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Series Formulas

1. Arithmetic and Geometric Series 2. Special Power Series

Definitions: Powers of Natural Numbers
First term: a;
Nth term: a, Zk = n+1
Number of terms in the series: n
Sum of the first n terms: S, Zkz n+1 (2n+1)

Difference between successive terms: d
Common ratio: q

Sum to infinity: S Zk3 n+1)
Arithmetic Series Formulas:

Special Power Series
a,=a, +(n-1)d

L=1+x+x2+x3+... (for:—1<x<1)
_ 4 tay 1-x
ai_
2 1 2 .3 .
—=l-x+x"-x"+... (for:-1<x<1)
S _a1+an 1+x
n ‘n
2 23
2a, +(n-1)d e :1+X+E+§+
= n
" 2 2 3 4 5
) ) n(l+x)=x——+2 =242 (for:—l<x<]1)
Geometric Series Formulas: 2 3 4 5
B 3 5 7 9
an:al'q ! SINX=X—— X__X_ X_
31 51 71 9]
a; =~/0;1 "Gy Cosx_l__z x_4_x_6 X_S
g 4= T2 41 6! 8!
q-1 £ 2¢ 17 ( T EJ
" tanx=x+—+—+ +... Jor: ——<x<—
a(q" -1) 315 315 277 2
n = _ 3 5 7 9
q-1 sinhx:x+x—+x—+x—+x—...
a 3150 71 91
Szl—1 for —1<g<1 s 4 6 s
—4 coshx=1+> 42X 42X &
2! 4! 6! 8!

X 20 17X z z
tanx=x——+—-— +... Jor: —<x<—
3 15 315 2 2



www.mathportal.org

3. Taylor and Maclaurin Series

Definition:
F) = f(@)+ f@)(x—a)+ %’j_")z R E?E)lc)_v 9, R,
R = s (él('x —a) Lagrange's form — a<&<x
g~ E)E=8)" (x=a) Cauch's form a<E<x

This result holds if f(x) has continuous derivatives of order n at last. If lim R =0, the infinite series obtained is called

n—oo

Taylor series for f(x) about x = a. If a = 0 the series is often called a Maclaurin series.

Binomial series

. n(n-1 nln=1)(n-2
(a+x) :an_,’_nanflx_i_ ( )a1172x2+ ( )( )a1173x3 +.
2! 3!
=a"+ " a" ' x+ " a”’x’ + " a”x +..
1 2 3
Special cases:
(1+x) " =l-x+x—x" +x* —.. —l<x<l
(14 x)7 =1-2x+3x" —4x> +5x* —... ~l<x<l1
(14 x)” =1-3x+6x> —10x> +15x* —... ~l<x<1
1 . . .
(1+)c)75:1—l)c+1?’)cz—l?’s)c3 —1<x<l1
2 24 2-4-6
1 .
(1+x)5=1+lx— ! X+ I3 X+ -1<x<1
2 24 2-4-6
Series for exponential and logarithmic functions
. XX
e =l+x+—+—+..
21 3l
2 3
xlna xlna
a":1+xlna+( ) +( )
2! 3!
2 3 4
ln(1+x):x—%+%—%m “l<x<l

2 3
1n(1+x):(x—_lj+%(x—_lj +§(X—_lj +... XZ;
X X X
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Series for trigonometric functions

X x
simx=x——+———
31 5 7!
2 )C4 X6
cosx=l—-—+——-—
2! 4! 6!
x3 2x5 17x7 22)1(22)1_1)an2)171 pu e
tanx=x+—+—+ +...+ —— < X< —
3 15 315 (2n)! 2 2
X x3 2x5 2211 an2nfl
cotx=—————-— —— O<x<rm
x 3 45 945 (2n)!
x* 5xt 6l1x° E x P 7
secx=14+—+—+—+...+—"—+... ——<x<—=
2 24 720 (2n)! 2 2
1 X 7x3 2(2211 _1)E”x2n
cscx=—+—+ +...+ O<x<rm
x 6 360 (2n)!
. ¥ 13 ¥ 1-3-5x%
sin. x=x+—-—+ -— —+... —l<x<l1
2 3 24 5 2:4-67
4 T T 1 ¥ 1.3 X
cCoOS xX=—-8in xX=——|x+——+—-—+... -1<x<l1
2 2 3 2 5
3 2 3
- if —l<x<l
3 5 7
1 7 1 1 1 .
tan = e — ... >1
* 2 x 3y 5y e
7 1 1 1
e+ .. if x<1
2 x 3x3 5x5 e
3 2 3
LA R if —l<x<l
2 3 5 7
cot_lxzz—tan_lxz l_ 1 + 1 — 1 +... if x>1
2 x 3x> 5x¢°  7x!
7r+l— ! + P 1 +... if x<1
x 333 5% 7!

Series for hyperbolic functions

. 3 )CS )C7
sinhx=x+—+—+—+
3t 50 7!
2 4 6
coshx=1+"tX 45 4
21 4! 6!
n=1 52n (A2n 2n—1
B3 0 177 (=1)" 22" (22" -1) B,x Cr
tanhx =x——+ - +..+ +... if——<x<—
315 315 (2n)! 2 2
-1 42n 2n-1
1 30y -1)"" 2°"B,x
cothx=—+2—-2 425 4 +( ) n +.. if O<|x|<x

x 3 45 945 7 (2n)!



