : 2
'[0 1 dx+Jﬁln(l+x )dx .
2 Similarly, 6 = 0, /2, m, > 2n

-2 d
J. Ve-l14 42 Required Area = Area of one loop

e_
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25.

26.

1
= J.Erzde, r=asin 20

o

2 ])
1 )

J — a?sin?20 d6
2

o T2
-4 I 2sin® 2040 ])
4 0
o T2
= % J. (1—cos46)d6
0

a* sin40 ™ a*[n na’ ,
—| 06— = —| —=—0[=—— sq. units
4 4 ]y 42 8

Note : Total area = No. of leaf x area of one leaf.

b): (y-2)2=x-1
Differentiating w.r.t. x, we have 2(y -2)y’ =1
1

2(y=2)
At(2,3),y =1/2
The equation of the tangent to the parabola at (2, 3) is

y'=

y-3= % (x-2)=x-2y+4=0

y
(2,3)

X=2y-4

0 Cor—

x=(-22+1

The area of the bounded region
3

A =[(y=2)" +1-2y-H]dy

(=)

3
(37 =6y +9dy = [(y-3)* dy.
0

Il
[ S

Putt=y-3=dt=dy

3 AT
Azjtzdtz — | =—=9 sq. units
31 3

n/4
(d) : Area, 4, = j sin x dx
0

=—[cos x]V* =1- !

N2-1
20 2

y=cosXx

/2 0
and 4, = J‘ cosx dx 14

/4 ) < >

]:

~1.2-1_
2

y=sinx

=

|

—_
1A
]

1-—

fﬁ

. /2
=[sinx]_, =

g
- 5=

Al:AZ_

b
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27.

28.

29.

30.

®B):y=0x-1)(x-2)(x-3)
-6x2+11x -6
Required area
1 y=(-1)&-2)x-3)
={[(x® —6x? +11x —6) dx
0 AN
5 0 1 2\/3
+ (2% - 6x? +11x — 6)dx
1
3
jx —6x? +11x - 6) dx
2
1 11
=‘——2+——6‘ [E—M §—6] 65—38+§—6‘
4 2 4 2 4 2
9 1. 1 11
=4+ —+—=—
4 4 4
(d) : Required area—f 2x—x2))dx
Ay y=2
2,4
0, 1
A (2, 0)
(0, 0) ‘
£=0 =2 y=2x-x
X 372
[2 ) x} 3 8 3 4
=[—-x"+—| =——4+—=———
In2 31y In2 3 In2 3

/4 1+si 1—si
(b) : The desired area = J' (\/ smx_\/ smx)dx

COos x COos x

2
X ain X X .Xx X
(cos2+sm2) cos—+sin= l+tan=
I R T

I+sinx
Now =
cosx 2X . 2X X . X X
cos”——sin“ = cos——sin- l-—tan=
2 2 2
The expression for area reduces to
x x x
n/4[ 1+ tan— I-tan— n/4  2tan—
2 dx = 2 i«
x x
0| \1-tan= 1+ tan= 0 J1—tan?2X
) ) 1—-tan
V2-1

4¢

&
£ 1+ 2 )W1-72

x .
Let tan 5 =t = The expression =

(a) :

The desired area

/4 Sm/4
= J. (cosx—sinx)dx + J (sin x —cos x)dx
0 /4
3n/2
+ j (cos x —sin x)dx
Sm/4



31.

32.

33.

34.

Sn/4
—2[s1nx+cosx]O +[ cosx —sin x] /4

(As the first and third integrals are equal in magnitude)
=2 =+— ! + ! + L +—= ! !
f e\ eretete
=—=-2=(4v2-2) sq. uni
\/5 ( \/— ) $q. units
(a, b, ¢) : Since J.:lf(x) dx =I;(f(x) + f(=x)) dx

nsinnx 1 1 nsinnx
I = ﬁ+ dxﬁ I = d
" -[0 sinx [1+7tl 1+7‘Cx] " IO sinx

n sin(n+2)x—sinnx
Liva=1, = | dx

0 sinx

= 2j: cos(n+)xdx=0=1, =1,

Ip=ly=Iy= o -0
11—13=I5— .............. =T
11+I3+...+121=101T,

Io+12+ ...... +120=0.

(a,d):y>=x y=mx

On solving, m?x? = x

| I )
:>X(m2x—1):():>x:0’ y=mx,m<0

1 m’
- Area=—
48
1/m?
J (\/_ mx)dx = —
1/
K2 o " 1 2 1 1 1
— = — = —- 73 —_ 73 = —
3/2 2 N 48 3 w0 2w 48
6m> 48
Similarly, for other chord, m = -2. . m=+2
(a,b) : f(x) = (7tan’x - 3tan%x)(tanx + 1)
= (7tan6x - 3tan2x)sec3x
/4 6 7 3 1
Now | ()= j(7t 32t = ‘(t _t )‘ 0
0
/4 1 1 6 5
Again, [ x f(x)dx=[tan"" t(7t° —3t")dt
0 0

1
=tan " t[t’ 2 - [t 1)

1
dt = [>(1-1)dt
1+t 0

(a,b,¢): I= J. sinmx cosnxdx

-T

' '
= J sinm(0—x)cosn(0—x)dx = —_[ sinmx cosnxdx
-T -7

I=-1 = 2[=0 = I=0.

1
35. (a,b,d): S = J.e_x

37.

0
As 0<x%<1
= -1<-x2<0
lsﬂzs 1
e

Y xe (0,1)
WehaveS>-[ Ty =[—e T =1-—
e

Again area of two rectangles

zl(é_o}e—i(l_ e

Thus,SSl—i-l(l— 1)
2 e 2
(b,C,d): y
y=é"
CL y=e
& x=1
X' ) 1 X

The shaded region represented the area which is equal to

e e

Jln ydy = jln(e +1—y)dy

1 1

or it can be, when considered w.r.t. x as
1

e —_[exdx —e— [ex]1
0

an
(@, ¢): I, = | €' (sin® at +cos* at)dt

0
3 (k+)=w ; 6 4
=Y [ e'(sin’at+cos” at)dt
k=0 kn

3w
=Y | e(kmt)(sin6 at +cos* at)dt
k=0 0

k=0 0

3 T
= [ D k™ )j ¢! (sin® at + cos* at)dt

T
=(1+e™+e2" + e3n)j ¢! (sin® at + cos* at)dt

0

The given expression =1+¢™ + 2"

Also, a =2 and a = 4 both cases hold.

+e

o=e—le-1l]=l#e-1

371::
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38.

39.

40.

o 1!
(a,d) : We have j(x—x3)dx = EJ(X_X3)dx
0

0
o 1
[x2 x4:| 1|:x2 x4:|
= _ =] — ——
2 4 1o 2L 2 4 1y
(1, 1)
o o] W
= ———==
2 4 8
204 -402+1=0 l

Solving as a quadratic in o2, we have

2oAE16-8 422 1

2.2 4 NG

As o < 1 we have

az_l_i_l+§_i_l+(3—m)>l
V24 4 o o4 4 4

1
Thus, o> —
2

(@) : (A)-(s), (B)-(r), (C)-(p), (D)-(s)

_[02\/2x—x2 dxzj(f\[l—(x—l)z dx ,

[Putx - 1=sin 6 = dx=cos6 db]

‘[2 1-sin® 0 cos0dd = ZJZCOS 0do

E T
® [ e o3 feon e s
2

T
u 4 22y
=2|2 . /cos-xsinxdx =——(cosx)2| =—
(BN J(cos )| =2
0
n
©) j04 sinvx dx, [Putx = £]
n r
=I2tsintdt=—tcost+sint| =2
0 0
T
(D) —2'[02 cos2x Insin x dx
sin 2x P T T
=-2 Insin x —J.Zcoszxdx =2-—=—
, %0 4 2
(a) :(A)-(s), (B)-(p), (C)-(q), (D)-(x)
(A) »¥»=9x,y=3x=x=0,1
1 2 1 1
Area=f (3\/;—3x)dx=3 ——— ==
0 3 2 2
2
2 1 3—-1
(B) Area:Jodez—\/2x2+l == - -1
Vax? +1 2 o 2

DPS/M/6

n
(C) Area= IOS sin’ 3x dx , Substitute 3x = ¢ we get

I

1 11 T
Area = —J.sinztdt—— ==

30 3 2 6

(D) The curve is symmetric about x and y-axis.
3

2)2
—x3

1
Area = 4J.0 1 dx , [Put x = sin® 0]

T
= 4'[0E co0s> 0 -3sin” B cos 0 dO

T 3.1 1 3mn
=122 cos* @ -sin?0do=12.—— = ==
0 6422 8

i
41. (d): I—J- s1n2xsm(zcosx)dx
T
= ZIncosxsin(—cosx]Sinxdx
0 2
. T T .
Substitute Ecosx =t = —Esmx dx =dt

8 z 16 z
—_—— — 2 1 — 1
= = 5 | ntSlntdt———ZJ.OZtsllltdt

T

1 - 1
=——2[—tcost+sint]0 z—n—g.
. e
. sin2x sm(gcosx)
2. @ :1-= jo Py dx

Replacing x by T - x, we get

sin2(m — x)sin(Ecos(n - x))
2
dx

I:J.O 2in—x)—-7

n sin2x b
=— sin| —cosx |dx=-1 = I=0.
-[0 2x—T (2 )
. ) (n )
xsin2xsin| —cosx
T
43. (¢): 1= dx
(c) -[0 2x—T

Replacing x by 7 — x, we get

I= _jo“
16 8

Adding, 21 = [ f(x)dx = —— = 1= —=.
0 2

(m— x)sin2xsin(gcosx)

dx
(2x—m)

‘IE2

b
44. (a) : The desired area = J f(x)dx
a

Integrating by parts, taking f (x) as the first function
b ’ , & ,
A=[x- f@)] - [x f/(x)dx = bf (b) - af (a) - [ 2" ()
a a

Now, y* - 3y + x = 0, where y = f (x) (by hyp.)



45.

46.

47.

= 3% -3y +1=0. .. y=f'(x)

-1

(B3 -3)=-1= y ="
- R

b
From (i), A = bf (b) - af (a) + | ——————adx.

3(f ) -1
(d) : As obtained earlier
. 1

- {0}

which is an even function

1 1
" J. g'(x)dx = ZJ. g’ (x)dx=2g(1)
-1 0

3): j(|x 2| Hx])dx = j|x 2|dx+j[x

2
_[ (x— 2)dx+'f x]dx+-[x]dx
0

‘ax——;]+0+fkh
1
=(4-2)+2-1)=2+1=3
(3):Let I = ng sin® x dx
=] = '[(;c(n —x)sin4 xdx
Adding (i) and (ii), we get

21 = n_[g sin x dx = 2n Jg/zsin4 xdx

/2
o J( cos4x c0522x)dx

X+
8 32 4

=33

[3 sin4x sinZJc]n/2
:27[ — —_—
0

()
...(ii)

48.

49.

50.

(2):x*+)?=2,x>+4y*=4

=x= ﬁ

(4]
k

N/
=4 (£V4—x2 +sin”! f) \/§+(£\/2—x2 +sin_1i)
4 2 )}, 2 V2 )2
NE)
= 8sin"! L =8tan ! L =4tan’! 2\/5 then b/la=2
J3 V2 ’
1
3): i = = — =>f|F=|=
(3): flsinx)= sin’ x S f(\/gj
x[xz] dx

0): ==
£2+u+ﬂ

Splitting the integrand we get

2 x-1
I +J ——dx+0
2+0 ] 240
IJE SN2
=—jxdx _x :l—l:l
2 4, 2 4 4

4I=1 = 4-1=0

DPS/M/7



MATHEMATICS

DPS-19

DAILY PRACTICE SHEET

Differential Equations

(c) : (¢ + 1)cosxdx + &’sinxdy = 0

’d
e cosx
) L .
e/ +1 sinx
On integrating both sides, we get

= dx=0

log(e” + 1) + log(sinx) = logc = (¢” + 1)sinx = ¢

2V L
@: y? &y +xz;\/2—sinx:—.%x(d—y)3
dx2 dx

3

2
2
y2 [d_y] +x2y2 —sinx | =—27x° (d_y)
dx? dx

Here, order=2=p
Degree=6=¢q
p<q
(d) : Differentiating, = 4a(y - h)
= x=2ay;, 1 =2ay,
Eliminating a, xy, - y; = 0.
(a) : On putting x = tanA, y = tanB, we get
secA + secB = A (tanA secB — tanB secA)
=> cosA + cosB = A(sinA - sinB)
A-B 1
= tan =—
2 A
- a1
x—tan 1y=2tan 1=

A

tan~!

1 1 d
On differentiating, — 5 Y_
1+x* 1+y dx
(a) : The parametric form of the given equation
is x = t, y = 2. The equation of any tangent at t is
2xt=y+ £, Differentiating, we get 2t = y;

Putting this value in the above equation, we get

2
%:y+(%] = 4xy, =4y+y12

The order of this equation is 1.

2x
(@):y=(cosx+ 2= 32 =cosx +y
dy . dy dy
= 2y —=-sinx+— — )= =—5i
y i i = (2y Ddx sin x

2 2
= (2y- 1)Q+2 (ﬂ) =—Ccosx
a? dx

(b) : The given differential equation can be written as
dy d*

—;j + 7—; + y =cosx

dx dx

[By differentiating both sides w.r.t. x]

Hence, order = 3 and degree = 1.

(b) :y2 =a(b —xz) or y2 =ab - ax*

Differentiating with respect to x, we get

x dx
Again, differentiating with respect to x, we have

_ydy & 1y
X 2 de| xde 52

2 2
dx dx dx

2 2
= xyu+x(@) —yﬂz()
ax? dx dx
(d):x = sint, y = cospt
d. d d —psin pt
—x=cost;—y=—psinpt:>—yzﬂ
dt dt dx cost

dzy B —costp2 cos pt(dt / dx)— psin pt sint(dt / dx)

dx? cos’t

2
= (l—xz)z—;}—xz—z+p2y=0
x

or(1- xz)yz - Xy +p2y =0.

10. (a) : The circles are (x - 1)* + (y - h)* = 1 ()

11.

On differentiating, we get

x-h+y-hy; =0 ...(ii)
Again differentiating, we get

1+ y12 +Wy-hy,=0 ...(iii)

From (ii) > h = M,y—h= y=x
1+, 1+,

From (iii) = (1+y12)(1+y1) =X -y

-y d2 v
(b): xe x =a+bx2—2 xe ¥ | =0
dx

d| 5 e |
dx x2

DPS/M/1



12.

13.

14.

15.

16.

17.

18.

(v~ ¥)
o ylzy(l_yl+ ) g+ Y g

X x?
= Xy =Gy - )’
(b) : Consider the general equation of all conics
ax® +2hxy + by? + 2gx + 2fy + ¢ =0 ()
As centre of the conicis (0,0) = ¢g=0,f=0
". (i) becomes ax® + 2hxy + by? = -

o (22 (L)

or Ax?+ 2Hxy + By? = 1 is the general equation of all conics
whose centre lie at origin.

Since, it has three arbitrary constants.

Hence, order of the differential equation is 3.

(b) : The equation of straight line touching the circle X+ y2 =d’is

xcos0+ysinO=a ..(3)
On differentiating w.r.t. x, keeping 0 as a constant
cosO+3 sinB=0 (i)
From (i) and (ii), we get
cos0= ny and sin®=- ,a
Xy =y =y
a2y;2 + aZ ~

cos?0+sin0=1 .. - 5
(" =)

b2

(b) : Since, the parabola is symmetric about a line parallel to x-axis.
So, the parabola may be leftward or rightward.
Let us consider the parabola is rightward.
The family of parabola (rightward) whose axis of symmetry is
parallel to x-axis is represented by the equation.
- h)2 =4a(x - k), where h, k and a are arbitrary constants.
Since, there are three arbitrary constants in the equation.
So, order of differential equation = 3.

(@):Jl+x—ayl+y=1 ..(i)
Since the given equation of curve has only one constant, therefore

it is differentiated only once.
a dy _

241+ x 2 dx

dy NIESY I+y dx
dx V1+x I+x dy

Put value of @ in (i), we get
1+
Vit+x - l_y VIESE
+Xx

Hence degree of differential equation is 1.

ﬂ=1 = (1+x)—(1+y)'£=\/1+x
dy dy

(d) : We have, length of normal =

C
2 2
=y 1+(%) =c = y2[l+(%) ]Z(:z

Clearly, this is the differential equation of degree 2.

(a) : Since the given solution contains two constants so, we
differentiate the differential equation two times.
Hence, the order of differential equation is 2.

(a) : Equation of line whose slope = y interceptis y = cx + ¢
= y=cx+1) ..(i)

DPS/M/2

19.

20.

21.

22.

Q =c ...(ii)
dx

Now differentiating w.r.t. x, we get
o o dy
Required diff. equation is y = - (x+1)
x
(By substituting (ii) in (i))

%(x+1)—y=0

(a) : Put x = sin 0L, y = sin 3, \/1—x2 +\/1—y2
= cos 0+ cos 3 =a (sin o - sin )

2cos(a;B)cos(aT_B)= a (2c05(a;|3)sin(a;|3))
= CO'[(OLT_B): a :>_B = cot™!

=o-p= 2cot'a = sin 1 x- sin_ly =2cot’la
On differentiating w.r.t x, we get

_ @ _
/1_x2 /1_y2 dx 0

Degree of the differential equation is 1.

=a(x—y)

(d):y=ae>+b
y 2
ik 3ae™* ..(i) and " 9ae~3* ....(ii)
Eliminz;l[e a from (i) and (ii) by dividing, we get
ay
a1 y b
d’y 3 dx? dx
de
(b) : Rewrite the differential equation as
dy 1 1

A g eVotx atvorda
Let P=v4+V9+/x

dP 1 1
Then, —
2\/4+\/9+ 2o+ ix 2\/_
S
OwW, we nave dx - dx

Then, y = P(x) + A

=  y=V4+V9+/x +A
But Xx=0 = y=+v4+3+A
As }/=\/; SA=0

Then, y = 4+ \]9+\/;

At x = 256, y=\/4+\/9+\/256 =\/4+\/9+16
=v4+5=3

(a):x2+y2=r2=>xdx+ydy=rdr
xdy-ydx=rcos 0 (drsin© +rcos 6 dO)
—rsin O (drcos O - rsin 0 dB) =+ do.

2
The D.E. reduces to rdr = 1-r , dr =
r?do \ ? \/ 1—72

Integrating, sin”'r = 0 + o,




23.

24.

25.

26.

27.

X
r=sin (0 + Q) = sinecosoc+cosesin(x=2cos(x+ — sin O
. r r
x2+y2—xs1n06—yc0506=0.

which represents the family of circles through the origin with
radius

sin2 o cos2 o 1
A / + =—
4 2

4

d2 —2x
(b): —5 —e o W

dx dx 2

—2x

+cx +d.

Ldt g’k t2

dx  g(x) :_@
1dt 1 g’(x)= 1

2dx t glx) gx)
et 1o, ._1dt_dz ()
t 2dx  dx
Now by (i), we have

dx  g(x)  g(x) ,
d &dx
It is of type —y+Py:Q ~IFe g(x) =g(»)
dx
d
= ——(z(x)) =0
dx
= zglx)=x+c =>1g(x):x+c N t:g(x)
t x+c

(b) : The given differential equation can be written as
(Bx%yt + 2xp)dx = (2% - 2233 dy
3x2ytdx + 2x3y3dy + 2xy dx - x*dy = 0
V2(3x?y?dx + 23 ydy) + 2xy dx - x*dy = 0
PP +2d()?) + yd(x0)? - Kdy = 0
2 ()% + 3d 02 + M o

Y

L e

2
= d(x3y2)+d[x—] 0
y

2

. . .32 X . .
Onintegration, weobtain X~ ¥~ +——=¢, astherequiredsolution.

(a) : From given

dy :
(ty)) ]
dy ( dt Y ar
t= 14| (ty) 2 |+ ~—"L f.00 = 1=
((y)dt) 2! ¢
logt
= logt =ty%:>ydy=&dt
2
ﬁ:(logt) o
2 2
= y=i\/(logt)2+c
(a):Z—y+(. +cotx+l)y=l
x (sinx x x

28.

29.

1

LE -
sinx

oo

x . X x
= xtan— X 2sin—cos— = x(1 - cos x)
2 2 2

1 L
+cotx+— |dx =expln xtanasmx
x

Solution, yx(1 - cos x) = _[l-x(l —cosx)dx=x-sinx +c¢

= 5 =
x[l—[l—x+@@@}}‘
2
(a) : The given equation can be written as

x oy (x—y)?

& _dx
[ B

( . }
x—|x—"—+ooopo  ,
6 =
6

€
¥ 3
2

(-4}
x )y

Integrating, we get

In|x|-In|y|- =c

m

=c or In

Xy
x=)y

y

+

or In =c

y| (y—x)

ﬁ‘_ xy

(d) : We have, 4 +2secx
dx 2

X 2y

_ tanx

d
= 2y£y+y2 secx =tanx

2 dy dt
put 2 =r =2y &=L
Y Yy d

Equation (i) becomes, ? +fsecx =tanx
x

sec xdx
LF.= e-[ = eln(seexttany) _ g0 4 tan x

Solution is given by
t(secx+tanx) = j tan x(sec x + tan x)dx

=  f(secx + tanx) = secx + tanx - x + ¢

x+c 2 x+c
= t(t=l-— = =]-—
secx+tan x secx +tan x
Now,y(0)=1=1=1-0+c=c=0
. ) by
Particular solution is y* =1—————
secx +tan x

1
= —asx—0.

(1)

DPS/M/3



30.

31.

32.

Jxdx + \/;dy _
Jxdx - \/;dy V3

d(x3/2)+d(y3/2) ~ y3/2

(d): We have,

= d(x3/2)—d(y3/2)_x3/2
du+dv v

= =—,whereu=x3/2andv=y3/2
du—dv u

= udu + udv =vdu - vdv = udu + vdv = vdu - udv
udu+vdv _vdu—udv
u? +v? u? +v?
du? +v* _
e e U
u“+v u

On integrating, we get

log(u2 + vz) =—2tan"! (K)+ c

u

1 3/2 c
= —log(x3 +y3)+ tan ™! (Z) =—
2 x 2

(a, b, ¢, d) : Equation of the normal at a point P(x, y) is given by

1
Y- y=-—""T" ..(3)
y= iyl dx (X=x)
Let the point Q at the x-axis be (x;, 0). From (i) we get
dy _ ...(i)
4 dx x

Now given that PQ? = k?
We have (x - xl)2 +y2 =2

or x-—x =i\lk2—y2

Hence, using (i), we obtain yZ—y =+ k> - y2 ..(iii)
x

(iii) is the required differential equation for such curves

Now solving (iii), we get I J- —dx
A ’k —

or x*+y*=k?
which is equation of circle with centre at origin passes through

(0, k) and (k, 0)

(a,d) :If (x, y) is any point on the curve, the subtangent at
(xy)= dx
el y dy
dy dx
yd—xznx (given) or n2 =2
dy y X

Integrating, nlogy =
or logy" =logex
or y"=cx ....(i), which is the required equation of the family of
curves.

logx + logc

n
Putting x = 2, y = 3 in (i), we have 3" =2c or c= 7
Putting this value of ¢ in (i), we get
311
y”z;x or 2y"=3"x (ii)

which is the particular curve passing through the point (2, 3).
Putting n = 1 in (ii), we have 2y = 3x, which is a straight line.

DPS/M/4

33.

34.

35.

36.

Putting # = 2 in (ii), we have 2y =
which is a parabola.

(a,byc) : p*+2py cotx — y> =

0
-2y cotxi\/4y2 c0t2x+4y2

2

dy
dx

On integrating, we get

d_y+ (cosxil):

=(—cotx*cosecx)y = -
dx sinx

logy+210gsin§=logc'
=  y(1 - cosx) =2¢" = cand y(1 + cosx) = ¢

X X _ ¢
= y(ZsinZE)zc:minZE:—

2y
= x=2sin"! |—
2y
. d( dy dy x°
(a,b,C)ZG i - |= = —_— =
ven dx(ydx) * ydx 2 ‘
2 2
S i[y_} 2
dx| 2 2
x3
= =?+(xx+[3 given y(0)=1,y(1)=1
-1
= =Lo=—
P 3
X - (3> 1)
yr=fl=""22 f( x)=-——=>0 for x>1
flx) is monotomcally increasing V x €(1,0)
1 1
— -—— >0
15)0-5)
f(x) = 0 has only one real root.
(a,b) :The given differential equation can be written as
xdx+ydy xsin? (x? +y2)
ydx — xdy y?
2xdx+2ydy 2x sin® (x* + yz)
ydx — xdy y?
2 2
M - 2_x(ydx xdy)

sin® (x* + y %) y
= cosecz(x2 +y2) d(x2 +y2) =2(£)d( )
y J
On integrating, we get

[eosect(x? + y?y d(x? + y?) =2 [f)d FJ
Y Y

2
= —cot(x2 +y2):(£] +c,
y

which is the required solution.

| &

dyY d
(a,c):(_y) + %Y (cosx+secx)+1=0
dx dx

dy _ —(cosx +secx)t(cosx —secx)
dx 2




37.

38.

39.

40.

dy

—~ =—secx andﬂ:—cosx
d d

= y=-loge lsecx+tanx| +cand y=-sinx+c

(a, ) (1+e") +ye =1

d ex 1
= 2y y=

dx 1+e¢*" 1+¢* .

¢ xdx .

This is linear D.E.,so LE.=¢ I+e R P
The solution is given by y(1+ ) =
Syl+e)=x+A
(0,2)isapoint = 22=A .. A=4

So,y(1+e)=x+4 ..(1)

(a) x=-4 = y(1+e’4)=0 sy =0, (a)is true

by x=-2 = y=

= - So, (b) is not true.
1+e

(c) Differentiating (i) w.r.t. x, we get

Al dy €+ 1-(x+4)e* —*(x+3)+1
SO, —= =
dx € +1)> € +1>
—*(x+3)+1
() =2
/ e* +1)°
i 1

f(0)——<0 flen=——

~+1
e

~>0, f(0)- f(-1)<0

Hence, f (x) vanish at least once in (-1, 0). So, (c) is true.

(a,d) : % —ytanx =2xsecx

It is linear

IF.= e_-[tanm = e In(eeY) — ogy

The solution reads ¥ - €COSx = IZX secxcosx dx = x2 +c

We have, (0) =0 = ¢=0 .. y=x%secx

T TI',2 7'l',2

had :7.1/2:7
y(4) 16 82
2

’
)y = 2xsecx + x“secxtanx

2
b b4 b 4n
N1=1=2-=-2+—2-/3="+
y(3) 3 9 3

(c) : (A)-(s), (B)=(r), (C)-(q), (D)-(p)

The solution of the D.E., y, - (¢t + B)y; + oy =01is

y=Ae™ + BePrif o # B

(A) a=2,Pf=-3,0+P=-1,00=-6,DE.: y,+y; -6y=0

B) a=-2,f=3,00+B=1L0B=-6,D.E.:y, -y, -6y=0

(C) a=2,f=3,a+P=50cdPf=6DE.:y, -5y +6y=0

(D) =-2,B=-3,00+P=-50p=6DE.:y,+ 5y +6y=0.

(b): (A)~(p), (B)~(q)» (O)=(5), (D)~(x)

A) £+ y2 = 2cy. Differentiating, x + yy; = cy;.
Eliminating ¢, 2y(x + yy1) = y; (o + y M= (- y )yl

B) x*+ y2 = 2cx. Differentiating, x + yy; = ¢

2n2\/§
9

2xy

Eliminating ¢, 2x(x + yy;) = P yz = 2xyy; = y2 - i

41.

42.

43.

44.

©) (x-h?+ y2 = 1. Differentiating, x — h + yy; = 0.
Eliminating x - h, 1 —y2 :yzylz =1 +y12) y2 =1
(D) K+ (y- k)2 = 1. Differentiating, x+ (y-k)y; =

Eliminating y - k, y;%(1 - x%) = x

(a): Ay _ e Yt -eY)
dx

d
oY d_y:e2x_ex+y = oY —y+ex6y = 2X
dx dx
du
Let e¥ =u, so that ¥ dy _
dx  dx

du
We have, — +¢* -1 = e2*
dx

LF. = fee=e”

=jet-tdt,wheret=ex

X X
Solution is u-e® = [e° e dx

X
=el(t-1)+c =e° (e

-D+c

Then u=e¢*-1+ce™® = e¥=e¢*-1+ce

©: WL I _ Y 112
dx  x  52

1 dy 11 1

‘We have,
y(lny)z dx X lny x2

Let_—1=u, so’chat@—Ezi
Iny dx x x2?
_jﬁ
IF. =¢ ' % =¢ ™% —1/x

1 1
Then the solution is # ~—=J—dx+ c
X x3

which on simplification gives 2x = (1 + 20x2)1ny
2 2x 2x

(a): ax _ % o oax 1

dy —y ay y y

e—Zx d_x e—2x 1 1

dy yy

_,2x
¢ e sothate X dx _ du
dy dy

e
3

Put

= d—u+2u—i@ I.F. —g'[;

2Iny _ 2
=e =
dy y P /

Solution is u-y* = J'ldy +k
y

—2x )
=lny+k
5 y =ny

= uy2=lny+k = _¢

= —e Xy =2Iny+2 e +2Iny=c
dar

(b): - —=—k(T-290) = AT
dt (T —290)

On integrating, we get

= In(T-290) =-kt+c (D)

Initially, T'= 370 Kand t = 0, then In (80) = ¢ ...(ii)

From Eq. (i) and (ii), In (T - 290) = -kt + In 80
T-2 — _
ln( 8090J=—kt =3 r=29 =M

or T=290+ 80ekt
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45. (d):For t =10 min, T =330 = log(l+ ) = -logx+¢ = (x2 +y2) = x.e¢

Then, 330 — 290 = 80¢ 10k This curve passes through (1, 1)
1 In2 = 1+1=1e = e=2
= —=¢ 10k = el =2 =10k=1n2 or k=— The required equation of the curve is
2 10 212
+y =2x
. i i ioy = 2.3 .
46. (3):The given equation is y = 2px + y°p (1) 48. (0):(2ny + xy logx)dx = xlog,xdy
Solving for x, x= 21 y2 p2 d n
2p 2 - 2 +1 |dx
Differentiating w.r.t , we get y xlog ,x
dx 1 _1 'y dp 5 5 dp = log(y) =2nlog |logx| + x + cand c =0
y p 2p 2p7 4y Y . 1
p p —oo, ifx<~—
4 4 2 34p e
or 2p=p=y TP T2y 1
y y Now, g(x)=(0.020) lim f(x)=1—0, if-<x<e
d n—oo e
or p(1+2yp3)+yd—p(1+2yp3)=0 —oo, ifx>e
Y
3 dp e
or (1+2 +y—|=0
( yp )(P ydy) J' g(x)dx =0
Neglecting the first factor which does not involve d_p , we have Ve
dp _, dp  dy _, 4 49. (3):Pute*=Xande'=Y
P+}’E— = ?4_7_ So that e*dx = dX and &’dy = dY
Y ody dy Y X
Integrating, log p + logy = logc L2 or —p=P (say) or p=—-P
. & dx  dX X Y
or logpy=Ilogc = py=c . (if) The i onb
Eliminating p between (i) and (ii) € given equation ecor;les
X X
c 5, 2x ¢ xX*|&p-1 +2-y*PP =0
y=2x-—+y"— or y=—-H+— Y Y3
y yoy or XP-Y+P*=0 or Y=PX+P
or  y*=2cx + c3, which is the required solution. Which is the Clairaut’s form.

The solution is Y = ¢X + ¢ or ¢’ = ce* + ¢>

47. (1) :Equation of normal at the point P(x, y) is

dx dy 1 1
Y—y=—"2(X—x)|1et m=2Z 50. (2): Put x=—and y=—
Y= (X =x) ( I ) X Y
1 1
d . = —— [
Let mzé = X+mY —(x+my)=0 ..(3) dx X2 dX and dy v2 dy
Distance of perpendicular from the origin to line (i) is - _ d_y _ X_2 d_Y _ X_2
|x+my|_| | dx y?dX y?
1+ m? The given equation becomes
dy_y - A1) ox
dx  2xy v2lY X y2 | xt v4
This is homogeneous equation. ) 5
Lety = zx, = Y-XP=P*or Y=PX+P
dy dz 2z dx which is the Clairaut’s form
= L=z+x— dz=—— o 5
dx dx 1+ 22 x ~. Thesolutionis Y=cX + ¢
2 d 1 ¢
Integrating I =2 = —J. il or —==+¢*
1+2° x y X
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(b): G=2i+2j—kandb=0i+pj+2k
L a+h =2+ )i+ (Q2+B)j+(-1+2)k
and G—b = (2= a)i+(2-B)j+(-1-2)k

Now, |G+5 | =y(2+0)% +(2+B)? +1

b=\ 20 +2-p) +9

Now, |d+b|=|a—b |

= Q2+’ +Q+PP+1=2-)?+2-P)*+9

= 4+l +40+4+PP+4P+1=4+0-da+4+P*-4p+9
= 8a+83=17-9=8=a+p=1
@):2|i+x)+3k|=|4i+(4x—2)j+2k]|
41+x*+9)=(16+ (4x—-2)*+4)
(3x+2)(x—2)20:>x=_?2,2

(b) : Since C is middle point of AB

ﬁ:%m AC = —BC b - ()

In A PAC, PA+ AC = PC
(using A law of addition of vectors) 4 C B

In A PBC, PB+ BC = PC

Adding (ii) and (iii), we get

PA+ PB +(AC + BC) = 2PC

or PA+ PB+(AC - AC)=2PC
PA+ PB=2PC

(using (i))

(a) : In the regular hexagon

DE is parallel to BA. / L ;
So DE=BA=P.V. of A - PV. of B

1 < n

= (4i+3]—k)—(=3i+ j+k)=Ti+2j -2k
(a) : We have, PS =12 +3% =410 PO
SR =6 +12 =37,

RO =~1* +3% =410
and OP =62 +12 =37 <o

Then PORS is a parallelogram. It can be a rectangle, so let’s check
the product of slopes of PS and SR

3 1
: SN
(mpg) - (mgp) 1X6= "3

Thus PS and SR are not perpendicular. So it is not a rectangle.

4 2 8
. |
577 35

R(3, 3)

Also mpp - mpg =

10.

Thus PR and QS are also not perpendicular. So it is not a rhombus
either.

~ G+b+¢
(€): 9=—7T"—7
3. .
@:5_a+b+c:2a—b—c
3 3
 G2B-G e —i-B+2
Similarly, OB = %bc’ ocC = afc

0A+0B+0C=0

(c) :In AABC, AB+ BC = AC / ‘//\)
— AC=a+h & /N
AD is parallel to BC and / /
AD =2BC = AD=2b * ’/ ’
In AACD,

AC+CD=AD = CD=2b—(i+b)=b—-a
Now, CE = CD + DE =b —2ad

(d): A=-2i+4;

Let E’zx;+y}'

Now, 34 +5B =9i+32]

~ ~ N ~ Yy
= —06i+12j+5xi+5y)
=9i+32j A2, 4) L,
Comparing coefficients, 4 3¢
we get T2 *
5% - 6=9and 5y + 12 = 32 T!
t } > > x
15 - 0
N 2 -1 12 3
20 =
andy:—:é]. S B=(3,4)
5 —
~ a+b+c¢
(c) : Position vector of centroid G = a 3 ¢
N _ ~ G+b+¢
Position vector of circumcentre P = T
Let 7 be the orthocentre of the triangle.
— +7 - -
Now, we know that, G = L 53G=2P+F

[ Centroid divides orthocentre and circumcentre in 2:1].
d+b+¢ ) _a+b+¢
4 2

:>F=3@—2f’=(5+5+6)—2[

@@):04=a, OB=b, OC =¢ (say)

Position vector of D, E and F are
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and

b+¢ c+a _ a+b _
respectively.
2 2 2

>

N . G+b+¢
Position vector of G is 3

Now, GD = 0D - OC = +tc¢_a+b+c _btc-2a
2 3 6
In the same way, GE = c+a6— 2b
Also, GF = 470 —2¢
. . __. b+i-2a+c+a-2b+a+b-20 -
GD + GE + GF = G =0

11. (b): AC =44B
= AC-AB=34B = BC=34B= CB=-34B

So, C divides AB externally in the ratio 4 : 3.
4b-3a

Thus, P.V. of C = =4h-3G

12. (a):P.V.of A4, B, C, and D are 6a —4b +4c¢,
—4¢,—a —2b —3¢ and G+ 2b — 5¢ respectively
= AB=-64+4b—8¢ and CD =2 a+4b—2¢
s F=(6d—4b+4¢)+M—6 G+ 4b —8F)
and 7 = (—d —2b —3¢) +W(2d + 4b — 2¢)
=6-60)=(-1+2Ww..0) (-4 +40) =(-2+4 )
(4-80=(3-2w
On solving (i), (ii) and (iii), we get A = 1, u = 1/2
So the point of intersection is :
(6G —4b +4¢)+1(—6a + 4b —8¢)
=6d—4b+4¢—6d+4b -8 =—4¢ =B

13. (c) :Since, N is mid point of BD

(1)- AB+(1)-AD _——

.. (i)

..(iii)

AN

1+0D

= AB+AD=24AN ..
-CB .CD — D

Also, w =CN

(1+1)
= CB+CD=2CN ..(ii)
Adding (i) and (i), we get A%

AB+AD+CB+CD=2 AN+2CN =-2 NA-2 NC
=-2(NA+ NC) =—2(2NM) = 4MN

14. (c) : The solution of the equation

Fxd=b,d-b=0is7=M+

F-a=1=>Ai=1 .
15. (d):b=3j+4ka=i+]

Given that El is parallel to a.

F=d+dxb,since d-ad=1.

b= (b| -ﬁa|)a y 5
2
i} {(3%42)«%?)}{%?]
2 J2 5
1

3(i+)) _3(i+))

T 2x2 2

- . . PN
Also, by+by=b = by=b-b = (3j+4k)=Z(i+])
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16.

17.

18.

19.

= b :—%§+%}'+4IA<

ik
3 3 e .~ ga
. . |3 3 o 9 9) + + 9
Now, byxb, =5 5 9= 1(6)—](6)+k(4+4)=6z—6]+2k
33y
2 2

(a): OP-OQ+OR-0S=0R-OP+0Q-0S can be written as
OP (0Q~-OR)=05 (0Q-OR)

= (OQ—-OR)(OS—0P)=0 which means that RQ-PS=0

So that PS is perpendicular to E .

Similarly, QS is perpendicular to PR and RS is perpendicular to

PQ. Hence, S is the orthocentre of APQR.

(a) : Let S be the mid-point of OR. Then, PSis
bisector of angle P.

Let the position vectors of P, Q and R are 4,b

and C respectively. Then, the position vector

ofSisM. F ©
2

b+¢ — (E—a)+(5—a)=m+ﬁz

PS= -4 = DPS=
2

So, Statement-2 is true.
PS  PO+PR
|PS| |PQ+PR|
Unit vector bisecting the angle between unit vectors 4 and p
i+b
|a+b|
Now, |ad+b > =|af* +|b > +2@-b)
= |a+b[=af +|b*+2|d||b|cos®

The unit vector along P§ is

is

-~ -7 0
= |ﬁ+b|2=1+1+2c059=4coszg :>|a+b|=2cos5

. N L= d+b
Unit vector bisecting the angle between d and b is

2c0s—
2

Hence, both the Statements are true and Statement-2 is a correct
explanation of Statement-1.

(d):Wehave, AB=—-4i+2j+(p+1)k
AC=2i+(q-1)j -3k
ABC is a right angled triangle, right angle at A4.
ABLAC = AB-AC=0

= -8+2(¢-1)-3p+1)=0 = 3p-2¢g+13=0

(p, q) lies on the line 3x - 2y + 13 =0
Now, slope of line = %

The point (p, g) lies on a line making acute angle with the
positive direction of x-axis.
(d): We have, G +2b =¢ ()
Taking cross product on both sides of (i) with 4, we get
2bxd)=Exd = ¢xd=-2(GxDh)
Again taking cross product on both sides of (i) with ¢ , we get

..(ii)

...(iii)

axz+2(5xz):6:Exzzl(zxa):—axé
2 [using (ii)]

Now, dXb+bxXc+cxd=A@GxDb)



20.

21.

22.

23.

24.

= dxb-daxb-2ixb=AGxDb)
= —2dxb)=A@Gxb) = A=-2.

[Using (ii) & (iii)]

(b): F-dg=oua-(bx?)+P@-(Exa)+y(@-(axb))
=o[dabi]l+0+0
Similarly, 7-b=pla b ¢land 7-¢ =y[a b ¢]
%7-(5+I;+6)=%(F-5+F-5+F-6)
=%(0c+B+y)[Zzl§E] =%(oc+[3+y)x2=oc+[3+y

1
(c) :Given a-¢ = E = angle between gand ¢ = hid

Also G x b =sinouz and ¢ x d = sinP i,
where 7 and 7i, are unit vectors.
(@xb)-(¢xd)=1
= sinosinf 7 -1, =1 = sinosinPcos6 =1
o=p=m/2 and 6 = 0°.
The possible cases are shown in figures and in any case b and d

are non-parallel vectors.
b

&

b

&l
ol
|l

90° 90°
60°

|l

Fig. (i) >
Fig. (ii)

(b):Wehave,a—l(5+5+c7):>c?:y5—l;—5
y
Also, dzl(a+13+a)
p 1. 1.1
= yi-b-¢=—a+—-b+-¢
X x X
= a(l—yj+l;(l+l +E(1+1):6
X X X
1 1 L s
= ;—y:O, ;+ =0 [ , b and ¢ arenon- coplanar]
= x=-landy=-
J:l(a+1}’+a)=—a—z§—a
X
1 . - =
—(a+b+c+d)=0
Xy
(a) : Volume of parallelopiped
1 a 1
V=10 1 al=1+d’-a
a 0 1
2
d_V:32 dd_V:6a
a da?
L a%v 1
3 1=0= a=t—, IV gforg=L
V3 da® NG)

Thus V is minimum for a = —.

N

(c) : Volume of parallelopiped with d,band ¢ as coterminous

edges is [a b cl=a- (I;XE) =40 (given)

25.

26.

27.

28.

29.

Volume of the parallelopiped having b+¢,c+adand a+b as
coterminous edges = (b +2)- {( c+a)yx(a+ b)}

—(b +7)- {c><a+c><b +a><b}
=b-(xa)+¢-(@xb)=[abcl+[db ¢]

=2[ad b ¢]=2x40 =80 cubic units.

(c) : The sides of parallelogram PS and @ are given by

_ PR+SQ

p—s:@andp—

The volume V is given by
-[[ros7r]|- 7R+ 50.7-s0.77]
-=5|[Pr.50.77]|

[Recall that [a a I;] =
31 =2

¢ d], etc. ]

1 1 1
==[1 -3 —A==|3(-D)-17-2(5)|==1(20)]=10
2 2|() (7)=2(5)| 2|( )|
1 2 3
(@:d=21+]-2k = |d|=3 and b=i+]
ijok
— 7 A A A
Now, axb=[2 1 -2[=2i-2j+k
11 0
" |axb|=3
We also have,
— — AN
|(@xb)xc|=|axb]|c]||sin30°||n|
1~
=3[¢]Jn
2
1 -
= 3=3|C|5 = |C|=2
Since, |¢ —d|=3 ..(3)

On squaring (i), we get A +a?-2-=9
= 44+9-24-¢=9 = a-c=2

(d): ax{ax{ax@xb)}

ax(bxc) =(a-c)b—(a-b)é ) )
So, ax{ax{ax(axb)}} =ax{ax{(a-b)a—(a-a)b}}
But, G-b=0 (given)

So, ax{ax{—(d-ayb)} =—lal - {ax(@xb)}

—_|al* (@ -B)a—(a-ayby =—lal* (~@-ab} =lal* b

[ ab=0]
(b): Letﬁ—a1§+a2}'+a3lz
NOW,IX(aXl) (z l)a (l a)l—a alz
Similarly, ]x(ax])_a ayj
and kx(axk)=a—a3k
§x(ax§)+}x(ax}')+l§x(axic)
=3G—(ai+ay j+ayk)=3G—d=2a
(C):Since#(ﬁxl;)-((l;xE)x(Exﬁ))=9 (given)
Let axb=X;bxé=p;cxa=z - X-(JX2)=9

= [£32]=9 )

Required volume of parallelopiped is

(X% 7)- ((FxZ)x(ZxX) =(ixF) ([ %]Z-[pZZ]%)

(Scalar triple product of two same vectors is zero)

=(¥x3)-Z ([#yz])=[¥7z]> =© =81  (using(i))
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30.

31.

32.

33.

1
(c) : Since, ax(b XC) ——b = (@-¢)b—(a-b)c _E
On comparing both s1des, we get

a-E:l and d@-b =0 Now, a.E:l = |d|¢] cos 6, -1
2 2 2

= co0s0, =— ("~ a and ¢ are unit vectors)

1
2
cosezzcosg :>92:§ anda-b=0 = |5||5|00391 =0

T, - .
= cosO = COSE (. a and b are unit vectors)

T T
= 0= E Hence, 91 =Eand 92 ==
(@ d): Wl=lwl=v,lz]=
Given w=xV+ yZ
w-v =|wl-[7lcos 2B =V cos 2B

e ) i .
w-z=|w|~|z|cos(z—[3) = vz sin
. T )

=|v||z|cos(z+[3)=—vzsm[3

Now w=xv + yz

Talking dot product with ¥, we get

WV=xV-V+yzZ-v

= 1% cos 2P = v’x + y(-vz sin B)

= (v)x - (z sin B)y = v cos 23 ..(0)
Taking dot product with w , we get

wWw=xvV-w+yz-w

= v* =xv* cos2B + y vzsinf
= (vcos2P)x + (zsin Py =v . (id)
2vsinf3
Solving equation (i) and (i), we have x=1and y =
z

(b,d):
i x b . Plane P, is parallel to ¢ and d . The normal to P, is along

Plane P, is parallel to 4 and b . The normal to P, is along

cxd.

A is along the line of intersection of planes P; and P,

A isalong (g x E)x @ x d)

i ]A k
ixb=|0 2 3|=-18 and
0 4 -3
i ]k
Exd=|0 1 -1|=3i-3j-3k=3(G -]k
33 0

A isalong i x (i —]—k)—] -
The angle between A and 2 + j- 2k is ©

1Al 3
L G- k)- (21°+]A'—212)_13_+L
N 3V2 V2 T2
1 3
andCOSGA 4—2:>9=%Zn
(a,¢):d-b=b-c=c-d=cos O
= g= T gl flarb el

=%1/1+1+1+6cose=%,/1+2C056 ()

DPS/M/4

OSCOSGSl
2

co0sO0<1 = 1<1+2cosB=L2

1 .
— =2 by (
e|:\/§, /3} [by ()]

(b,c,d):d-b=2-2=0.
The general solution of the vector equation
_ax b

34.

Fxd=b,d- +oud

Now, axb=[2 -1 2/=—4i+2j+5kand d-d=9
1 2 0

~

7= —_4l+§]+5k+a(2f—f+212)

= =—41+2]+5k+9oc(21—]+2k)

97

1
o=—
9

= 9F =—2i + ] +7k> a=§:>9?=2i—}'+1112
1 - A A A
oc=—§=>9r=—6z+3]+3k.

(c,d): Since [ibE]=0
d,band ¢ are coplanar vectors.

35.

Further since d is equally inclined to 4,b and ¢

nddi=db=dc=0.d7=0
36. (b,c,d): +i= (E+5)+(a—b)

i+b=(b—0)+@E+a)

b+¢=(G+b)+—a)

So vectors in options (b), (c) and (d) are coplanar.
(a,b,d): Volume =|[2b x¢ 3¢ xd 4ixb]=18

V3

= UEb=18 = I[ﬁl351|=7
(1+5sin6)

37.

cos0 sin26

Now, [ﬁEE]:sin(9+2?n) COS(9+2?TE) sin(26+—7c

sin(e—z—n) os(e—z—n) sirl(ZG—ﬂ
3 3 3

Applying Ry — Ry + R, + R3 and expanding

N

| [a b c]| =/3lcos36l =

2
= cos30=tios39=T 2L AT _ o T 2n dm
2 333 99’9
38. (a,0): (A—b)x[(b+d)x(2A+b)]=b+i
= {(@-D)-Qa+b)}b+d) —(@-b)-(b+a)Qi+b)=b+a
= (2-d-b-1)(b+d)=b+d =b+d=0orl-d-b=1
:>E=—ﬁorﬁ-5=0:>9=nor9=§
39. (a):(A) - (1), (B) - (p), (C) - (s), (D) - (@)

(A) If 4,b,¢ are mutually perpendicular,
[xbbxccxdl=[ab ] =(albllc)? =16

(B) Given 4,b are two unit vectors i.c., |al=|bl=1 and angle

between them is m/3.
| x bl

sin@=—— | | =sinnt/3= |a><l;| = ?:Lﬁxﬂ

43)



b]

@‘l

Now, [ b+dxb b] =[dbb]+[ddx

ANT)

=0+[aaxbb] =@xb)-(bxd) =—@xb)-(@xb) — _laxif=-

3
4
(C) If band¢ are orthogonal i.e., b-¢=0 andalso given bxc=4a

Now [G+b+¢ d+b b+¢]

=[d d+b b+cl+[b+¢ d+b b+¢] =[abc]

=d-(bx?) =d-a=ld’ = [ d is unit vector]
(D) [Z7dl=0

Hence, X,jandd are coplanar. ...(1)
[Xy b]=0

Hence, X,y andb are coplanar ..(i1)
Also, [db¢]=0

Hence, 4,b and¢ are coplanar. ...(111)

From (i) (ii) and (iii), we get that

X,y and ¢ are coplanar. .. [X}c]=0

40. (b) : (A) - (x), (B) - (p), (C) - (q), (D) - (s)

(A) |axbl=lpx¢l=Ic xdl = 2(areaof AABC)

Also directions of @xb,bx¢and¢ x4 are the same

Hence, Gxb=bx¢=Cxa

(B) For regular tetrahendron, all sides are of equal length, hence
|lal = |l;| =|cl. Also, all the faces are equilateral triangle. Therefore,
angle between Gand b is 60°, band¢is60° and dand¢ is 60°

Hence, i-b=b-¢
(C) Since, ixb

c=c-a.
=¢=dlcandb Llé
bldand¢ Ld
So, 4,b,¢ are mutually perpendicular.
(D) Since d+b+¢=0

and bxc=d=

4 L -
=@+ +E +2@-b-+b-c+c-d)=0 = db+b-c+ca=—2
R
—> -
4. : X Y
N P
NGy

ﬁxﬁzsinRﬁ
. |OXxO0Y | =sinR=sin(n—(P+Q)) = sin(P + Q)

42. (a):cos(P+ Q)+ cos(Q + R) + cos(R+ P)
= -cosR - cosP - cosQ = —(cosP + cosQ + cosR)
In a triangle, we know that

3
cosP+cosQ+cosR SE
This is a standard result that gives
3
—(cosP +cosQ+cosR) > -3

Thus the minimum value of
—(cosP + cosQ + cosR) is —3/2.
43. (c) : On opening the given relations, we get

|af +a-b— 2|b| =0; 2Jaf +(21+3)a- b+3x|b| =0

44.

45.

46.

47.

48.

49.

50.

On eliminating |¢3|2 , we get (27L+1)ﬁ~l;+(37»+4)|5|2 =0
37»+4|E|2
2A+1

= Gb=-

AT

- 3A+4 7A+6
e e

= +37»+452
= cos = ab _ _27»+1‘ ‘ _ 4 3\+4
1o \/M\EHE\ J7nre)2nr)
2A+1
2
(d): We must have cos?0 <1 = WS
+19%+

(6):Let ¢ =uxi+yb, where x, y are scalars
I N I I
= E=;(x+2y)+}'(—x—y)+lz(2x+y)

Lo —6x
Butc~a=0-6x+5y—0:y=?
—7x: x+ 4x
50, C=——i+—j+—k
5 5° 5
49x* +x* +16x° , 25
Wehave ———— =1 =>x*=
25 66
- 5 (- 4 . 11
C=t—| —i+—j+=k =|¢-bl=——
> (Zivgigk)ip- o=
v11
so — =6

[las)

(1):3-¢=b-F=cos; E:(xﬁ+[35+y(ﬁ><l3)

Taking dot product with 4 both sides, cos6 = a

Taking dot product with b both sides, cosd = B

Taking dot product with ¢ both sides, 1 = o.cosB + Bcos6 +y[ad b
1 0

ut [abe] = |0 1
cosO cos® 1

S0, 1 = cos”0+cos’0+yv1-2cos’0 = y = +1-2cos*0

ol
[

cos6
cosf| =1 - 2cos20

[abc]r— abc] So, A =2

(2) : The co-ordinates of vertices of projected triangle will be
A'(-1,1,0), B'(1,-1,0) C'(1, 1, 0)

-1 1 1

Area of triangle = |1 -1 1} =2 square units.
1 1 1
(8) : Volume of the parallelopiped = |[,3 5 5]|

[i5¢]
4

= |a><b|h—|[al7c]|3\/—}1—4:>h—f

= (area of the base parallellogram) h =

ﬁl

38h2=4x4=194%=38
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(b) : We have

—2+4+20+22 40 8
cosd = = ==

22 1102 411212 422 422 15%3 9

D' D C

o

)

A B

J17

We have 5 sin¢ then, cosa=sin¢ = 9
(d) : The equation of the line passing through (3, b, 1) and

x=5 y-1 z-a
= = = sa
2 16 a1 MY
The line crosses the yz plane where x = 0, i.e.

(5,1, a) is

5
-5=2u .. ==
) ' 2 17 5 17
Again, y=u(1-H)+1=— = —-=(1-b)+1=—
gain, y=p(l->b) 5 5= >
= Saew=2 o aop=3 - b=4
2 2 3
Again, z:u(g—1)+a=_?
5 13 3 5 13
= ——(@-D)+a=—-——= ——a+-=——
2 2 2 2 2

= —§a=—9 =a=6
2

(c) : Let P and Q be point on the lines, then

P(-2 + 2s, - 6 + 35, 34 - 10s), Q(-6 + 4t, 7 - 3t, 7 - 2t)
The d.r’s of PQ are (-4 + 4t — 25,13 - 3t - 35, -27 — 2t + 10s)
PQ is perpendicular to the two lines with d.r’s 2, 3, -10
and 4, -3, -2.

2(-4 + 4t -2s)+3 (13 -3t -3s) - 10 (- 27 - 2t + 10s) =0
4(-4+4t-25) -3 (13 -3t-35) - 2(-27 -2t + 10s) = 0
= 1135 -19t=301,29t-19s =1
Solvings=3,t=2,P=(4,3,4)=(a,b,c) >a+b+c=11.

(a) : If the lines 7 =4 + 51;, 7 = + td intersect, then

[E-d b d=0 ()
Let the desired line be X_¥_ E.
o By
-1 3 -5
from (i), |2 4 3|=0
a By
290 - 7B - 10y = 0 ..(ii)

4 -3 14
Further 2 3 4(=0

o B v
90.- 2B -3y=0 ...(ii)
Y

By cross multiplication rule, (ii) and (iii) gives % = % =3

The line is %:%:é.
(a) : Let Q be the foot of L PQ P(1,6,3)

lie on line f=—y_1=_z_2
1 2 3
x y-1 z-2
Let — =2 —— = = k(sa Q
1 2 3 (y)Axy—l z-2 B

= x=ky=2k+1,z=3k+2 2 3

= Q= (k, 2k + 1, 3k + 2) lie on line AB.

Since PQ 1 AB

s (k-1)1+R2k+1-6)2+Bk+2-3)3=0

k-1+22k-5)+Bk-1)3=0

k-1+4k-10+9k-3=0

14k -14=0=k=1

~. Required point Q= (1, 3, 5)

(c) : We have,

X+y+z+1=0,2x-y+2z+3=0 . (D)
Point of intersection of above lines are P(0, 1, — 2)

-1 y+1 =z .

o =) 1 ...(ii)

Point Q (1, -1, 0) lies on above line

Ludy

. . Lo X
Given equation of line is

PQ = i-2j+2k
ik

Also, [1 1 1=21?+j—312
2 -1 1

...(iii) (from (i))

-
~.
baul)

(from (ii) and (iii))

= 21 +j(30+2)+k(0+2)
Shortest distance between lines is given by
2-2(300+2)+2(0+2) 1

\/4+(3oc+2)2+(0c+2)2 NG

= 3(2-40)%=1002 + 160, + 12
) 32
= 190 —320c:0=>0c=5

S.D.= PQ.#i =

DPS/M/1



10.

11.

(€) : cos 20L + cos 2B + cos 2y + sin? 0, + sin? B + sin’y

= (cos® o — sin? @) + (cos? B - sin? B) + (cos? y - sin’ y)
+sin? o + sin® B + sin? y

2

=cos? oL+ cos? B + cos?y =1

(c) :Given, [+ m+n=0,=I=-m-nand 12 +m?2-n?=0

(-m-n)?+m?-n*=0
= 2m*+2mn=0= 2mim+n)=0 = m=0orm+n=0

Ifm=0,thenl=-n

hom_m
-1 0 1
andifm+n=0=m=-n,thenl=0
L_m _n
0 -1 1
ie, (I,m,n)=(-1,0,1) and (), my, ny)=1(0,-1,1)
cosf= 0+0+1 :1 = 6=E
JI+0+1J0+1+1 2 3
(d): 7 = (=3i+6)+s(—4i +3] +2k) ()

and 7 = (=2i+ 7k) +1(~4i+ j + k) (i)
Comparing (i) and (ii) with 7 =g, +sI;1 and
F=a,+ 152 respectively.
G =-3i+6], by =—4i +3]+2k
Gy =20 +7hk by =—4i + j+k
Gy —dy=1i-6]+7k
iJ ok
byxby=|-4 3 2|=i-4j+8k
-4 1 1
|by X by |=1+16+64 =81 =9
Hence, the shortest distance between the given lines is given by
|(Bxby)-(Gy —ay)| _|1+24+56] _81_o .
axb| |19 19
(d) : Given equation of line is
F=(=5i+2]+3k)+ 19— 5] +3k)

Let us suppose that (=50, 27, -12) is a point on line then it must
satisfy given equation
~54+9U=-50,2-51=27, 3+3u=-12
9 = -45, -5 = 25, 3u=-15
W=-5 W=-5 U=-5
W = -5 comes in all equations.
(=50, 27, -12) satisfy given equation.
(a) : Let the diagonals of cube be AD and BE
Direction ratios of AD are -a, a, a

Direction ratios of BE are a, a, —a
Let O be the angle between AD and BE

\Z

E|(0,0,a) D(0, a, a)

,0,a)F RS
(a, 0, a) G, a.la)
- 0, a,0

b .29,

(a,0,0) 4 0,0,0) *
B(a, a, 0)

X

DPS/M/2

12.

13.

14.

. cose_| (—a)xa+axa+ax(—a) |

‘\/(—a)2 +a’ +a? ><\/a2 +a® +(—a)2‘
2
—a 1 -1 1
= 9: —_— = e:— —1 e: —
cos ‘\/gax\/ga cos 3 cos (3)

(b) : Let equation of line AB is
x-0 y+ta z-0

= k(say) and equation of line CD is

1 1 1
x+a y z
==—=—=A(sa 4 £
2 1 1 (say) 8

Coordinates of P are (k, k - a, k) and
coordinates of Q are (2A - a, A, A)
Direction ratios of PQ are ¢ 0 D
(k-2A+a,k-a-Mk-N\)
Also, we have given that direction cosines of PQ are proportional
to2,1,2.

k—=2A+a k—a-\A_ k—-LA

2 1 2

On solving first and second fraction, we get
k-2A+a=2(k-a-A) = k-3a=0=k=3a
On solving second and third fraction, we get
20k-a-AN)=k-A = 2k-2a-2A=k-A
= k-A=2a = 3a-A=2a > A=a
So, coordinates of Pare (3a, 2a, 3a) and coordinates of Q are (a, a, a).

x-=1 y+1 =z
(b) : The plane which contains the two given lines ===

2 -1 3

and g = y_—l2 = ZTH which are parallel must pass through (1, -1, 0)
and (0, 2, -1) and must be parallel to the line having direction
ratios 2, -1, 3.
Any plane passing through (1, -1, 0) is
alx-1)+b(y+1)+c(2)=0 (1)
If this plane passes through the point (0, 2, -1)
=a(-1)+ b(3)-c=0 = -a+3b-c=0 ..(ii)
If plane (i) is parallel to the line having direction ratios
2,-1,3then2a-b+3c=0 ..(ii)
Cross multiplying (ii) and (iii), we get

a b c a_ -b_ ¢

_— = — —=—=—=k

9-1 342 1-6 8 -1 -5

a=8k, b=k, c=-5k

Putting in (i), we get

8k(x - 1)+ k(y+1) -5k (2) =0

= 8x+y-5z-7=0

(a) : The equation of plane in the intercept form is Xy % +2=1.
a c

Volume of tetrahedron OABC is V = % =64 = abc =384

Foot of perpendicular from (0, 0, 0) on this plane is

X y oz 1 k
1/a 1/b 1/c l_'_i 1
112 b2 2

o+ v+ ) =1 =abe XYz = 384 xyz is the required locus.



15.

16.

17.

18.

19.

(a) : Given equations are x + 8y + 7z =0 (1)
9x+2y+3z=0 ..(id)
andx+y+z=0 ...(1ii)
Subtracting (iii) from (i), we get

7y +6z=0 ...(iv)
Multiplying (iii) by 2 and then subtracting from (ii), we get
7x+2z=0 o (V)
Letx = A

Then, from (v), z= - 7A

6z

. — -6
From (iv), y = —Z = _Z(-7A) =6\
y S = (=7%)

Given that solution of system lies on the plane x + 2y + z=6
A+2(6A) + (-7A) =

= A+12L-7A=6=6A=6=>A=1
x=1Ly=62z=-7

So,2a+b+c=2(1)+6+(-7)=1

(b) : Clearly, 4 is perpendicular to the normals to the two planes
determined by the given pairs of vectors.
We have,

#1 = Normal vector to the plane determined by 7 and ;+}
= fy=ix(i+j)=k
#iy = Normal vector to the plane determined by ;—} and i+k
DX (i+k)
Since 7 is perpendicular to ﬁ1 and 7y
=My x7iy) = Mk x (=i — j+k)} = M=] +1)

Let 0 be the angle between 7 and 7— 2] +2k. Then,

M1+2+0) 1 LT
W ird+d 2 &

(c) :Wehave QA+ )x+(3-A)y+z=4
. x y z—-4
Consider, =577 k (say)
= x=ky=2kandz=-7k+4
If a plane passes through a line then the point of intersection
satisfies both the equations.
Puttingx=k, y=2kandz=-7k + 4in
A+ 1)x+ (3-A)y+2z=4we get,
Q@A+ Dk+ B -A)2k+ (-7k+4) =
= 2Mk+k+6k-2Ak-7k+4=4
= 7k-7k+4=4 = 4=4
= x=k,y=2kand z = -7k + 4 satisty the equation of plane also.
The plane (2A + 1)x + (3 - A)y + z = 4 always passes through
theline ¥ = _ z-4
1 2 -7

= iiy=(i- =—i—j+k

cos0=

(a) : A vector normal to the plane x + y - 2z = 3 is# =f+?—2]§
and PQ = 4i+4j -8k

Clearly, PQ = 47i. Therefore, PQ is parallel to the normal to the
plane 7. So, Statement-1 is true.

Let R be the mid-point of PQ. Then, coordinates of R are (4, 3, 2).

Clearly, it lies on the plane . So, Q is the image of P.
Hence, Statement-2 is true.

(a) : Planeis passing through the point A(1, 2, 3) and is at maximum
distance from the point B(-1, 0, 2). So, plane is perpendicular to
the line AB.

So, direction ratios of normal to the plane are 2, 2, 1.

Hence equation of plane is 2(x -1) + 2(y-2) + 1 (z - 3) =

or 2x+2y+z=9

20.

21.

22,

23.

(d): We have two equation of planes i.e.,
7 (31 —]+k)—1and 7 (1 +4] 2k)—
The planes have normal vector

i, =(3,~1,1)and ii, = (1,4, -2)

Then, 7 = 1i; X i, is parallel to line of intersection (L).

i g k
izl o1 1] =i(-2)— (=7) + k(13)
1 4 =2

i=—2i+7j+13k
Now to find a point on the line of intersection L, we need to solve
the two equations :
3x-y+z=landx+4y-2z=2
We consider the point to be the point on plane z = 0.
Put z = 0 in systems above, we get
3x-y=1landx +4y=2
On solving, we get x = 6/13 and y = 5/13

Point of intersection is E, E,O
13713

Hence, equation of line of intersection to the given planes is

x-6/13 y-5/13 z-0
2 7 13
or X—-6/13 y-5/13 z
2 7 13

(a) : Equation of any plane through the intersection of 7 -7y =g
and 7 -7, = ¢, is of the form

71+ M7 - Tp) = g1 + Ao ...(1) where X is a parameter
So, ?il + 7\,171’2 is normal to the plane (i). Now, plane (i) is parallel
to the line of intersection of the planes 7 -7i3 =43 and 7 -1y =g,

[ﬁ] + )\fiZ] [ﬁ3 X ?14] =0

[ﬁl N ﬁ4]+ K[ﬁzfiﬁ‘l] =0

7iqiist
= A=— [_'1_'3_'4]
[7’127’13714]

On putting this value in equation (i), we have the equation of
required plane as
[”1 "3 ”4]
[7’12 ns 7’14]

= [y 73 iy | (7 -1y — 1) =1y 73 1y |7 1y — )
(c) : Let the equation of plane passing through the point (1, 2, 2) be
alx-1)+b(y-2)+c(z-2)=0 (1)
Since, it is perpendicular to the planes
X-y+2z=3and2x-2y+z+12=0

a-b+2c=0and2a-2b+c=0 ..(ii)
Solving equations in (ii), we get c=0anda=1b

From (i) equation of planeisx +y-3=0

Distance of point (1, -2, 4) from plane

1-2-3]_ 4 _
i a?

(b) : Vector perpendicular to plane containing
A(1,-1,2),B(2,0,-1),C(0,2,1) is AxB+BxC+CxA

7ol —qq = (r iy — ’Jz)

X+y-3=0is D=—p—

ik
Now, AxB=|1 -1 2|=i+5j+2k
2 0 -1
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24.

25.

26.

27.
28.

ik

BxC=[2 0 -1/=2{-2j+4k
02 1
ik

CxA=|0 2 1|=5+]j+(-2k
1 -1 2

AXB+BxC+CxA=8i +4]+4k

(b) : Since straight line r=a+\b ..(3)
meets the plane ron= p atpoint P. ..(ii)

(a+Ab)-n=p [from (i) and (ii)]
= (Zl~;1)+7u(l—7-;1)=p or kzm

b-n
Substituting value of A in (i), we get position vector of point P, i.e.,
r=a+| 2252
b-n

(d): We have, 7 = (i+2)+3k)+Mi+2)—k)

= F=(+N)i+Q2+20)]+G-Vk

As it cuts the plane Fk=0

= [1+N)i+Q2+20)j+B@-Mk] k=0

= 3-A=0 = A=3

So, the point of intersection is (1 + 3,2 +2x 3,3 -3) = (4,8,0)

Distance of (4, 8, 0) from origin = 4% +8% = 4\/§

(b) : Let direction ratios of the line be (4, b, ¢), then
. a b ¢

20-b+c=0anda-b-2c=01ie., 357

Direction ratios of the line are (3, 5, -1)
Any point on the line is (2 + A, 2 - A, 3 - 2), it lies on the plane
nif 22 +A)-2-A)+(3-2)1) =4
= 442 -2+A+3-2A=4=A=-1

The point of intersection of the line and the plane is (1, 3, 5)
x-1 y-3 z-5

3 7 5 7 -1°

(c) :Wemust have b-#=0 and d-ii#qg
(b) : Lines in Statement-1 pass through (1, 0, -1) and (2, -1, 0)
respectively.

Equation of the required line is

2-1 -1-0 0+1
We have, | 1 -1 1 (=0
1 2 3

So, the given lines are coplanar.
The equation of the plane containing them is

x-1 y z+1
1 -1 1(=0
1 2 3

= 5x+5-2y+3z+3=0

= 5x+2y-3z-8=0

So, Statement-1 is true.

A vector parallel to the given line is b=i+ 2}+3IA< and vectors
normal to given planes are 7i; = 3i+ 6}+ 9k and 7iy =2+}—k
respectively.

Clearly, 7i; =3b and b -7i, =0

DPS/M/4

29.

30.

31.

32.

33.

So, given line is perpendicular to 3x + 6y + 9z — 8 = 0 and parallel
tox+y-z=0
Hence, Statement-2 is true.

. X
(d) : Any point on the line =73 T

B(2A, 1 +30,2+X)
Now, AB is parallel to the plane x + iy + z = 2, where A =(1, 0, 3).

1
Cr-D+A+30)+(A-1)=0 = 7\,=€

(13 13)
b=(3.5¢

N . 1 .3 13 . 235
Direction ratios of AB are §_1’§_0’?_3 =33

) ... x=(1/3) y-(3/2) z-(13/6)
.. Its equation is —2/3) - BG/2 - =5/6
or ¥-1_2y-3 _6z-13

2 7 3 7 5

(b) : Plane through the intersection of given planes is
(x-y+z+3)+A(x+y+2z+1)=0 ..(0)

or (1+A)x+(-1+A)y+1+2M)z+3+A=0
If it is parallel to x-axis, then (1 +A) =0 = A=-1
Putting A = -1 in (i), we get
x-y+z+3)-1x+y+2z+1)=0

= X-y+z+3-x-y-2z-1=0

= -2y-z+2=0 = 2y+2z-2=0 =2y+z=2
(b, ©)

normal to the given planeare < 1,2, 1 >.
Since 1 X 1 + (- 2) X 2 + 3 x 1 = 0 therefore the line is parallel

: Direction ratio's of given line are < 1, - 2, 3 > and d.r’s of

to the plane.

Also, the base point of the line (1, 2, 1) lies in the given plane
Hence, the given line lies in the given plane.

Alternatively, any point on the given line is
(t+1,-2t+2,3t+1).

It lies in the given plane x + 2y + z = 6 if
t+1+2(-2t+2)+3t+1=6, which is true for all real t.
Hence, every point on the given line lies in the given plane
i.e., the line lies in the plane.

(b, d) : Theline lis perpendicular to /; and [,. Hence the direction
ratios of [ are given by the vector

A A A~

ik
1 2 2|=-2i+3j-2k
2 2 1

Let P= (2r, -3r, 2r)
2r-3 3r+l1 2r-4
1 2 2
Thus we have r =1 and P= (2, -3, 2)
A pointonlyis (3 +2s,3+2s,2+5s)
Then (3+25-2)>+ (3+25+3)2+ (2 +5-2)2=17
= 952+285+20=0=s5=-2,-10/9

778

Thus the points are (-1, -1,0) and | —,—,— |.
999

As it lies in [}, we have

(b, ¢) : Let the locus of point D is (x, y, z). Since volume of

=== . .
tetrahedron ABCD is €|[AB AC AD]| =1 cubic units.



34.

35.

36.

37.

_1 1 _1
=1 1 -1 |=46

x=0 y-1 z-2
= -2y-1)-2(z-2)=46 = y-1+z-2=13

= y+z=6 or y+z=0

(b, d) : The plane Pj is given by
(x+z-1)+Ay=0ie,x+Ay+z-1=0

A—1
Distance of the plane from (0, 1, 0) is —2 =1
\J2+A
1
= AM-2A+1=A2+2=2\= -.xz—E

Then the planeis 2x -y +2z-2=0

The distance of (1, B, Y) from Pj is 2

200—B+2y-2
NG

= 200-P+2y-8=0or200-Pf+2y+4=0

=

‘:2::,2(1—[3+2y—2:i6

(a, b) : By geometrical condition, line L is parallel to the line of
intersection of Py and P,.
A vector along L is (;+2}'—/:T)><(2;—}'+l:t) =§—3}' —5k
Any point on L is A\, -3A, -5))
The foot of perpendicular from A to plane P is
a—A _ B+3L _ y+5h  A-6A+5A+1 1
1 2 -1

l+4+1 6
1 1 1
The foot of perpendicular is [ A — r —3A- 3 —5SA+ 5

Only options (a) and (b) match for some A € R.

(b, ¢) : The lines ?=ﬁ+sl7,7=5+t¢§intersectif
([c-db d]=
2-1 3-2 1-3 1 1 =2
k 2 3 |=0=>1k 2 3[=0
3 k 2 3 k 2
= 4-3k+9-2k-2(>-6)=0=2k>+5k-25=0
5
= k——S,E
. . xX_y_z . x-3 y-3 z
(a, b) : Let theline be l—m—n.ltmtersects 5= 7 =1
3 30
I m n|=0,orl-m-n=0 ..(D)
2 1 1
The angle between the lines is 60°.
1
2ldl_L-i_n:cos60°:§
6(12+m2+n2)
Squaring, 512 —m? -0 + 4mn + 8ln + 8ml = 0 ..(ii)

Eliminating / from (i) and (ii), 2m* + 5mn +2n° =0

= (m+2n)2m+n)=0 => m=-2n=l=-n

or n=-2m=Il=-m

The d.r’s are -1, -2, 1 and -1, 1, -2. The required lines are

E_Z:_ _y_z
12— ad “172

38.

39.

40.

41.

42.

43.

31

P22
(b,d) : % 1 1/=0

1

2 1
= 4pg-4p-99+5=0 (1)
For perpendicular planesa + b + ¢ =0
ie. p+1+g=0 ..(ii)

Eliminating g from (i) and (ii), we get 4p2 -p-14=0

. 7
Solving, p = 2, 1

(a) : (A)-(s), (B)-(r), (C)-(q), (D)-(p)
(A) g y-b _z-c
m n

= —a+l(y—b)=Ay+B,
z=c+— (y b) Cy+D

Only 4 constants.

(B) The line is the z-axis. Distance = , /12 +22 = JE

1-3 -1-k 1-0 9
< | 2 3 4 =0=>k=§.

1 2 1

x-3 y-5_ z-7 -26+12)
D = = = =
(D) 2 1 1 6 6

a=3-12=-9b=5-6=-1,c=7-6=1La+b+c=-9.
(b): (A)-(1), (B)-(@), (©)-(p), (D)-(5)
The coeflicient determinant is
a b ¢
A=|b ¢ a =3abc—(a3+b3+c3)
c ab
=—(a+b+c)(a2+b2+c2—ab—bc—ca)
(A) a+b+c;t0,2a2:2ab:>a:bzc:identicalplanes
(B) a+b+c=0,Za2¢Zab:>x:y=z,aline.
(©) a+b+c¢0,2a2¢Zab:>A¢0:>x=y=z=Osingle
point
(D) a+b+c=0Y*=Yab=a=b=c=0
= X, Y, z are arbitrary.

(d):H(a, B,y) = AH L BC, BH L CA

o _B_vy
1 2 1
Hliesontheplane +y+ =1= y:%
ol 2 ot 4 2o 1
3733 3733 6’6" 6

(a):A=(2r,11),B=(Q2r,-r,-1) wherer € R.

Let P= (o, B, 7)
L @2r-a)?+ (r-B)? + (1 - ) is minimum
- _ 200+
5

A= ( Qa+P), 2‘”5 )

For the second line, (27 - (x) +(r+ [3)2 +(1+ \()2 is minimum
20—
rE—p—-
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44.

45.

46.

47.

48.

B= (% 0-B) 2 u-p) —1)

4 b oo 1
OA1OB= 25(4oc -B )_E
= 3(d’-pH=25
The locus is 3(4362 - yz) = 25.

(b): AP L BP

= (%(20& + B)—oc)(%(Zoc—B)—oz)

+(2a5+[3_[3)( =Qa - B)— B)+(1— Pl —y) =

= 3(’-4pH =25 (> - 1).
The locus is 3(x2 - 4y2) =25 (z2 -1).
(b): PA* = PB?

= -2 +1-pP = = (@ 2B+

= 20 + 5y =0. Locus is 2xy + 5z = 0.
(5) : The d.r’s of the first line are given by
I-m+n=0,3l-m+an=0

= Il:m:n=1-a:3-a:2

The d.r’s of the second line are given by [+4m-n =0,

[+2m+bn=0
l:m:n=4b+2:-(b+1):-2
The lines are perpendicular
1-a)4b+2)-B-a)b+1)-4=0
= 3ab+a-b+5=0
(4) : The lines are %:y—_bzi an d—:%:

b —C a c

(b]A' - clz) X (af + cl@) =bci — caf — abk
o bei — ca] — abk

Now, 7= 2 22, 22
\/bc +c“a“+a‘b

The points on the lines are (g i b]A)
2abc

\/azbz +b%c? +c2%a?

12 (l+i+l)=4.

a2 b2

= L=

‘3‘1
Q..

s

(6) : The plane containing the lines 7 =4 + A
is [Ff—d bd=0
x-1 y-2 z-3
2 3 4
3 4 5

=0 =>x-2y+z=0

al

50.

Ax -2y +z =d is parallel to (i)
A =1. Now the planes are x - 2y + z =0,

x-2y+z=d

Distance between these parallel planes is

4]

— == /6 (given)
J12+22 412
o ldl =6
(6) : The volume is invariant under translation.

NZ

3

(@) 3 Y
1 2
X

4 3
If X=x 3,Y y 2,Z z+4,
then the planes become
31X| + 2|Y| + |Z] =3
The planes 3X +2Y + Z = + 3,
“3X+2Y+Z =43,
3X-2Y+Z=4+3,

3X +2Y - Z = + 3 form an octahedron.

The plane 3X + 2Y + Z = 3 forms a tetrahedron with coordinate

planes in the positive octant of

1.3 3
volume =.1.Z2.3=2.
6 2 3 4

3
Total volume = 8 X i 6.
6):P=(2+s,1-25,-1+59)
8
QE(§+2t,—3—t,l+fJ

O, P, Q are collinear.

2+s 1-2s -1+
§+2t 33—t 1+t
3
Solvin 5—31‘—l
g 5=9, =3
10 10 4
= P=(5,—5,2),Q=(?,_?,§)
25 25 4
P ——+—+——6.
=(PQ)* 5t
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JEE MATHEMATICS

DPS-22

DAILY PRACTICE SHEET

Probability

(¢) : S = smoker, §" = Non-smoker, D = death by lung cancer 6.

Using conditional probability, we can write
P(D)=P(S) P(D|S) or P(S)P(D|S)

0.006 = 2> P(D|S)+ X p(D|s"y = L. x4 E. X
100 100 510

[Let P(D | S) = x and given P(D | S) = 10. P(D|S")]

L oo0g oxtax _0006x50 3
50 14 140
(c):P(AmB)—l PB) ="
20
. p(A|B):M:lX@:5
P(B) 10 17 17 7.

(d) : 3 numbers are chosen from {1, 2, 3, ....., 8} without replace-
ment. Let A be the event that the maximum of chosen numbers is 6
and B be the event that the minimum of chosen numbers is 3.

112
(8| 4y= PANBE) _ ¢, 21
P(4) Sc, 105

(b) : Given, P(Xl)— P(Xz)——and P(X3)—

P(X) = P(E1E2E3) + P( El E2E3) +P (El E2 E3) + P(E1E2 E3)
111 111 131 113

244 244 244 244 8.

:L 1 1.3 3 3 _8_1
32 32 32 32 32 4
P(exact two functioning |X)
l 1 1 1

N\
»M
»h\
[\

P(BA (AU BY))
P(AU B°)

_ P(BNA)U(BNB°)

P(A)+ P(B)— P(AN B)
P(ANB)U®)  P(ANB)

(1-03)+(1-04)-05 0.8

_ P(A)-P(ANB°) (1-03)-0.5 1

N 0.8 T 08 4

(a) : P(B|AUBC) =

(b) : Let A and B be two events such that

A = getting number 2 at least once

B = getting 7 as the sum of the numbers on two dice

We have,

A={21),(2,2),(23), (24, (2,5), (2,6) (1, 2), 3,
(5,2), (6,2)} and

B={(2,5),(5,2),(6,1), (1, 6), (3,4), (4, 3)}
. P(A)_“ P(B)—E,P(AHB):%

P(4nB)_2/36_2 _1
P(B)

2), (4,2),

Now, required probability P(4|B) 67366 3
(c) :Let A denotes the event that Indian man is seated adjacent to
his wife and B denotes the event that each American man is seated
adjacent to his wife.

P(A N B) denotes the event that each man is seated adjacent to his
wife. Consider each couple as one entity.

Thus, there are 5 entities to be arranged and husbands and wife was
interchange their seats in 2! ways.

4121y
9!

Next, consider each American couple as an entity. Thus, there are 6
entities to be arranged including the Indian and his wife.

. P(ANnB)=

g P(B)=5!(92!!)4 - P(A|B)=%:%
@: P(El)—%:é
P(ElmEz)—%—P(El)-P(EZ)
P(ElmE3)—6—36—P(E1)~P(E3)
P(Esz3)_ﬁ_P(E2)~P(E3)

As P(X NY) = P(X) - P(Y), the events X and Y are independent.
Also, P(E; N E, M E3) = 0 as the event cannot happen.

So,E}, E,, E; are pairwise independent, but they together are not
independent.

(b): P(X|Y)—f P(;((;)Y) %:P(Y)—%—é
Also, PEOD) 1 piyy3 L
P(X) 3 6 2

PXUY)=PX)+P(Y)-PXNY)
1 1 1 1 1 4 2
2 3 6 2 6 6 3

DPS/M/1



11 1
AsP(XNY) =P(X)P(Y), So X and Y are independent.
10. (a) : P(ENF) = P(E) - P(F)

P(EAF)+PE NF) = - and P(E'NF')= 2z
25 25
Let P(E) = x, P(F) = y, then we have

(1-y) +y1 )_E 2 -4
M1-p)+y(1-x) =72 or x+y-2xy =2
2 2
Also, I-x)(1-y)=—=1-(x+y)+xy=—
(1=x)(1-y)=— (x+y)+xy=—
Solving for x + y and xy gives
x+ —zand _12
ST s S b
"l'hus,x&yarerootsoft2 —t+—=0
5 25
NE)EIREEE
5 5 575
4 3 4
Thus, P(E) = — andP(F)zé or P(E)= — and P(F) = —
5 5 5 5
4 b
11. (d) : We have P(A N B) = P(A)P(B)—E 0
where we have assumed that n(B) =
Now,P(AmB)zn(AmB)zn(AmB)
n(s) 10
n(AmB) 4 b 4b _2b
Thus ——F=—.-— =n(AdNAB
10 10 10 ( )= 10 5

As n(A N B) has to be an integer, we have b = 5 or 10.
12. (b) : A and B are independent events.

wnd PACAB)= = P(AC) P(B) =
= P(B)—P(A)P(B) = %

and P(4nB©) =é = P(A)P(B%) :é
= P(4)—P(A)P(B) = %

On solving (i) and (ii), we get P(B) = % or %

13. (c) : E, F, G are pairwise independent events.

. P(ENF) = P(E) - P(F)
P(FN G) = P(F) - P(G), P(GN E) = P(G) - P(E)
, P((Ecch)mG)
P((E‘ mF")|G) =
P(G)

_ P(G)- P(GNE) - P(GAF)

- P(G)

_P(G)(A-P(E)-P(F)) _, _ _ p(pe

- 6] =1-P(E)—P(F) = P(E) - P(F).
14. (b): P(AUB)=1-P(AU B) =1—é =%

We have, P(4)= % = P(4) = %
Again, P(A U B)

= é:§+P(B)—l
6 4 4

= P(A) + P(B) - P(A N B)
1

P(B)=—

(B) 3

Now, P(A N B) = P(A) P(B) is seem to be true.
Thus, A and B are independent.
As P(A) # P(B), A and B are not equally likely.

DPS/M/2

15.

16.

17.

18.

19.

20.

(a) : Statement-2 is false.
P(P and Q contradict each other)

=p(1-2p)+2p(1-p)=1/2
= 8p2-6p+1=0.
=2p-1)4p-1)=0=>p=1/2,1/4.
(b) : Let M be the event that A’s blood type matches the guilty party.
Let P(A) be probability that A is guilty and P(B) be the probability
that B is guilty.
P M) — P(M/ A)P(A)

P(M [ A)P(A)+P(M/B)P(B)
1 1 1

22 2 1 40

2 _5

1 (1)1 1 1 6 2x6 6

2422 =+= —

2 |5 /{2 2 10 10
(c) :Let E; and E, be the events that marble is green and blue
respectively in the bag.
Let A be the event of picking up a green marble.
Then, P(E,) = P(E,) = 1/2, P(A/E,) = 1, P(A/E;) = 1/2
Now, if the marble taken out is green, then probability that remain-
ing marble is also green is P(E;/A)

P(E))P(A]E;)

P(E|)P(A/E))+P(E,)P(A/E,)

P(E; [ A)=

L 1
__ 2 2 _1,
1 1 1 T2+1 2
—x1+= —
2 2 2 4
(d) : Let events T}, T, T5 be the following :
T : the item is manufactured by factory Fj.
T, : the item is manufactured by factory F,.
Tj : the item is manufactured by factory F.
Clearly, T}, T,, T3 are mutually exclusive and exhaustive events.
P(T)) = 30% = 0.3, P(T,) = 20% = 0.2, P(T3) = 50% = 0.5
Let E be the event that item is defective
Now, P(E|T}) = 2% = 0.02, P(E|T,) = 3% = 0.03
P(E|T3) = 4% = 0.04. Hence, by Bayes’ theorem, we have
P(T)P(E|T;)

4_
3

[SSHN ]

PO ) = B iV P(E [Ty + P(Ib)P(E | Ty) + P(Ty) P(E | Ty)
B 0.3%0.02
- 0.3x0.02+0.2x0.03+0.5x0.04
0.006 0006 6 3

~0.006+0.006+0.020 0.032 32 16

(c) : Let the following events :
E = He knows the correct answer
F = He randomly ticks
G = He answered correctly
*. Required probability = P(E | G)
B P(G|E)-P(E) B Ixp _5p
P(G|E)-P(E)+ P(G|F)-P(F) 4p+1

1><p+§><(1—p)

(d) : Let E; and E, be the events that unbiased and biased coins are

selected respectively and H be the event that head has occurred.

1 1 1 3
P(E1)=5, P(E2)=Ea P(H|E1)=5, P(H‘Ez)zz

P(H|Ey)-P(E))
P(H|E))-P(E))+ P(H|Ey) P(Ey)

P(E||H) =



11 N pixi=1x01+2x02+3x03+4x04=3

2
=7 12 23 1 =g . Standard deviation =+/10-32% = \/I =1
——t , . S
22 42 25. (a) : Since, the man is one step away from starting point means that
either
21. (b) : Let E; = event that item is manufactured by machine M;. .
E, = event that item is manufactured by machine M. (i) man has taken 6 steps forward and 5 steps backward
and A = event that selected item is defective. or
(ii)man has taken 5 steps forward and 6 steps backward.
v P(E) =7, P (E2) =3 Taking, movement 1 step forward as success and 1 step backward
as failure
< P(A|Ey) = — P(A| Ey)= 100 .'. p = probability of success = 0.4
". By theorem of total probability, 9= prob.ability of fai.h.lre =0.6
P(A) = P(E;) P(A | E;) + P(E,) P(A | Ey) .. Required probability

s 4 1 3 11 =P(X=60rX=5)=P(X=6)+P(X=5)

=§ 100+3 100 300 :11C6P6q5+11C5p5q6:11C6 [P6q5 +P5q6]

_11 6 5 5 6
22. (c) : Let E; = event of choosing bag (i) & E, the event of choosing =Cs [(0.4)° (0.6)> + (0.4)° (0.6)°]

the bag (ii) & ‘A’ be the event of drawing red ball =11C5 (0.4)° (0.6)° [0.4 +0.6] = ' Cg (0.24)°
P(E,) = P(E,) = % 26. (a) : Probability og altt least one fa;ilure =1- Pino failure) = 1 - p°
Now 1-p = <— thus p< ~sopel0,1/2
S 5 P’ %) p<5 - pel ]

P(A/El):%, P(A/Ez):ﬁ

n
S 27. d): EQ)=) y,p;
= i=1
1 _35 l

1
P(EZ)P(A/EZ): B _ " n

3 5768 = EM)=Y10xp; (+Y=10X) = EX)=10Y x;p;
7

P(E, | A)= )

1

—X

2 11 i=1 i=1
=E(Y)=10xEX)=10%x3 = E(Y)=30

1
2

23. (b) : Let X denote the sum of the numbers obtained when two fair

dice are rolled. So, X may have values 2, 3, 4, 5, 6 7,8,9,10,11 and 12. Now, V(X) = E xl pi - E(X)]
1 2 4 ’
=2) = —; =3)= —; = S = — i=l
plx=2) =35 px=3)=3px=4)= ,p(x 5) = 36 "

n
= 2=37p-3)7 = Yaip=11
5 i=1 i=1

36 .
V)= yip ~-[EX)P

5 6
px=6)= %,p(x—7)— %,p(x—S)—

(r=9)= = 3plx=10)= iplx=1D= eip(x=12) = —
L T T T

36 i=l
n n
b 2 3 4 5 6 7 8 9 10 |11 (12 2 2 2 2
= V¥)=) (10x;)" p; —(30)° =10 » x; p; —900
o |2 3 (A5 e ]s e 521 21050 250
?f 36 136 [36 |36 |36 |36 [36 |36 |36]36 = V(Y) = (100 x 11) - 900 = V(Y) = 200

Mean (X ) = Zxp(x) 28. (d) : Probability of at least one success

XD+ (3%2)+(4%x3)+(5%x4)+(6x5)+ =1-P(Nosuccess) =1-"Coq" whereq=1-p=3/4

" 1_(3Y) 3)' _ 1
(7%6)+(8%5)+(9%x4)+(10x3) + we want 1_(3) NI BN () . () <L
3 (11x2)+(12x1) _252_7 4 10 10 \4 4 10
- 36 36 Taking logarithm on base 10 we have,
Variance = Zx?p(x) - (Zxp(x))? 1 1ogy(3/4) < logo 10!
(2% X1+ (32 x2)+(4* x3)+ (5" x4) = n(logo3 - logiod) < -1
+H(6% X5) +(7% x6) + (8% x5)+ (9% x 4) = n(logp4 - log;3) = 1
2 2 2
+(10% x3)+ (112 x2)+ (122 x1) , —p> 1
- T -7 logjo 4~—log;o3
1974 19— 1974-1764 210 35 29. (b) : Possibility of getting a score 9 are (5, 4), (4, 5), (6, 3), (3, 6)
— = ee— = — 1

36 36 36 6 Probability of getting score 9 in a single throw = P = 3% :§

" Variance _» . Hence, S.D. = » Requlred probab'lhty .
6 = probability of getting score 9 exactly twice
2
1 8 8
24. (b) : Standard deviation = \/2 pixt = (2 pix;)? =G (9) X(ng 243"

Zp,-xf =(0.1) x (1) +(0.2) x(2)% + (0.3) x (3)% + (0.4) x (4)2 =10
DPS/M/3



30.

31.

32.

33.

(b) :
X; 0 1 2 3 4 5 6
fi 0.17 0.29 0.27 0.16 0.07 0.03 0.01
fix; 0 0.29 0.54 0.48 0.28 0.15 0.06
7
Mean=2f,~xi =0+0.29+0.54+0.48+0.28+0.15+0.06
i=1
=1.80
P(E,NE
(a)crd): P(Ez/El)z(l—Z)
P(E;)
1 P(E,NE 1
:>—=u = P(E,NE))=—
2 1/4 8

Also,P(E, NE,)=P(E,)-P(E, | E,) =P(E2)~i
1
= P(E,)=—
(Ey) 5
Since P(E; NE,) =%=P(El)-P(E2)

= Events E; and E, are independent.

1 1 5
Also P(E; UEz)—EJrZ—g—g
= E; and E, are non exhaustive.
(a,b,d):
Urn | Red marbles | White marbles | Blue marbles
A 5 3 8
B 3 5 0

1
- ()

Now, let E be the event that urn A is chosen

)
p(E|R)=2EOR) _13 /416 =(E)(s)=5

P(R) 1 48 8
3
G
P(E|W)= (E(“W) 3,16 (68)(3>=§
5

P(face five| W)= (Z )G) 32

(a, ¢)
= P(AB)+ P(AB)
=P(A)P(B)+P(A)P(B)=
= P(A) + P(B) - 2P(A)P(B)
= P(A) + P(B) - 2P(A N B)
=1-P(A)+1-P(B)—-2{1- P(A)}{1- P(B)}
=P(A)+P(B)-2P(A)- P(B)

P(A){1-P(B)}+{1-P(A)}P(B)

DPS/M/4

: The probability of exactly one of A and B to occur

34.

35.

36.

37.

38.

(a, b, ¢, d) : P(E;) = P(choosing 5 and two tickets from 6 to 15)

_0G _10x9  3x2 9
e, 2 [ 15x14x13 91
P(E,) = P(choosing 10 and two tickets from 1 to 9)
_’C, 9x8_  3x2 36
15c3 2  15x14x13 455
P(E; N E,) = P(choosing 5 and 10 and one ticket from 6 to 9)
MG, 3x2 4
15(33 15x14x13 455
P(E|/E,) = 1

(a, b, ¢, d) :Probability that atleast one blue ball is drawn
= 1 - Probability that all the balls drawn are red.

11 1
SO SR Y
325 10 10

Probability that exactly one blue ball is drawn
112 212 122

325 345 345

Probability that all the drawn balls are red given that all the drawn

balls are of the same colour

1
1
=40 =202
1010

Probability that atleast one red ball is drawn

(a,b,¢) :Given,a=mnp,b=npq
Since0<g<1l = 0<npg<np

= 0<b<a = %>1

2 2 2
a n n
Also = P _" n, which is an integer.
a-b np-npq 1-q
(a,b,c,d) : A, Bare exhaustive events

=AUB=S = P(AUB)=1
Now, 2P(B) =P(A) + (AU B)=K+1
K+1
= P(B)= 5
= —P(ANB) = P(A U B) - P(A) - P(B)
=1—K—(K+1) _ 2-2K-K-1
2 2
K-1
3(1—-k)
2
(a,b,d) :P(A)=P(A/B)=1/4
= A and B are independent,
hence, P(B/A) = P(B) = 1/2
Now A’, B’; A’, Bwill also be independent

A’ N _3
P(EJ—P(A)—I P(A)—4

Also, P(A’ UB') =

B’ n_q 1
P[?)—P(B)—l P(B)—2



39.

40.

41.

42.

43.

44.

45.

P(AUB)=P(A)+P(B)-P(ANB)=5/8
P(ANnB)=1/8

(b) : (A) - (q), (B) - (p) (C)-(q), (D)-(r)

(A) Total no. of ways of putting the balls in boxes

6! 6!3! 6!3!
212121 112141 112131
6!

212121
Required probability = é
3°3¢2°43 20
36 27
(C) No. of ways A can throw greater than 9 is 6

No. of favourable ways =

(B) Probability =

1
Required probability = g
(D)1-P(B)+P(ANB) =

= P(B)(0.7)=0.2=> P(B)= %

(@) : (A) - (r), (B) - (p), (C)-(s) (D) -(q)
A) P 20 g E E 224
(&) Pnopain) = 519 18 17~ 323
(B) P (atleast one pair) = l—ﬁzﬂ
323 323
10
C
(C) P (exactly two pairs) = 2 =i
20C4 323
224 3 96
D) P (exactly one pair) = 1— + —
(D) P 4 pain) [323 323] 323

(a) : The event associated with X =5 is
TTTTTH
=PX=5=(1-p)>p

(d):PB<X<6)=(1-pPp+(1-pp+(1-p)°p+(1-p)°p

=(1-pP-Qa-py
(c) : P(A/T)=0.8; P(A/S) =0.6; P(A/F) = 0.4

Now,P(A)=P(ANT)+P(ANS)+P(ANF)
=P(T) x P(A/T) + P (S) x P(A/S) + P(F) x P(A/F)

=(0.1) (0.8) + (0.2) (0.6) + (0.7) (0.4)
=0.08 +0.12 + 0.28 = 0.48

P(FNA) 028 7

(b): P(P/A):Wzmzﬁ
(d): P(F/A) = P(EnA) _ P(F)-P(Fn4)
P(4) 0.52
_(07)-028 042 _21
T052 052 26

46.

47.

48.

49.

50.

(1) :We may include 2 women or all the 3 women.
When 2 women are include the number of ways
=3C,7C5 and when all the three women are included the number
of ways = 3C3.7C,
Hence the required probability
_ 3¢, 7C+°Cy 7 C, 1
(1) : n(8) =1°C5
Since A.M. of 3 numbers = 25
Then their sum is 75
X1t+x+x3=75x121L,x21,x321
No. of +ve integral solutions = 74C, = 2701

2701
. Required probability = 755~
C3
1K
) 9 9 _1
(5)'1 1 1.9 9
— X+t X
9 9
K 1 K
—=—=—=K=5

= (9><10):9 45
2

(3) : Number of ways in which m - 1 remaining cars can take their
places (excluding the car of a man)

—_n- lcm 1
No. of ways in which remaining (m - 1) cars can take places keep-
ing the two places on two sides of his car vacant ="~3C,, _,

n-3
Probability = —— Cint = (n~ ri) (n —1*}’1 D
c,.  (-Du-2)
=A=1,B=2
=A+B=3

(7) : P(Gy) < = P(Gy) = Ak2

Y. P(Gy) =1 (as these are mutually exclusive and exhaustive events)
k=0

n 2 6
> AY k=l A=—————
k=0 n(n+1)(2n+1)
n
P(A)=k2 P(Gi)P(AIGy)
=0
_ 2 R k 7» n? (n+1)> _ 3(n+1)
k=0 n o n 4 2(2n+1)
Taking n = 15, we get
24 _Pp
P(A =
=371

Then,q-p=31-24=7.
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JEE MATHEMATICS

D P S - 2 3 Model Test Paper

DAILY PRACTICE SHEET

1. (d): Using sine rule in triangle ABD, we get b L2 .
(2)= ——= = sec — =sec 2+¢
AB _ BD . AB_\/p2+q2 sin6 4 V3 J3
sin® sin(6+p) sin(0+ ) 4 al_nm m_-m
A €=cosT —= —cos SE LT
sec” ly =sec lx - g ..(1)
-1 T
= y=sec (sec x—g)
As tanBzE, we have sin(0 + ) = sin6 cosP + cos0 sinf3 From (i) = cos™! 1_ cos_ll—cos_lﬁ
q ) Y X 2
=sin0- 2q > +cos0- Zp > :pcos(92+qszln9 N 1 _ a1 _1\/5 V3 1 1
Jp?+q WPeat g y ~os|cos Lo = o e g
AB:M 1 3 1 1
pcosB+gsin® or ;:EJFE 1_x_2,

2. (d):Range of [sin 2x| + |cos2x| is [1, /2]
[|sin 2x| + |cos 2x|] =1
o filx)=0 = f(x) is a constant function
. flx) is periodic with no fundamental period.
Clearly f(x) is into function and f is not invertible.

7. (d):Wehave, f(2-x)-1=1-f(x)
= g2-x)=-g(x)
Replacing x by x + 1, we get, g(1 — x) = -g(1 + x)
So, g(x) is symmetrical about the point (1, 0).

8. (b):We have,

3. (a):p, g are parallelif p x4 =0 and 3a+b a+b a+3b
= - _ 3 _ 21\ 1 A, = ,A = , A, =
pxg=0Cax" +2x - 1Dk 1 2 2 5 3 1
| x| =3ax° + 200 = )b = f(x), (say) Gy = (@0, G, = (ab)"2, G5 = (ab*)* and
f(0) = 2b, f(1) = 3a, f(0) f(1) = 6 ab < 0 (given) oo dab o 2ab . dab
By intermediate value theorem, there exists x in (0, 1) such Y (a+3b) 7 (a+b) 7 (3a+b)
that =0, pxg=0.
a f(x) p q 2 B = A2H2 = ab = G22
4. d):z;+z2,0+2z30 =0 z 2 _ _ _
2Z+20-23(1+0) =0 . O = AiHs = AxH, = AsH, = ab
Z1-2z3=- (2 - 23) C 9. (a) :Let E; be the event that one of first # urns is chosen, E, be
1 \/g the event that (n + l)th urn is chosen.
—0=2- IT =c (_g) A be the event that two balls drawn are black.
4
2 n 1
AC is obtained by rotating CB through g clockwise about C. P(E))= w1l P(Ey)= 1
Z1, Z, 23 form an equilateral triangle. P A 6C2 1 P A 5 C, 2
5. (b) : We have, E ) ¢, 3 E, ) 10¢, 9
P 19|~P|~9|~Pv-q~qvP |pAq ~-Prpr-qgVP A
T T F|F| F T T F F | T P(Ey)-P| -
TIF/F|T| T T F T T | T Also, P(_sz 2
FEITTTIF| T F F T F T A A A
FIF|T/T| T | T F | T | F | F P(El)P(ElJ”(Ez)'P(EzJ
So,~(pAg)=~pVv ~gq
o (. B 1 2
. (o) = +19
y\/yz—l x\/xz—l = Ezﬁ:}nzlo
. -1 -1 — =
Integrating, sec” y = sec x + ¢ n+13 n+19
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10. (a):99'%° _1=(1-100)1°_1
100 )
=-100-100+| " | 100 ...

It is divisible by 100 = 10*
The number of zeroes at the end is 4.

11. (b) : The number of ways of 3 letters going to correct destina-

o (7]
tions is =35
3

The number of ways of 4 letters going to wrong destinations is

4!(l—l+l)= 9
2! 3! 4!

.. The number of desired ways is 35 x 9 = 315.

12. (c) : Number of words starting with
CC is 4! words, CH is 4! words
CI is 4! words, CN is 4! words
The next word is COCHIN.
There are 4(4!) = 96 words before COCHIN.
13. (b):cos’ x + cos® 2x + cos> 3x = 1
cos® 2x + cos” 3x = sin’ x
1+ cos 4x + 1 + cos 6x = 2 sin” x
Cos 4x + cos 6x + 2 cos> x =0
2 cos 5x cos X + 2 cos> x =0
cos x (cos 5x + cos x) =0

cos x-cos 3x-cos 2x =0

L e ied

T
cosx=0= x=02n+1)—,
cos2x =0 2

:>x=(2n+1)g.

14. (c) : Let A be the event that the man selected the winning horse.

Exhaustive cases = 5C2

Favourable cases = 1 x 4C1

4
P(A):D; C1=§
CZ
(2.3 -1
15. (d) : cot (r +Z)=tan S 3
r +Z
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16. (c) : The slope of the line 3x - y =7 i.e., y = 3x — 7 is tan0 = 3.
P 3

or E:I$H2\19+ :\/ﬁ

sin@ = , cosf=

3 1
J10 Jio
The equation of line passing through (1, 2) and parallel to
y=3x-7is

x-l_y=2 ()

cos® sin6

Let r be the required distance.
(I1+7cosB,2+rsinf)liesonx+y+5=0
= 1+rcosO+2+rsin@B+5=0

1 3
= ltr——+2+r—=+5=0 = r=-210
J10 J10

But distance can't be negative
Required distance =+/40

ay ay Y
17. (©):xv=4 = yp+x—=0>==—-=
(©): xy y / .

Any point on xy = 4 may be taken as P(Zt, %)

[d_y] _ae 1
dx lat p 2t t2

If ax + by + ¢ = 0 be tangent to xy = 4 at P, then

1 a b
—S=—— = F==
a

v g2
2 b Cot7>0)

2>0:>Eithera<0,b<00ra>0,b>0
a

18. (b) : Equation of normal at P(x, y) is
Y—y:—é()(—x) =>GE(x+y-ﬂ,0)
dy dx

dy dy
=|2x| = y—=x or y—=-3x
12| =y Y

dy
X+ y—=
ydx

= ydy =xdx or ydy=-3xdx
After integrating, we get
2 2 2 2

3
AT PP

22 2 2
= x2—y2=—26 or 3x2+y2=2c
= xz—y2=clor3x2+y2=cz

2172y
19. s ar = Zy
(@) & (23 —Zy J »,

and arg (23:22 J:[}

1~ %2

r (23 - Zz)(_l)
(Z1 - Zz)

= o+P+arg(-1)=n-m=0,sincea+P=m
y

20. (b) : |z;| = 12 is circle with centre (0, 0)
and radius 12.
|z5 - 3 - 4i| = 5 is circle with centre (3, 4)
and radius 5.
The minimum distance between z; and z,
isAB=12-10=2.




21.

22.

23

24.

25.

(a) : Let Az[oyc [§:|

o +PBy B(oc+6)]_[l O}

Wo+d) 82+py] L0 1

= +Py=1=8%+Py

and y(at + 8) = B(at + &) =0

As A #1 A #-I we have 0. = -0

Ji-py B
v —1-By

Statement-1 is true.
Tr(A)=0+0=0 {
Statement-2 is false, because Tr(A) = 0

We have, 4% = [

detd = = —1+By—By=-1

o = -0}

(c) : B, s15 52, 83, S S5, D

For a particular class the total number of different tickets from
first intermediate station is 5.

Number of different tickets from second intermediate stationis4.
So, the total no. of different ticketsis 5 + 4 + 3 + 2 +1 = 15
For the remaining classes the total no. of different tickets
=2x15=30

(@:a+b+c+d+e+f+g=265
a+b+d+e=200

Total number of different tickets for all three classes
b+c+d+f=110
d+e+f+g=55

=3X15=45
SD
b+d=60,d+e=30,d=10 v

Required number of ways = ©°C,,
On solving, P

a b c d e f g
120 50 40 10 20 10 15

Number of persons who like only dancing and

painting = f= 10
(d) : Required number of ways

_n5_ 3 5 3 5 _ _ _
=37, |17 =243 -96+3=150.

(d) : For (a, b), (c,d)e Nx N
(a, D) R(¢c,d) = ad (b+c)=bc(a+d)
Reflexive : Since, ab (b +a) =ba (a+ b), VY a,be N
(a, b) R (a, b), So, R is reflexive.
Symmetric : For (a, b), (¢, d) € N x N,
Let (a,b) R (c, d)
ad(b+c)=bc(a+d)=bc(a+d)=ad (b +c)
= c¢b(d+a)=da(c+b)=(c,d)R(a,b)
So, R is symmetric.
Transitive : For (4, b), (c,d ), (e,f) € Nx N
Let (a,b)R(c,d), (c,d) R (e, f)
ad (b+c)=bc(a+d),cf(d+e)=de(c+f)
= adb + adc = bca + bed ..(0)
and cfd + cfe = dec + def ..(ii)
On multiplying Eq. (i) by ef and Eq. (ii) by ab and then adding,
we get

adbef + adcef + cfdab + cfeab = beaef + bedef + decab + defab
= adcf(b+e)=bcde(a+f)=af(b+e)=be(a+f)
= (@bR(f)
So, R is transitive. Hence, R is an equivalence relation.

26. (b): flx) =log,x,a>0
The domain of the logarithmic function is the set of all positive
real numbers i.e., (0, =) and the range is the set R of all real

numbers.
b —ab b-c bc—ac
27. (¢ : ab—a* a-b b*—ab
bc—ac c—a ab—a*
b(b—a) b-c c(b—a) b b-c c
=la(b—a) a-b bb-a)=(-a)’la a—b b|=0
cb—a) c—a a(b-a) c c—a a

28. (b): We have, 4y* + 12x 12y + 39 =0
= 407 -3y)+12x+39=0

2
= 4|:(y—§) —2]+12x+39=0
2 4

2
3
= 4()/—5) +12x+30=0

3) 3 x+ >

= -—— | =— -

4 2 2
which represents a leftward parabola with vertex (—g , 5)

3
a=— and line of axis is parallel to x-axis.
4 37

Equation of directrix, X=——+—=——
2 4 4

29. (d) : Statement-1 : The sum of the series
1+4(1+2+4)+(4+6+9)+....+ (361 + 380 + 400) is 8000
Here, T1=1,T,=7=8-1,

T3=19=27-8 =T,=n"-(n-1)°
n
Statement-2: > (k°—(k-1*)=n’
k=1
Statement-2 is a correct explanation of Statement-1.

30. (d):AB=8B
So, A should be unit matrix
Now BA = A
So, B should be unit matrix

Square of unit matrix is also unit matrix
So,A’=Aand B*>=B
So, both A and B are idempotent.

31. (b,d): secx -1 =(\/§ —1) tanx = tan g tan x

. T,
SIn — SInx
1 8

T
COS — COS X
8
T T A
= C€OS — — COS — COS X = Sin — sin x
8 8 8
T Y A b
= €O0Ss — COS X +sin —sin x = cos —
8 8 8
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i T T T
= cos|x——|=cos— or Xx——=2nmt—
( 8) 8 8 8
or x:2nn,2nn+gandy=0,\/§—1
(x, ) = (2nm, 0), (Znn + g, J2 - 1).

32. (a, ¢, d) : As A and B are skew hermitian
o A%=_A,B9=_B
(A+BP =49+ B%=_A - B=-(A + B) ((a) is true)
(AB)® = B% A% = (-B) (-A) = BA
= AB ((b) is false and (d) is true)
It is well-known as diagonal elements in hermitian matrix
must be real.

33. (a,b): x>+ y* +2gx+2fy + ¢ =0
p (There are three arbitrary constants g, fand c)
Y dy :
2 2y —= +2¢+2f—= =0
x+2p-57 4 2g v of ()
..(i1)
..(1if)

2+ 2y12 +2yy,+2fy,=0
4y1y2+ 212 + 2yy3 + 2fy3 =0
From (i), (i) and (iii), y3(1 + 31 = 3y, = 0
34. (b, d) : Lett =logjox
4
10Y10 8+—
T9=(8)F'x( t)=450

4
8+—-5¢
X 1 =1. Taking logarithm with base 10 on both

sides, we get

(8+§—5t)=0
-2

= 52-8t-4=0 = t=2, =
x =10 =10% 107"

A

35.(a,c): 3/=1‘L__/y=1+x

: 2

L » X
-1 0 1

f(x) is continuous for all x and differentiable for all x except
x=x1

36. (a,b,d):Cy-Cy+Cy- C3+.+ (-1)""1C,, 4
="Cy-"Cy+"Cy, - "Cs5+ ...+ (-1)" "L "C,
=nCO_ (n—1C0+n—1C1) + (n—lcl +n—1C2)
(G + " IC) e+ (DN, T C, )
=("Co-""Cy+ (-t IC,
=0+ (-1)""1."=1C, | (option (b))
)m_l . n-1D)n-2)...(n—m+1)
(m-1)!
Also from option (b) we get,
Co-Ci+C-Cy+..+(-D""1.C,_,
— (_l)m—l . nilcm_]
=(-"~".""1C, _,, (option (d))
37. (a, ¢, d) : Given, AT=AandBT=-B
(a) (ABAT)T = ABTAT = — (ABAT)
So, ABAT is skew-symmetric matrix.

=(-1

(option (a))

[~ nCr = ncn .
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(b) ABT +BAT=_AB+BA
= (BA - AB)T = BA)T - (AB)T
= ATBT - BTAT
=-AB+ BA
So, ABT + BAT is symmetric matrix.
(© ((A+B)A-B)"
- A-BT@A+BT
= T- BT+ BY
=(A+B)(A-B)
So, (A + B) (A - B) is symmetric.
d ((A+DB-D"=B"-DA"+])
=-B+D(A+])
So, (A +I)(B - I) is neither symmetric nor skew symmetric.
38. (b, c) : The circles x* + y* - 2x - 15=0and x* + y* - 1=0
has the radical axis -2x - 14 = 0. xX+7=0
Hence any circle orthogonal to them has its centre as
(_77 _B)
Let its equation be
S:x2+y2+ l4x + 2By + A =0
Orthogonality with 2" circle gives
A-1=0. A=1
Again, (0, 1) lieson S = 1+2p+1=0. ..
Equation is o+ y2 +14x-2y+1=0
Radius = V7% +12-1=7
39. (a) : (A)-(q), (B)-(r), (C)~(s), (D)~(s)
(A)x= x> = x=0, 1 at which f(x) is continuous
(B) f(x) is not differentiable at x = 0, -1, 1
©) |x+1|+|x-1]=2|x| = x€ (-0, -1] U [1,0).
M)[x-1]+[x+1]=0=[x]-1+[x]+1=0
= [x]=0=x€[0,1)
40. (b) : (A)-(q), (B)-(p), (C)-(q), (D)-(r)
(A) Total no. of ways of putting the balls in boxes
6! 6!3! 6!3!

B=-1

= + + =540
212121 112141 11213!
!
No. of favourable ways = ———=90
212121
9 1
Required probability = — ==
540 6
6 3~ 6
(B) Probability —>_— C1-2" +3_20
36 27

(C) No. of ways A can throw greater than 9 is 6

Required probability = é

2
(D) 1-P(B) + (AN B)=0.8 =>P(B)(.7)=.2:P(B)=;
41. (d) 42. (b)
S,1) a 14 7
41-42): - ===
(41-42) S,1) b 10 5
Sg(2)_g_al+a2
" 8,(2) 12 b +b,
= 84k + 48 = 95k + 19b,
48 -11k
19

7k+4 19

Also =—
5k+b, 12

()




43.

44.

45.

46.

47.

S5.(3) 2a;+2d, a;+d, _

Now = = =
S,(3) 2by+2d, b +d, b,
L A
" b, 14
7 7 .
= bzzﬁlez5 (As, a, =4) ..(ii)
Also, 7.8 — 11k [Using (ii) in (i)]
3 19

— 133 =144 - 33k = k:%

(b) : The vector perpendicular to L; and L, is
ij ok
3 1 2=-i-7j+5k
1 2 3
7= unit vector is ﬂ
5V3
(d) : The points on L; and L, are A(-1, -2, -1) and C(2, -2, 3)

The shortest distance is AC -7
(-1 —7j+5k) 17

= (31 + 4k)- = .
( ) 53 53
(c) : The d.r’s of the normal are -1, -7, 5
The plane is
—x+1D)-7y+2)+5(z+1)=0=x+7y-52+10=0
13 13
The distance of (1, 1, 1) from plane is — = ——.
(1 D from planes Zo= 73

4) :n(MuU PuUC)=50,n(M) =37, n(P) =24, n(C) = 43,
n(M N P)<19, n(M N C) <29, n(Pn C) <20.
We have,
nMuU PuU C)=n(M) + n(P) + n(C) - n(M N P)
-nMNC)-nPNnC)+nMnNPNCQC)

= 50=37+24+43-n(MNP)-n(MNC)-n(PnC)
+n(MnN PN C)

= nMNPNCO)=nMNP)+n(MNC)+n(PnC)-54

= nMNPNC)<19+29+20-54=14

= nMNPNC)<L14.

(4):-9t+14=0 = (t-2)(t-7)=0

= [x*-2]=2 or [x¥*-2]=7

= 2<x?-2<3 or 7<x*-2<8

= 4<x*<5 or 9<x*< 10

= 2<|x|<~/5 or 3<|x|<+/10

= xe(—/5,-2] U[2,\/5)
or xe(—/10,-3] U [3,4/10)

= 'The integral values of x are -2, 2, -3, 3

48. (4):Lety=(1+a)(1 +b)

1
=l+b+a+ab=2+a+b=2+a+—

Differentiating both sides with respect to a, we get

Q:OH_L:l_L
da 22 22

Q:o = a=1=1
da
Buta>0,so0a=1

2
Further, d }2/

Put

=%>0fora:1
da® a

So, yisleastata =1
Ata=1,b=1

a

Now, the least value of y = (1 + a)(1 + b) is

=1+1)(1+1)=4

49. (1) :f=gie. g (%) = fix)

where g(x) = y = 2tan"'(¢") -

T

2

2
2

= x=10gtan(£+z)
4 2

_ T
= tan (e¥)=—+

“1, \_ Ty
= =logtan| =+ <
g (y)=log (4 2)

1) = -1 (E f)
=g (x)=f(x)=logtan 4+2

= f'(x)=

T

x) 1
+Z |X=

—~sec2(
anTa X)) M2
4 2
1

2

1
Equation of tangent to parabola is y= mx+4—
m

On differentiating, we get Q: m

From (i) and (ii), we get

dy dy
= Xx+— -
YTy | o) 4y(dx

po

This is differential equation of tangent.

Clearly order is 1, degree is 2.

dy
dx

2
)+1

("mab=1)

. (1)
.. (i)
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@):f(x)=e +e*
F(x) = 2x(e - )20 Vxe [0,1]

Thus fis increasing and so the maximum value of fis

fh=e+ l

e

Again g(x) = xe* + e‘xz,
So, g'(x) = (1 +2x) & —2xe >0V xe [0, 1]
Thus gis increasing and so g(1) = e+ ! is the maximum value.
Also h(x) = X2 + e ¢
W (x) = 2x[e" + x2%* —e*] >0V xe [0, 1]

.. . I .
Thus h is increasing and so h(1) = e + — is the maximum value.
e

Hencea=b=c
(b) : g(x) = sin(sin™! \/@ ) + cos (sin_l M)—l
=/{x} +cos(cos_1 J1—-{x})—-1 =\/@+ 1—{x} -1

If xe Ithen{x}=0 = glx)=0 = g(-x)=g(x) = giseven
Ifxe I then {-x}=1-{x}

= gl=x)=1-{x}+ \/a —1=g(x) =’¢ is even function

0, xel . . o )

glx)= {g(—x), cel = ’g’is periodic function
(c) : Here,
c0s24 cos2B _I—ZSinzA_1—2sinzB

a* b? a* b?
_L_i_2sin2A+25in2B

a b a* b?
_ 11 _2[sin2A_sm2B]

a2 b2 a2 2

1 1 a b
=a_2_b_2 |: InyAABC, M: sinB:I
A

(b) : The curves are J2| »y=sinx + cosx

y = sinx + cosx, x € [0, /2] :
_{cosx—sinx,xe[O,nM)

sinx—cosx, xe (n/4,m/2]

o
/4
.. Required area = J {(sinx+cosx)—(cosx—sinx)} dx
0
/2
+ J. {(sin x +cos x) — (sin x —cos x) }dx
/4

/4 /2 "
=2 J sin xdx + 2 J cos xdx = 2(—cos x)‘g +2(sin x)‘
0 /4

A-g )

=2J2(\2-1) $q. units

/2
/4

(d) : We have, d—y + Zsecx = taix
dx 2 2y

= 2y%+yzsecx:tanx (i)

dy _dt

Put yz =t=>2yE I

. Equation (i) becomes, ? +tsecx =tanx
x

sec xdx
LF.= eI = elnsecx+tan) _ g0 5 4 tan x

- Solution is given by
t(secx + tanx) = [tan x(secx + tan x)dx

= f(secx + tanx) = secx + tanx — x + ¢

xX+c X+cC

s> t=l-——— = 2=1—
secx +tanx

secx +tanx

Now, (0)=1=1=1-0+c=c=0

<. Particular solution is y2 1-—

secx +tanx

@:~(pvavi~prqg)

=(~pA~q)v(prg)=~par(~qva)=~pnrt=~p

@d: b =|c]? =9x% + y* + 42°

= (G, b)= £(G,¢)=d-b=a-c

= xy - 2yz+3zx= 2zx+ 3xy - yz

=2xy+yz-zx=0 (i)

=dd=0=x-y+2z=0 .. (ii)

Eliminating y from (i), (ii), we get

(2x+2) (x+22)—2zx=0

= (x+2)?=0=z=-xy=-x[by (il)]

|ﬁ|:2\/§:>12:x2+y2+z2:3x2

Lx=%2

=12 =(02,-2,-2),(-2,2,2)

ﬁ~5=xy—2yz+3zx =-4-8-12=-24.

() : The corners of the feasible region are A(4, 3), B(0,6), C(0,5).
z=2x+5y

= z(A) =23, z(B) = 30, z(C) = 25

~. Minimum z = 23 at A.

DPS/M/1



10.

11.

12.

13.

32

4
} } » X
7 8N\9 10~

(d) : As agyy, ags; and aygy are divisible by 3, none of them is
prime. For aq;, we have

Of 1 2 3 45 6

1 1. 0
gy =—1(99..9)=—(10" -1
91 9( . ) 9( )
91 times
7\13 7
=1[(107)13—1]=[(103 1}[10 1]
9 10" -1 10-1

= [(107)12 + (107)1 + ... + 107 + 1] x [10°+ 10° +.... + 10 + 1]
= dg; is not prime.

(b) : Coefficient of (r - 1), rh and (r + 1) term in expansion of
(1 + x)"are "C,_», "C,_1, "C, respectively.
="C,,:"C,,1:"C,=1:3:5

= Cr’2:l and &:g
"C,., 3 "C, 5
r—1 1 r 3
=3 = — = —
n-r+2 3 n-r+1 5

=3r-3=n-r+2and 5r=3n-3r+3
=4r-n=>5...(1) and 8r - 3n =3....(ii)
Solving (i) and (ii), we get r=3 and n=7
1+x)%°

14235
Whenf'(x)=0 = x=1

() : Let f(x)=

20.6
Also, f(0)=1, and f(1)==-= 2704

flx) e 2794, 1)

1000-D) .

10
I T (Vs TR S
©: 8= (=D "C; =¥ j(j-1 T

jl

-2
10
=9x10 Y %C; , =90x2°
Jj=2
10 10
S, =371, =10y °c; =10x2°
j=1 j=1

10 10
Sy=Y 210 =Y (j(i-D+)- "¢
Jj=1 Jj=1

10 10
=Y, jG-0"c;+3¥ -1,
j=1 =1

=90-28+10.2%= (45 +10)2° =55 .2,
Thus Statement-1 is true and Statement-2 is false.

(c) : Number of words starting with

CCis 4! words, CH is 4! words

CI is 4! words, CN is 4! words

The next word is COCHIN.

There are 4(4!) = 96 words before COCHIN.

DPS/M/2

14.

15.

16.

17.

18.

(c) : Summing the infinite G.F. s,

‘e 1 1 Y= 1 1
1-cos’0 sinzel 1-sin®0 cos’0
1l Gin20+cos?0=1 = X+y=xy --:(1)
Xy
z= 1 :>1:1—coszesin29

1-cos’0sin’0  Z

- 3

z x J\y xy

Xy

xy—

(c) :tan® =tan (0t + 6 — o)
_ tan(o+0)—tana

~ 1+tan (o.+0)tanc

2 1

_ 172 3 ey
1+g~1 4 o
1 2 T2

N 1:>xyz:z+xy:>xyz=z+x+y(by(i))

13

f=tan ' =
an™ -

= least argz=tan_1%

sino.  coso
(d):Let A=|sinf} cosf
sind cosod

sin(o.+7)
sin(B+7)
sin(y + 9)
Applying C; — C5 - cos y C; — siny C,, we get
sinot coso O
A=|sinB cosp 0] =0
sind cosd 0
_ 1+2+424..4n+n
(a): x=
1+2+3+....+n
12+2243%+..+n? _nn+1)(2n+1) 2n+1

nn+1)/2 © en(n+1)/2 3

2 114222 hnn? _(2n+1)2
nn+1)/2 3

134234334 4n® _(2n+1)2
nn+1)/2 3

Cn(n+1) @n+)? P +n-2  (n-D(n+2)
o2 9 18 18

(b) : Point of intersection of lines x + y = 4 and
x-y=2is(3,1)

Line through (3, 1) and making angle tan™! (%) with x-axis is

y—lz%(x—3) = y=3x_5 ()

On solving (i) with y? = 4(x - 3), we get
9x? - 30x + 25 =64(x - 3) = 9x* - 94x +217=0
According to question, its roots are xj, x,

94 217

X; +Xp :g;xle 2—9

32
| x; —xp |=\/(x1 +x7)% —4x,2, iy

19. (b):Let lim f(x)=I.Then,

X—yo0



20.

21.

22.

23.

24.

lim f(x+1)= lim f(x+2)=L

x—o0 x—oo
N _ 1 flx+D)+ >
ow flx) =3 fx+2)

li _1}1im f(x+1)+;

= lim f()=31 x50 lim f(x+2)
X—ro0
1 5 5

I==|1+= 2_ |2 2= I=,=
= 3( l) =3F=F+5=2F=5= \/;
(d) : The given equation can be rewritten as

22
M +-2— =1, which represents an ellipse

2/m 8/m

Here, az\/zand b:\/§
T i

Area enclosed in an ellipse = mab

218  —
=T \/7\/7= 16 = 4 5q. units
T\NT

(a) : The 3 girls have to sit together in back seats a, b, ¢, dor p, ¢, 1,
s.
The number of ways they can be seated is 4 (3!) = 4!

The 9 boys can sit in the remaining 11 seats in the two vans in
1Py ways.

11!
The desired number is 4!-? =12

(d) : Case (i) : 4 correct + 1 incorrect.
For correct answer, he/she has to tick the correct option only,
while for incorrect answer, he/she can give wrongly in 3 ways for
1% three questions each and in 1 way each for last 2 questions.
3+3+3+1+1 11
4X4x4x2x2 256
Case (ii) : All 5 correct.

1 1
4Xx4x4x2x2 256

11 1 12 3
Required probability = 356 + 356 256" o4

(a) : sin”! ,’2 _4\/5 =sin~! ,/4 _82\/5

=sin~! (*/2—3—\/_;) =15°

cos ™! @=cos_1 §=30°

Probability =

Probability =

sec! \/E = cos_1% =45°

The given expression becomes sin™! cot (15° + 30° + 45°)
=sin~! (cot 90°) = sin~! 0 = 0.
(c) :Since ¢ is a unit vector coplanar with @ and b,
let ¢=xda+yb=x(+j—k)+y(—j+k)
=@+y)i+Ex=-y)j—(x=-yk (i)
where (x+ )2 + (x-y)? + (x-y)>=1 ..(ii)
Since¢ L a ,x+y+x-y+x-y=0
= 3x=y ...(iii)
Using (iii) in (ii), we get x = ——(taking+ ve sign

5 \/g( g gn)

1 ~ ~ =
- From (1), ¢=—=Qi—j+k
) \/g( J+k)

25.

26.

27.

28.

29.

30.

Let d=di+d,]+dsk

Since d Ld and d LG

A d1+d2—d3:0 and 2d1—d2+d3:0
:>d1:0 and d2:d3.

Also, |d|=1= d2+d2+d?=1
= d2=d3=% 3:% (_}+k)
(a) : Given, n(A) =3, n(B) =4

S n(AXAxB)=3%x3x4=36

(c) : Direction cosines of the line,

iJ ok
L 3i—37+3k. Then, cosa. 3 !
= =31 — . 5 ==
T i ; / J9+9+9 3

(d) : *aRb iff sinZa + cos?b = 1

-+ sinZa + cos2a=1forallae R

. aRa = R is reflexive.

o sinfa+cos?b=1 = 1-cosa+1-sin?b=1
= sin?b +cos’a=1 = bRa

-~ Ris symmetric. Further, let aRb and bRc
ie.sin®a + cos?b =1 ..(i) and sin?b + cos’c =1
Adding (i) & (ii), sin%a + 1 + cos?c =2

= sin2a+cos’c=1 = aRc

..(ii)

- Risalso transitive. .. Ris an equivalence relation.
d
(b): y—y+by2 =acosx
dx
d
2yd—y-e2bx +y% e . 2b=2acos x- &2
N [On multiplying by 2¢25]
d
= a(y2 2%y = 2acos x - 2
On integrating, y2 e =0y, J-c()sx -e2b% gy
2bx :
_9.8 (2bcos x +sin x) t

(2b)% +12
= (4b* + 1)y? = 2a(2bcosx + sinx) + ¢'(4b? + 1)e 20
= 2a(2bcosx + sinx) + ce 2b*

(c) : Number of A.P’s with common difference 1 =17
Number of A.P’s with common difference 2 = 14
Number of A.P’s with common difference 3 = 11
Number of A.P’s with common difference 4 = 8
Number of A.P’s with common difference 5 = 5
Number of A.P’s with common difference 6 = 2
Number of favourable outcomes = 57

The total number of outcomes = 2°C,

24 1
. Required probability = 23 ! ST

C, 20x19x18x17 85

Now Statement-2 is false and Statement-1 is true.

(d) : Let the points A and B be ¢; and f,.

The tangents at A and B meet at

P(tity, 1+ ) =(-2,-1) . t1=1,t,=-2

The normal at ¢ is xt + y = £3 + 2t.

The normalsare x + y =3, -2x + y = -12
Solving, C= (5, -2),But A=(1,2) and B= (4, -4)

. 1 2 1
Areaof AABC==|4 -4 1|=6.
5 2 1
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31.

32.

33.

34.

35.

36.

(a,d) :Wehaveox? - x+ =0
s D=1-402
For distinct real roots, 1 — 402 > 0

. 11
ie,oel——, —
2 2

Now, |x] — x| < 1 ie. (x;-x)%<1

b? — 4ac
22

1 1
oo}
Combining the two bounds, we have

masnynn
27 5 ) \J572
. SZ(_z _L)U(L 1)
PN J5'2

(a,c) : The equationis {(x-3)>+»*} + Ay =0
ie, x> +y*-6x+Ay+9=0

Radius = V7+9 =+/16 =4
2

Now,9+%—9=16 = AM=64 .. A==x8

<1 = 1-40’<o?

ie.,

(b,d):I=x(2\/1+ex)—2J\/1+exdx

=2x\V1+e* —ZJ. itz dt (t=~1+e")
t° -1

[ 1. t-1
=2x 1+ex—4(t+zln:)+c
+

1+e* -1
—ox1+e® —a1+e) -2t Lo

Vit+e* +1

(a,b,c,d): As G+b+¢=0

= a*=b*+c*+2b-C

— 144-48+ 2+ 48 = P =48=c=43
Again, A =a*+p*+2a-b

48-144-48
— =
|axb+éxal=|axb+axb|=2|axb|

=2a?b? —(G-b)* =212 .48 (-72)
=2-12448-36 =2-12-2:/3 = 483
(a,d) : ydx+dy=—e*y*dy

—-X —X —X

N (e ydx2+e dy):dy 4 e_]
y y

=e*=y>+cy f0)=1,¢=0

= e"‘=y2:>y= X2

= ab= -72

1
= Azj(ex—e_"/z)dx=e+£—3

0 Je
(a,b) :f (cos 40) =
Let cos40 =t

2—sec’ @

t+1
=2c0s220-1=t=cos?20= —

2
For t = —, we have cos? 20 = —
3 3

DPS/M/4

37.

38.

39.

40.

20 \/5 20 —\/E
cos 20 = 3 or cos 20 = 3

: 1
F(cos 40) = 2 __2cos"6 _l+cos20 _
1 2cos’6-1  cos20 cos 20

2—
CcoS

2o
Hence, 1 l =1+\/§ or 1_\/5
3 2 2

i .. (m
(a, c) :z2=1sin0 - icos® = 005(5—9)_15“1 (5—9)

7" = cos(%—ne)—isin(nz—n—ne)
z "= cos(n—;— n9)+isin (%—ne)

= T+ = 2005(%—}19)

and " —-z7" = —ZiSin(?—nO)z 2isin(n6—?)

(a,b) :f (x) = (7tan®x - 3tan’x)(tan’x + 1) = (7tan®x — 3tan®x)
sec?x

/4 1 1
Now, | flxde=](7t0 -3t =(1 —t3)‘ 0
0

0 0
/4 1 1 6 5
Again, [ x f(x)dx=[tan"" t(7t° —3t")dt
0 0
L7 31 17 3y 1
=tan” [t - Jy— (" —t )—zdt
0 1+¢
1
1 o 11 1
=[PA-t2)dt =———| =———=—
0 4 60 4 6 12
(b) : (A) — (p), (B) — (@), (C) — (x), (D) —(s)
a b c
A=|c a b]|isorthogonal
b c a
o AAT =1
[a b cl[a ¢ b] [1 0 O
or|c a bl|lb a c|=|0 1 0
b ¢ a]lc b a] [0 0 1
[P g q] [1 0 0]
ortg p oqi=(0 1.0
g 9 p] [0 0 1]

=Sp=a>+b*+c2=1landgq=ab+bc+ca=0
=S@+b+c)?=1

=a+b+c=%1

a3+ b3 + 3 - 3abc

=(@a+b+c) @+ +c-ab-bc-ca)==%1

=S +P+=1t1+3=4o0r2
(a) : (A)-(s), (B)-(r), (C)-(q), (D)-(p)

x—-a_y-b z-c
(A) I = m ~ n

= x:a+%(y—b):Ay+B,

n
z=c+ %(y -b)=Cy+D
Only 4 constants.



(B) The line is the z-axis. Distance = /1% + 22 =/5
1-3 -1-k 1-0

Q)| 2 3 4

1 2 1

=3 y-5 z-7 -26+12)
(D)zzylzlz 6 - °
a=3-12=-9,b=5-6=-1,c=7-6=1,a+b+c=-9.

41. (d) : Given a + ar™! = 66 (i)
ar.ar" =128 ... (ii)
S,y = 126 ... i)
From (i) a(1 + r"*1) = 66

128
= a 1+—2 =66
a

2
+128
al & = |=66
a

=a?-66a+128=0

= (a-2)(a-64)=0 a=2,64
When a = 2, then from (ii) r*+1 =32 =25
Now from (iii), we get

9
—Oﬁk—z.

(by (ii))

2 n+2_1

M:126
r—1

=Ml r-1=63(r-1)

= 32r-1=63r-63
=3lr=62 = r=2
Lot =25 gives n =4
. number of terms= n+2=6
when a = 64, then r becomes fraction and then G.P. becomes
decreasing.

1
42. (b) : The G.P. is decreasing when a = 64, r =—
When a = 64, then from (ii) 2

e 128 1 _ 1Y
64x64 32 \2

5 5
e l ntl l 4+1_l
2 2 2

=64><2><@: 126
64

43. (d) : The smallest term is 2 and the greatest term is 2-2° = 64
~. The required difference is 62.

44. (b) 45. (¢
/2 /2
(44-45): f(x)=sinx+sinx [ f(t)dt+cosx [ t f()dt
—1t/2 —1/2
flx) = A sinx + B cosx

46.

47.

48.

50.

/2
. A=1+ j f(t)dt
—T/2
/2 /2
=1+ J. (Asint+ Bcost)dt =1+2B J costdt
—7/2 0
=A=1+2B . (i)
/2 /2
B= [ t.f(t)dt= [ t(Asint+Bcost)dt
—T/2 -T/2
/2
=24 [ tsintdt
0
=B=2A . (ii)

Solving (i) & (ii), we get A=-1/3,B=-2/3

f(x)=—%(sinx+2cosx)

Range of f(x)is I:—\f §:|

/2 n/2
_[ f(x)dx=— j (sinx+2cosx)dx =—
0 0

(3) :3100= 950 = (10 - 1)%0 = (1 - 10)*°

—1-50.10+ 2049 12 _ 504948 3

=1-500 + 122500 + multiple of 10*

=12001 + multiple of 10*

1) :(a+c)?-1b*<0

=S(a-b+c)la+b+c)<0

=f-1Df(1)<0

= f(x) = 0 has exactly one solution in (-1, 1)

6) :n(MNP NC)

=n(M) - [n(MNP)+nMn C)-n(Mn Cn P)]
=100-30-28+18=060

+ multiple of 10%

Tc—cos_l(x) 1
. (2):RHL= lim .
x——1t \/x+1 \/E+\/cos_1x
(- x) 1
\/x"‘l \/E+\/cos_1x
put cos™!(-x) = ¢
1 1
-2 = -
Jrn+dn an
TA=2
1-m

— %% —mx)d =i2
) : I(x x° —mx)dx 5

3
1_
= (L=m) :i2:>m=4,—2
6 2
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- T T
(b) : Let tan 1x=e,ee -
2 2
30 + cos™! (cos 30) =0
cos™! (cos 30) = - 30 = -m<30<0

N —gseso

= xe[—\/g,o]

So, number of integral solutions is 2.
(b) : The graph of y = x - [x] is as shown below.
Ay

41

When x is an integer, x - [x] =0
[+ x— [x] as x tends to an integer.]
Hence, f(x) = 0 when x is an integer

1
As x—>1, =~ ——
+x 2 1
Hence, the range of f(x) is |:0, E)

(b) : Equation of family of lines through the intersection of the
given lines be

(x+2y-1)+A(2x-y-1)=0 y
= x(1 +x2k) +y(j -A)=1+A B0, )
= T e ! Mk, k)
1420 2-A R
(0,0) Aa, 00N\
= 2422 ‘
a b
where a=—1+k,b=—1+7L
+2\ 2-A
Now, M(h, k) be mid point of AB
. a=2hand b =2k
1+A 1+A .
2h= d 2k=—-— (1)
1v2n 2
By eliminating A from (i), we get
10hk = h + 3k

Replacing h — x and k — y, we have x + 3y = 10xy be the required
equation of locus.

6 % 6!
2!x 3!

(b) : Number of numbers formed = =360

(c) : Here f(x) = logy(logs(log;(18x — x* — 77)))
The given function is defined, when
logs(logs(18x — x2 - 77)) > 0
= log;(18x - x2-77)> 59
= 18x-x*>-77>3! = x*-18x+80<0
= (x-8)(x-100<0 = 8<x< 10

" x€ (8,10)

[~ logx is defined V x > 0]

. . a
(c) : Equation of tangent is y = mx +—
m

a
:>m2x—my+a=0:> m1+m2=Z,mlm2=—
X X

(e

= x> -y’ +6ax+a*=0

o |my—m
tan45° =|—L 2

1+mym,

(a) : Centres and radii of the given circles are C; = (1, 3),
ry =rand C, = (4, -1), r, = 3 respectively, since circles intersect in
two distinct points, then

|7'1 - 7’2| < C1C2 <r+n
=|r-3|<5<r+3 ..(1)
From last two relations, r > 2
From first two relations, |r - 3| <5
= -5<r-3<5 = -2<r<8 ...(ii)
From equations (i) and (ii), we get 2 < r < 8

(c) :x?+6xy+9y2 +4x+12y-5=0 (i)
Consider the homogeneous part equal to zero to find the lines
X2+ 6xy+9y2=0 = (x+3y)2=0
.. Requiredlinebex +3y+¢;=0,x+3y+¢;=0
“(x+3y+cp) (x+3y+c)
=x>+6xy+9y* +4x+ 12y -5=0
= (x+3y) (x+3y) + oo (x+3p) + c1(x + 3y) + c102
=x> +6xy+9y2 +4x+ 12y -5
= x(cy + ¢1) + y(3c; +3¢5) + c16; =4x+ 12y -5
:>C1+C2:4,C1C2:—5
= c=-1L,=50rc¢c;=5¢=-1
.. Required linesarex +3y-1=0&x+3y+5=0
o Linesx + 3y -1 =0 & x + 3y + 5 = 0 are parallel

|C1_C2| :i
Va® +b* Jio

Hence, Statement-1 is true, Statement-2 is true, Statement-2 is a
correct explanation for Statement-1.

(d) :logg(abc) =6 = (abc) = 6°
Leta=b/rand c = br

.. Distance between them =

36
=>b=36and a=— = r=2,3,4,6,9,12,18
r

Also p—g=36 (1 - l) is a perfect cube.
r

r=4
=a+b+c=36+9+144=189
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10.

11.

12.

13.

14.

(d) : Let A and B denote the set of employees who like bananas and
apples respectively. Further, let the total number of employees be
100.

. n(A)=70,n(B) =64,n(U) =100 and n(ANB)=x
Now n(A U B) < 100

. n(A) +n(B) - n(ANB)<100
=70+64-x<100

=x>34 ..(i)
AgainANBCB. .. n(AnB)<n(B)

— x<64 ...(i)
From (i) and (ii), we get

34<x<64

2 2 2 . 2
(c) :L= lim(lcosec X 4 geosectx cosec x)sm x
x—0

5 5 5 sin2 x
cosec™ X cosec™ X cosec X
. 1 2 n—1
=lim||— +|— Fo | — +1 -n
x—0\\n n n

=(0+040+..+1)n=n

+n

(c) : Reflexive property : For all (a, b) € N x N, (a, b) R (a, b) since
a+b=>b+a.Hence, (a,b) R (a,b) ¥V (a,b) e Nx N
.. Risreflexive.
Symmetric property :
If(a,b) R(c,d)thena+d=b+c.
Now, whena +d=b+cthenc+b=d+a.
Hence, (¢, d) R (a, b).
Hence, if (a, b) R (¢, d) then (¢, d) R (a, b) ¥ all (a, b), (c,d) € N x N.
<. R is symmetric.
Transitive property:
Let (a, b) R (¢, d) and (¢, d) R (e, f).
Thena+d=b+candc+f=d+e
“at+d+c+f=b+c+d+e
i.e.a+f=0b+e Hence (a,b)R (e f)
Hence if (a, b) R (¢, d) and (¢, d) R (e, f) then
(a,b) R (e, /) ¥V (a,b), (c,d), (e, ) e Nx N
.. Ris transitive.
Since R is reflexive, symmetric and transitive, hence R is an
equivalence relation on N x N.

€08 80° cos 20°
sin 80°sin 20°
c0s80°  cos20°
sin80°  sin20°

(b):

_ 25in80°sin 20° + cos 80° cos 20° + sin 80° sin 20°
B sin 20° cos 80° + cos 20° sin 80°
_ €0s60° —cos100° + cos60° 1—cos100°
- sin100° ~ sin100°

= tan 50°

(c) : Let us define the events first.
E; = the examinee guesses the answer
E, = the examinee copies the answer
E; = the examinee knows the answer
and A = the examinee has answered the question correctly.
1 1 1 1 1
. P(E,))==, P(E,)== and P(E;)=1————=—
(1)3 (2)6 (E3) 3 s 2
[ E,, E,, E; are mutually exclusive and exhaustive events,
therefore, P(E;) + P(E,) + P(E3) = 1]

1 1
Now, P(AlEl):Z’ P(AlEz)Zg, P(A|E3)=l

DPS/M/2

15.

16.

17.

18.

19.

Now,
P(E) P(A| Ey)
P(E,)P(A| E))+ P(E,)P(A | E,)+ P(E;)P(A | E3)
1
-2 A
34 68 2

(b) :Let E, W, N, S stand for one unit movement along +ve, —ve
x-direction, +ve, —ve y-direction respectively. The sequence of 6 steps are

6!
ENNNSS with —— =60 ways
312!
6!
EEWNNS with —— =180 ways
2121

6!
EEEWWN with —— =60 ways
3121

The desired number of ways = 60 + 180 + 60 = 300

1
(c) : Required area = 2'[ (\/4—362 —+/3x )dx
0
1
3/2
[ 4  _ \/§~2x 27:—\/5
=2 d 4—x* +=sin”! Al I St L £
2 2 2 3 3
0
Yy

(-103)

3|+

(@) :p(x?-x) +x+5=0=px> - (p-1)x+5=0

-1
oc+B:p— and ocB:E
p
2
Now,g+E=é = —(oc+[3) _ZOCB=£
o 5 of
2
(p—l)——l()p:é = p2_16p+1=()
5p 5

Sopr+pa=16,pipp=1
Now PL,Pr_(Pi+p)’—2mpy

P2 h hp
.. Required value is 254.
a b
_ b
(b): tan~! btc ct+a |, a <1
4 b (b+c)(c+a)
b+c c+a
_ T
But in right angled AABC c2=qg?+ % . tan 1(1) = Z
cosecO 1
(): B= j —dt
, tA+17)



20.

21.

22.

23.

24.

25.

sin©

1 —
Let -=u = B= j ”d’z‘: A+B=0 = A=-B
t L 1+u
A AZ -A
A7 —1|=0
1 247 -1

(b) : We have to find the number of integral solutions
if X1 + X, + x3 + x4 + x5 = 6 and that equals >**~1C;_; = 1°C,

Thus, Statement-1 is false.

Number of different ways of arranging 6A’s and 4B’s in a row

_ 10
64
the six ice-creams.

', Statement-2 is true.

(b) : Let X = {selected coin is fair}
H = {head turns up}

= 10C4 = Number of different ways the child can buy

Thus P(H) = P(X) P(H/X) + P(X’) P(H/X')
_n 1 1 1 n+2
n+l 2 n+l 2(n+1)
n
P(X)P(H/X
P(X/H)= (X)P( )22(n+1): n
P(H) n+2  n+2
2(n+1)

(b) : Let y = fix) = (5 - (x - 8)°)1/3, then
P=5-(x-8)° = (x-8)°=5-y°

= x=8+(5-y)°

Let,z=g(x) =8 + (5 - x})1/°

Now, flg(x)) = (5 - [(5-x3)/PP)B=(5-5+ %) =x

Similarly, we can show that g(f(x)) = x

Hence, g(x) = 8 + (5 - x*)1/° is the inverse of f{x).

(a) : As fis a positive increasing function, we have

fx) <f(2x) < f (3x)
Dividing by f (x) leads to 1 < =———= /2 (2x) S3%)
/@ S 7@

. 3
As lim AC) =1, we have by Squeez theorem

X—>00 f (x
2
or Sandwich theorem, lim J(20) =1.
R .\

2 10
(b): AG=—AD=—
3 3

GC AG 10
— = = =

sin—
4 4

. Area of AABC =3 Area of AAGC

. T
sin—
8

n B D C
10 |10 Mg
—X|=x

1
3| =
2 3 3

sin—

(b) :Let 7 =[x sin® x dx D)
(i)

=1= J}?(n —x)sin4 xdx

26.

27.

28.

29.

30.

31.

Adding (i) and (ii), we get
2] = Tc'[gsin4 X dx=2m j(;t/zsin4xdx

/2 . /2
( cosdx  cos2x )dx - [3 sin4x _sin 2x:|
0

_ZJ 2 8 32 4

_2n§(2)_3L 3
g\ 2 8 " 16

I =
(c) :Let f(x)=x" + 14x° + 16x> + 30x - 560
s f(x) = 7x8 + 70x% + 48x* +30 = f'(x) >0V x€ R
i.e., f (x) is an strictly increasing function.
So, it can have at the most one solution. It can be shown that it has
exactly one solution.

(c) : The perpendicular distance of the origin (0, 0, 0) from the
planex+y+z=pis

_—p |_lpl

Ji+1+1] 3

If the coordinates of P are (I, m, n),then we must have

Lem+n—p|_|pl = |l+m+n-p|=|p|
J3 3
which is satisfied by (c)
2
x“|-1
[ 2] , for x> #1
®): flx)=9 x°—1
0, for x> =1
TR for0<x” <1
x“ -1
= 0, for x? =1
0, forl<x?<2

. RHLatx=1is0
AlsoLH.L.atx=11is -

(a) : Selected year may be a non leap year with a probability 3/4.
Selected year may leap year with a probability 1/4.
Let E be an event that randomly selected year contains 53 Mondays

2
311 2 5 leapyear | ,g 2
P(E)—— —+—><—=—:>P(—YJ=§=—
7 477 28 E 5
28

(b) : The letters other than vowels are : PRMTTN
6!
Number of permutations with no two vowels together is o x 7Cs x 5!

Further among these permutations, the number of cases in which
T’s are together is 5! x °Cs x 5!
So, the required number

6!

=—;7C5><5!—5!><6C5><5!=57><(5!)2
2!

(c,d): (1 +x)''=1Cy+ NCix+ 1NCyx? + ... + 11C 1x1! ()
(1+x)°=2Cy+2C1x + 2Cox% + ... + °Cox® .. (ii)
Multiply (i) & (ii) and compare coefficient of x!! on both sides and
putx=1
ZOC11 11C119CO + 11C109C1 +. 11C29c9

" 0Cy - 1=1CCp + o + “C29C9

DPS/M/3



32. (b,c) :As (0, 0) and (x, g(x)) are two vertices of an equilateral

33.

34.

35.

36.

triangle, therefore length of the side of A is

= (= 0% +(g(x) — 0% = /x* + (g(x))?

*. The area of equilateral A = g (x2 + (g(x))z)

3
Also area = T (Given)

V3 V3

- Weget, == (x* +(g(0)) ==~

+y1 - x?

*. (b), (c) are the correct answers as (a) is not a function

= (gx)? =1-x* = g(x) =

( - image of x is not unique).

(b, d) : Let the 13t and (2 - 1)t terms be p and q.
+
Then middle term of the A.P. = % =

Middle term of the G.P.= \/pg = b
2pq
ptq
Nowac=pq=b* = ac-b*=0

Also, AM.2GM.2HM. = a>b>c¢
Here a = b = c is true if all the terms are equal.

n/4
(abed): I, +1,,,= j tan” x - sec? x dx

Middle term of the H.P. = =c

n+1
1 1 20

112+110+110+18:ﬁ+§:®

1 1 _ 2

I + Do = 9 11 99

(Lip+110) =

f(logz x)%+ log, x
(b, ¢) : The given equation is x
Putlogyx=t = x=2

EFE
Loxt 4 =\/5
5

Taking logarithm to the base x, 3 -2 = 1
4

>
4=

2t
=35 +42-5t-2=0
=SE-1D)@R+7t+2)=0 = (t-1)(t+2)Bt+1)=0

1

t=log, x=1,-2,——
82 3

1 1
4 21/3

(b,c,d): P(A)=1/4,P(B| A) =5/7, B B
P(B|A)=6/7, P(B)=P(A)P(B| A)+P(A)P(B|A)

x=2,2_2,2_1/3 or x=2,—

= (1/4 x 5/7) + (3/4 x 6/7) = 23/28
1.5
P(ANB 5
P(A|B)= (AnB) _ 477 _>
P(B) 1.5 3 6 23
177747
1.2
— P(ANB 2
P(A|B)= ( ) _ 477 _
P(B) | 23 5
28
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37.

38.

39.

40.

(a,b, d) : A -
[1 2 2]
=2 1 2
2 2

4A - 514
1 2 2
2 1 2|-4/2 1 2|-5
2 21 2 21

1 2 2

0
1
i | 0
(9 8 8] [-4 -8 =8] [-5 0 o
=8 9 8|+|-8 -4 —8|+|0 -5 0
8 8 9/ [-8 -8 4| |0 0 -5
000
000
000

“wA2-4A-5L=0 = ATA?Z-4ATA-5A";=0
= (A1A)A-4;-5A"1'=0 = IA-4;-5A' =0

9 8 8

—lzl(A_4I3) Also,|A2|= 8 9 8

> 8§ 8 9

=9(81 - 64) — 8(72 - 64) + 8(64 — 72)
=(9x%x17)-(8x8)+8x(-8)

=25#0
~. A?is invertible.
and A3 = A-A% = A(4A + 51;) = 4A% + 5A
36 32 32 5 10 10 41 42 42
=132 36 32|+|10 5 10(=[42 41 42
32 32 36 10 10 5 42 42 41
. |A3 #0 .. A3isinvertible.
(a, d) : If (x, y) is any point on the curve, the subtangent at (x, y) = y d—x
dy dx d

X .
y—=nx (given) or
dy y X
Integrating, nlogy = logx + logc or logy" = logcx
or y" = cx ....(i), which is the required equation of the family of
curves. n

Putting x = 2, y = 3 in (i), we have 3"=2c or c= >y
Putting this value of ¢ in (i), we get

n

y" =% = 2y"=3"x .o(if)

which is the particular curve passing through the point (2, 3).
Putting n = 1 in (ii), we have 2y = 3x, which is a straight line.
Putting 7 = 2 in (ii), we have 2y? = 9x

which is a parabola.

(b) : (A)-(s), (B)-(x), (C)-(q), (D)-(q)
(A)|1—1|" 2" = n/2=0 = n=0
B) P +2x2+2x+1=0 = x=-1,0, ®?

But x = 0, ®? will only satisfy x2090 + x2002 + 1 =0
(C) x+2xy=0andx*>-y?>+y=0

3P B

1, >

2 2 2 2

(D) x* - y? +x* + y* =0and 2xy =0 = z=0,i,—i

(a) : (A)-(r), (B)-(s), (C)-(q), (D)-(p)
(A) By L Hospital Rule

(x3 +27) % +log(x— 2).3x2
x p—

lim =_"—-9
x—3 2x




o) :
X X X X
e’ —1 Nx+l-e i e —1 e’ -1
(B) Let L= lim ( ] = lim ( 1- X
x—0 X x—0 X
X

-1
=t, Asx—>0,t—>1
X

e
Put

1

L=limt!~t [1* form]
t—1
Taking logarithm, we get

(9 form)
0

logL= lileogt

t—11—t
1
=lim-L= -1 (by L’ Hospital rule)
t—1—1
= L=¢!
2 4 6
(C) We know that cosx:l_x_+x__x_
2! 4! 6!
%
sinx=x——+—-—
3! 5!
2 x4 3
ax+x|1——+—— bl x-——+
21 4] 31
Let L= lim
x—0 x3

1 b 1
= lim(a—-b+1)X—+| ——— |+ terms containing x
x—0 x 31 2!

b 1
AsL=1,wemusthave q—b+1=0 and ———=1

31 2!
= b=9anda=8

—f(x)+3f(2x)—3f(3x)+ f(4x)( for m)
0

(D) Let L= lim

x—0 X

—f(x)+6f(2x) 9f(3x)+4f(4x)( form )
x—>0 3x2

3

iy 12172627 f(3%) +16 " (4) (5 form)

x—0 6x

—7(x) 424 £ (2x) — 81" (3x) + 64 f "' (4x)

x—0 6
6. 1444 0 "
RIUN
ButL=12 = f(0) =12
41. (d) 42. (a)
(41-42) : We have flx) = 2% + 2l
For x 20, flx) = 2-2*

And for x < 0; f(x)

_ 221
’ _AX X —
f(x)=2"In2-2 1n2—1n2( . ]

2
_In2 25 +D2*-1D<0
2*

=2*¥+27* and in this case

So, f(x) is decreasing in x € (-oo, 0) and increasing in
x € (0, ).

43.

44.

48.

2
. @) : J’f(x)dx J1+ 2dx=J(l+2x2

. (3) : From the given equation, we have

So, f(x) is many-one.
Also, Range of f(x) is [2, o)
f is many-one into.
Sincelnm <2
So, the equation 2* + 2/l = In 1t has no solution.

(© :Letl J dx B dx
C) :Le = -
1+ W1-x2) 3 (Hl)\/l_l
AR
1 2
Put—2—1=t2 = - Sdx=2tdt
X X
tdr Lot 1 N1-%?
sI=— ——=tan
j(t2+2)t R R J2x
2
1 1 11— 1
:——Sinl —x+c S A=——
\/5 1+x2 \/5

2

1—
(b): f(x)= x2
I+x

—1)dx =2tan"'x-x+c

SHEG S

= {g} + {g} + {g} =0; where {.} is a fractional part

But each of the fraction part function is positive and their sum is
zero. Hence, each of the fraction part function is zero. Consequently,

nnn
each of E’E’E is an integer. The L.C.M. of 2, 3, 5 is 30.

Therefore, we can take n = 30k, where k is an integer.
Hence, the number of solutions such that 1 < n < 100
(n =30, 60 and 90).

is 3

1 1
. (2):Put x=—and y=—
(2) : Pu X y %

1

dx=—%dX and dy=——2dY
X Y

2 x*dy x*
P dx deX Y2

The given equation becomes

= Y-XP="P2 or Y=PX+ P? which is the Clairaut’s form
. The solution is Y = ¢X + ¢2

1
or —=£+C2
y X
(6) : Given expression is
(a+b)+(b+c)+(c+a):g b+b+c+ L2
c a b c ¢ a a b b

Using A.M. =2 G.M., we get
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a b b ¢ ¢ a
S+
c c a a b bygabbcca 1
- . Required Probability = =—
6 ccaabbd equired Probability = 30 1529 3
=
4

a+b b+c cta . 5
c a b
. (.3) : x> + ¥ is divisible by 3 =xty is divisible by 3= x, y are @ul— 50. (1) : Projection of ¥ on 7 g Vﬁ; _4
tiples of 3 or one leaves remainder 1 and the other 2 when divided 7 J6
by 3. - = - -
S Mg 4 1M 4
Jo Ve

3,6,9, ..., 30 are multiples of 3; 1,4, 7, ..., 28 leave remainder 1; 2, 5, — =
8, ..., 29 leave remainder 2. 7] Vo
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